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NOTE  ON  DEVELOPABLE  SURFACES 
IN  HYPERSPACE 

By  C.  L.  B.  Moore 


1.  In  ordinary  three-space  the  only  t3T)e  of  developable  sur¬ 
face  is  that  which  is  formed  by  the  tangent  lines  to  a  twisted  curve 
and  a  developable  surface  is  transformed  into  a  developable  surface 
by  any  projective  transformation.  In  hyperspace  a  surface 
formed  by  the  tangent  lines  to  a  twisted  curve  is  also  developable 
and  remains  developable  imder  any  projective  tr^sformation. 
This  is  the  only  kind  of  ruled  developable.  There  are,  however, 
other  types  of  developables  which  are  not  ruled.  A  few  examples 
of  this  kind  of  surface  have  been  given,  but  otherwise  very  little 
is  known  of  them.  In  this  note  I  wish  to  discuss  in  particular 
those  developable  surfaces  which  project  on  «— 2  mutually  perpen¬ 
dicular  three-spaces  into  ordinary  developables.  Recently  E.  B. 
Wilson  and  I  derived  the  differential  equation  of  a  developable 
surface*  in  hyperspace. 

If  the  surface  is  written  in  the  form 

x~x,  y-y,  ZfZiix,y),  »-l,  2,  .  .  .  n-2, 


this  equation  is 


2(rA-5.*)[(l+ 2P*‘)(1+ -  (2p*9*)*-F,»(l-|-  2g**) 

-H  - 2piqjlp^gk\  • 


■^Hr^j+rjti-2siSj) 

^Pi^k — PiPjil + 2y**) — 4-  2p**)]  -  0. 

(1) 


where 


dy*’ 


We  pointed  out  that  for  a  surface  to  be  developable  it  is  not 
sufficient  that  but  other  relations  must  be  satisfied. 

1  Differential  getnnetry  of  two  dimensional  surfaces  in  hyperspaoe.  Proc. 
Amer.  Acad.  Vol.  52,  p.  341,  1912. 
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2.  Four  dimensioiud  case.  In  case  of  a  surface  in  four-space 
equation  (1)  reduces  to 

(fi/i — 5i*)(l + — 5  *i)(l + “  (rA+f*<i — 25iri) 

(2) 

The  surfaces  we  wish  to  discuss  are  those  for  which 

nfi— ri*"0,  f*tf— r**"0.  (3) 

If  these  equations  are  satisfied  the  surface  will  project  into  a 
developable  surface  on  the  three-spaces  xyt\  and  xyxi.  Such 
surfaces  can  be  generated  as  follows:  Take  a  developable  surface 
in  the  x>«i-space  and  form  the  three  dimensional  cylinder  Vi  by 
passing  planes  through  the  generators  parallel  to  Si.  Then  in 
the  xySfSpace  take  any  developable  and  form  the  cylinder  vt 
by  passing  planes  through  the  generators  parallel  to  Si.  The 
intersection  of  Vi  and  Vt  will  be  a  stuiace  satisfying  (3).  Such 
surfaces  will  have  a  double  generation  of  plane  curves,  for  any 
plane  of  one  cylinder  will  cut  each  plane  of  the  other  in  a  point  and 
hence  in  each  plane  there  will  be  a  curve  belonging  to  the  stu^ace. 
If  this  surface  is  developable  either 


rifi+f|fi-2ji5t-0, 

(4) 

or 

(5) 

If  (3)  and  (4)  are  satisfied,  then 

(rA+fWO*  “  451*5**  -  4ri<ir»<i, 
or 

Using  (3)  and  (4)  we  now  have  the  relations 

• 

(6) 

rifi-Ji5*-0, 

(7) 

TiSt-rtSi-O. 

(8) 

Equations  (6)  and  (8)  are  the  necessary  and  sufBcient  conditions 
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that  the  codrdinates  of  the  surface  satisfy  two  independent 
linear  partial  differential  equations  of  the  type 


M?!*+2Bi!?-+c?L*+DL»+£?* 

dx*  dxdy  dy*  dx  dy 


■0. 


(A) 


When  this  is  the  case  Segre*  showed  that  the  surface  must  either 
lie  in  a  three-space  or  be  generated  by  the  tangent  lines  to  a 
twisted  curve.  Hence  if  (3)  and  (4)  are  satisfied  the  surface  is  a 
ruled  developable. 

The  two  independent  equations  of  type  (A)  which  the  co6rdi- 
nates  of  the  surface  satisfy  are 


d*0 

d*e 

dy* 

dxdy 

d*e 

d*$ 

^  dxdy 

—  5l  ■ 

dx* 

-0, 

-0. 


The  other  equations  which  can  be  formed  from  (4),  (6),  (7),  (8) 
are  linear  combinations  of  these. 

If  equations  (3)  and  (5)  are  satisfied  the  surface  is  a  nonruled 
developable.  The  direction  coefficients  of  the  normals  to  the 
cylinders  Vt  and  Vt  at  a  point  of  the  surface  are  (^,  91,  1,  0) 
and  {p%,  qt,  0,  1)  respectively.  Hence  (5)  is  the  necessary  and 
sufficient  condition  that  these  normals  be  perpendicular.  If 
Cl  and  Cl  are  two  plane  curves  passing  through  a  point  P  of  the 
surface,  the  two  tangent  spaces  above  are  determined  by  the  plane 
of  Cl  and  the  tangent  to  Ci  and  by  the  plane  of  Ct  and  the  tangent 
to  Cl.  Equation  (5)  is  the  condition  that  these  spaces  be  per¬ 
pendicular. 

If  (3)  is  satisfied  then  pi  and  qi,  pt  and  qt  are  functionally 
related 

Substituting  in  (5) 

or  + 

/tPu  P» 


*Su  tinm  classa  di  superficie  degl’  iperspazi  ecc.,  Atti  di  Torino,  1907. 
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If  (4)  and  consequently  (6),  (7)  and  (8)  are  not  satisfied  pi  and  pj 
are  functionally  independent  and  hence  the  last  equation  cannot 
be  satisfied  unless 


or  ^~-k. 


-f.-- 

fipO  pi  gt^  pi 

Integrating  these  two  equations  we  have 

Zi^F{kx-\-y),  Zi~G{x—ky). 

By  a  simple  rotation  of  the  x-  and  y-axes  these  become 

zi^Giy). 

Hence  the  only  nonruled  developables  which  project  into  developables 
on  two  mutually  perpendicular  three-spaces  are  of  the  form 

,  x~x,  y~y,  S|-F(*),  ZfG(y), 

when  the  axes  are  properly  chosen. 


3.  Case  of  more  than  four  dimensions.  In  higher  dimensions, 
as  in  four  dimensions,  to  have  a  developable  surface  it  is  not 
sufficient  for  it  to  project  into  a  developable  surface  on  the  three- 
spaces  xyzi.  From  equation  (1)  it  is  seen  that  the  surface  will  be 
developable  if 

r,A-5j*-0,  r^j-\-rjti-2siSj*‘0. 

All  these  equations  are  not  independent,  for  if 

(9) 

then  all  the  first  set  must  be  satisfied,  for  squaring  the  second 
and  using  the  first  we  obtain 

from  which  we  get 

ritj-r/i^‘0,  rfsj-rjSi’^O,  ritj-SiSj^O.  (10) 

From  (9)  and  (10)  it  follows  that 

r^j+r/i-2siSj^0. 

Hence  if  (9)  are  satisfied  the  surface  is  developable.  From  (10) 
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it  is  evident  that  the  coordinates  of  the  surface  will  satisfy  the 
two  independent  equations 


d*e  ,  d*e 

fi - ti —  » 

dy*  dx* 

£!?_ 

*  dy*  *  dx3y 


0, 

“0, 


and  hence  from  Segre’s  theorem  the  surface  must  be  formed  by  the 
tangent  lines  to  a  twisted  curve. 

If  (9)  are  satisfied  the  surface  must  project  on  the  four-spaces 
xysiSi  into  a  ruled  developable,  llius  in  a  space  of  five  dimensions 
if  a  surface  projects  on  the  three  three-spaces  xyzi  into  a  ruled 
developable  it  need  not  be  developable  at  all,  but  if  it  projects 
on  the  two  four-spaces  xyziZi  into  a  ruled  developable  it  must 
be  a  ruled  developable.  If  0  the  surface  must  have  a 

triple  generation  of  three-space  curves  or  in  n-space  it  will  have- 
n—2  generations  of  curves  lying  in  (n  — 2)-space.  Using  Segre’s 
method  it  can  be  shown  that  if  a  surface  projects  on  n  — 2  inde¬ 
pendent  four-spaces  into  a  ruled  developable  it  must  necessarily 
be  a  ruled  developable. 

From  (1)  it  is  seen  that  the  surface  will  also  be  developable  if 

(P/Ij+P/Ii)  ^PiAk  -  PipM  +  2g**)  -  qtqA  1 + 2F**)  -  0.  (11) 

The  last  equation  can  be  written  in  the  form 

2(F,^*-p*9<)(F*<7i-F/7*)  -0.  (12) 

k 

If  the  projections  on  the  four-spaces  xyz^izj  are  non-ruled  devel- 
opables 

(13) 

Prom  these  equations  we  easily  get 

(14) 

and  consequently  equations  (12)  are  satisfied.  But  from  (14) 
we  see  that  s<  and  Z),  are  functionally  related  so  that 
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Hence  the  surface  will  project  into  a  curve  on  — — ^  planes 

and  hence  mtist  reduce  to  a  curve  for  n>6.  We  also  have  on 
differentiating  (13) 


ripj+rjpi+S(qj+Sjq{^0,  , 
+ ^jPi + + f/it  “  0. 


Transposing  the  terms  containing  s,  multiplying  and  using  (11), 


Piiljir/i  -  ^iSj) + PjQiir^j  -  SiSj)  -  0, 


which  on  using  (14)  reduces  to 

ritj+rjti-2siSj^0 

and  consequently  the  surface  reduces  to  a  ruled  developable. 
Hence  the  only  developable  surfaces  which  project  on  the  coordinate 
spaces  xyZiZj  into  the  kind  of  developable  discussed  in  four-space 
are  ruled  developables. 

If  the  surface  projects  on  the  four-spaces  xysiZt  in  the  type  of 
nonruled  developables  discussed  for  four-space  then 

ZjZn-ZiZj^O  j.kil 

from  which  the  foregoing  shows 


Consequently  from  (1)  the  surface  is  developable.  The  same  argu¬ 
ment  used  in  the  case  n  «>4  shows  the  eqxiations  of  this  surface  are 

x^x,  y-y,  si-/(x),  Zj^gjiy)  /-2, 3,  .  .  .  n-2. 

Hence  if  a  surface  projects  on  the  four-spaces  xyziZj  into  the  non¬ 
ruled  type  of  developable  the  projections  on  the  four-spaces  xyz/^j 
will  be  ruled  deyelopables  and  the  surface  will  be  developable. 

It  is  easily  seen  that  if  the  surface  projects  into  a  nonruled 
developable  (of  the  type  previously  considered)  on  n— 2  of  the 
cobrdinate  four-spaces  xyZiZj  so  that  each  of  th*'  s-axes  is  contained 
in  at  least  one  of  them,  then  the  surface  is  developable  and  the 
projections  on  the  remaining  codrdinate  sp>aces  xyz^zj  will  be 
ruled  developables.  The  equations  of  the  surface  in  this  case  are 


x-x.  y-y,  Zi’^fiix),  Zi^fjly), 

»*1,  2,  ...  m,  y—m+1,  .  .  .  n—2. 


ON  RICCI’S  COEFFICIENTS  OF  ROTATION 
By  Joseph  Lipka 

1.  Introductioii.  In  a  remarkable  memoir,^  "Dn  sistemi  di  con- 
gruenz*  ortogonali  in  una  varietd  qualunque,"  Ricci  introduced  a 
system  of  invariants  y.^k  which  he  called  coefficients  of  rotation. 
These  coefficients  are  a  great  aid  in  the  algebra  of  the  absolute 
calculus,  and  by  their  means  many  geometric  theorems  are  easily 
derived  and  the  results  stated  briefly  and  elegantly. 

Ricd  shows  how  these  coefficients,  which  are  first  .defined 
analytically,  may  be  interpreted  kinematically  in  terms  of  rota¬ 
tions  in  the  eucUdean  space  in  which  our  ftmdamental  space  is 
imbedded.  In  a  conversation  which  the  author  had  with  Professor 
Levi-Civita,  the  latter  suggested  that  these  coefficients  might  be 
interpreted  directly  and  intrinsically  within  the  fundamental 
variety  by  means  of  the  notion  of  parallelism  introduced  by  him.* 
This  has  been  done  in  Section  2  and  Section  3,  and  the  geometric 
interpretation  of  is  given  in  the  first  theorem  of  the  latter 
section,  viz.: 

Consider  a  system  of  n  mutually  orthogonal  congruences  of  curves 
in  our  space,  and  let  [a]  and  [)3]  be  any  two  distinct  congruences  of 
the  system  and  P  and  P'  two  neighboring  points  of  a  curve  of 
the  congruence  [A].  Consider  the  angle  at  P'  between  the  direction 
determined  by  the  congruence  [a]  and  the  parallel  to  the  direction 
determined  at  P  by  the  congruence  (/S).  Then  is  the  ratio  of 

the  cosine  of  this  angle  to  the  arc  PP*. 

This  interpretation  allows  us  immediately  to  prove  several 
theorems  stating  the  necessary  and  sufficient  conditions  for  a 
congruence  of  ciu^es  to  be  a  system  of  parallel  curves  or  to  be  a 
system  of  geodesics,  in  terms  of  the  vanishing  of  certain  of  the 
y^.  (Section  3). 

In  Section  2  we  disregarded  all  infinitesimals  of  higher  order 
than  the  first.  In  Section  4  we  carry  the  work  to  infinitesimals 
of  the  second  order,  and  thus  derive  intrinsically  the  expression 

^  Memorie  della  R.  Accad.  dei  Lincei,  claase  dei  Sctenze,  v.  II  (1S96). 

*  T.  Levi-Civita,  Notione  di  paraUdismo  in  una  tarield  qualunque,  etc. 
Rend,  del  Circ.  Mat.  di  Palermo,  t.  XLII.  (1917). 
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for  the  geodesic  ctfrvature  and  other  geometric  quantities  in  terms 
of  the  y’s. 

In  Section  5  and  Section  6  by  means  of  the  notion  of  conformal 
parallelism  *  we  introduce  a  set  of  invariants  y',$k  expressed 
in  terms  of  and  an  arbitrary  point-fimction  Analogous 

theorems  to  the  above  are  derived  for  conformally  parallel  curves, 
trajectories,  and  trajectory  curvature.  ' 

2.  Parallelitm  and  die  coefficients  of  rotation.  As  usual,  we 
define  a  congruence  of  curves  in  a  space  whose  fundamental 
form  is* 

d^^'^aii4x4xk  (1) 

tk 

by  the  equations 

dxr^  yds  (r- 1,  2,  .  .  .  ,  n)  (2) 

the  X’s  being  functions  of  the  codrdinates  xi,  xt,  ....  x,. 
Here,  the  system  X'(r— 1,  2,  .  .  .  ,  n)  form  the  contravarianl 
coordinate  system  or  the  parameters  of  the  congruence,  and  their 
reciprocals 

Xr-^OrtX'  (r-1,  2 . w). 

I 

form  the  covariant  coordinate  system  or  the  moments. 

We  represent  by  [1],  (2),  .  .  .  ,  In],  n  mutually  orthogonal 
congruences  constituting- an  orthogonal  system  in  our  space,  and 

with  Xi/,  X*/,  .  .  X,/(r-«l,  2 . n)  or  with  Xi/„  X«/„  .  . 

X,/r(f*l,  2,  ....  n)  the  parameters  or  moments.  These  con¬ 
gruences  determine  n  mutually  orthogonal  directions,  or  an  orthog¬ 
onal  ennuple,  at  each  point  of  V,.  For  such  ennuples  we  have  the 
well-known  identities 

[  0,  if 

2’^''^''-'--  |,,ifa./S;  '  ,  •  (3) 

X,/^X*/|  “O,.*  X,/  X,/  “O  . 

«  a 

*  J.  Lipka,  On  conformal  parallelism,  Joum.  of  Math,  and  Physics,  v.  II 
(1923),  pp.  176-194. 

*  Throughout  .this  paper  all  summations  are  to  extend  from  1  to  a  for  the 
indicated  subscripts  unless  otherwise  indicated. 
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Consider  a  curve  of  the  congruence  [/i]  and  two  neighboring 
points  P  and  P*  at  a  distance  dsi,  on  this  curve.  Let  us  designate 
the  orthogonal  ennuples  formed  by  the  congruences  at  P  and 
P'  by  E  and  £'  respectively.  If  we  move  the  directions  in  E 
by  paralUlism  to  P\  these  parallels  at  P'  will  form  a  third  or¬ 
thogonal  ennuple  E''  (since  two  directions  moving  by  parallelism 
conserve  their  concluded  angle).  Any  congruence  (a)  thus  deter¬ 
mines  three  directions:  at  P  the  direction  a  in  E,  and  at  P'  the 
directions  a'  in  E'  and  a"  in  P". 

Consider  two  congruences  [o]  and  ()8].  The  <£rection  a  has 
the  moments  2,  .  .  .  ,  n),  and  the  direction  a'  has 

the  moments 

X«/<-f  "V" 


X./<+ds*^^  K/ 

^  0X4 


(4) 


On  the  other  hand,  the  direction  has  the  parameters 
(*  — 1,  2,  '.  .  .  ,  «)  and  the  direction  has  the  parameters* 


~  ^  {  V  }  ^  {  V  }  \k/*  (®) 

jl  Jt 

It  is  to  be  noted  that  we  are  carrying  our  expansions  to  infinitesi¬ 
mals  of  the  first  order  only. 

Let  us  designate  by  the  angle  between  the  directions  o' 
and  )9",  i.e.,  between  the  directions  given  by  (4)  and  (6);  then 


cos 


w.’F”  ~  ^ K/i+dsk ^  Xt/ J  ^Xj/— {V }  >^/K/ J 

^  K/i X#/+  y  W^*/-  ^  { V}  Ku>hi/\/ J.  (6) 


Interchanging  i  and  /  in  the  last  term,  and  using  (3),  (6)  may  be 
written 


cos  ~  ~  ^  •  (7) 

•  CL  Reference  in  footnote  2,  p.  7. 
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The  quantity  in  brackets  is  the  expression  for  the  covariant 
derivative  of  X,/<,  i.t.  for 

^  (‘^'<*1 
dxi  ^ 

hence  (7)  takes  the  form 

cos  -  €^+ds*  2  V./y X^/X*/.  (9) 

y 

We  now  define  with  Ricci*  the  invariants 


y«<i*  “  x,/<,x^/  X*/ , 


from  which,  with  the  aid  of  (8),  we  immediately  deduce  the 
identities 

y.^+y^-0;  y«u-0;  (ii) 

so  that  n*(n— 1)/2  of  the  y’s  are  linearly  independent.  We  finally 
have 

cos  -  <M+y.#*ds*.  (12) 

3.  Some  geometric  consequences.  If  the  directions  a  and 
are  distinct,  then,  by  (3),  and  (12)  becomes 

(13) 

dsk 

(Of  course,  cos  is  an  infinitesimal  since  oi.-ji"  differs  from 
90®  by  an  infinitesimal.)  We  have  thus  arrived  at  a  geometric 
interpretation  of  the  y’s,  which  may  be  stated  as  follows: 

Let  [a]  and  ()8]  be  two  distinct  congruences  of  our  system,  and 
P  and  P'  be  two  neighboring  points  of  a  curve  of  a  congruence 
[A].  Consider  the,  angle  at  P'  between  the  direction  determined  by 
the  congruence  [a]  and  the  parallel  to  the  direction  determined  at 
P  by  the  congruence  [)8].  Then,  y^i,  is  the  ratio  of  the  cosine 
of  this  angle  to  the  arc  PP'. 

As  a  first  consequence  of  this  interpretation,  let  us  find  the 
necessary  and  sufficient  conditions  that  the  curves  of  the  con¬ 
gruence  [a]  which  intersect  a  curve  of  the  congruence  [A]  form 
a  system  of  parallels  along  this  curve.  The  direction  a'  must 
•  Cf.  Reference  in  footnote  1,  p.  291. 
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coincide  with  the  direction  a";  and  since  a''  lies  in  the  ennuple 
it  is  orthogonal  to  the  other  («  — 1)  directions  in  hence 
o'  is  orthogonal  to  the  same  («  — 1)  directions  in  and  there¬ 

fore 

cos  (i8-l,  2,  .  .  .  ,  0-1,  o-f  1,  .  ,  .  ,  n), 

or,  by  (13), 

y.F*-0,  08-1,2 . 0-1,  o-Hl . n).  (14) 

Conversely,  if  the  (n  — 1)  equations  (14)  are  satisfied,  then,  by 
(13) 

cos  (jS-l,  2 . 0—1,  0-1-1,  .  .  .  ,  n), 

and  o'  is  orthogonal  to  (n  — 1)  directions  in  but  o"  is 
orthogonal  to  these  same  (n  — 1)  directions,  hence  o'  must  coin¬ 
cide  with  o",  and  therefore  o  and  o'  are  p>arallel  directions. 
Thus  — 

The  necessary  and  sufficient  conditions  that  the  curves  of  the 
congruence  (o)  ttAicfc  intersect  any  curve  of  the  congruence  (/fj 
should  form  a  system  of  parallels  along  that  curve,  are  expressed  by 
the  (n  — 1)  equations  (14). 

Corollary:  The  necessary  and  sufficient  conditions  that  the  curves 
of  a  congruence  [o]  which  intersect  any  curve  of  any  other  congruence 
should  form  a  system  of  parallels  along  that  curve,  are  expressed 
by  the  (n  — 1)*  equations 

y.4*-0,  ()8,  A-l,  2 . 0-1,  0-1-1 . n).  (15) 

Corollary:  The  necessary  and  sufficient  conditions  that  the  curves 
of  a  congruence  (o]  when  transported  by  parallelism  along  the  curves 
of  any  other  congruence  an  infinitesimal  distance,  should  remain 
orthogonal  to  this  latter  congruence,  are  expressed  by  the  (w—l) 
equations 

rdk*-0,  (A-1,  2,  .  .  .  ,0-1,  0-1-1 . n).  (16) 

Now  Ricci  has  shown^  that  the  necessary  and  sufficient  con¬ 
ditions  that  the  congruence  [o]  should  be  a  normal  congruence, 
are  expressed  by  the  (n— 1)  («— 2)/2  equations. 

08,  A-1,  2 . 0-1,  0-1-1 . n).  (17) 

T  Cf.  Reference  in  footnote  1,  p.  299. 
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Combining  this  with  the  first  corollary  above,  we  may  state  — 
If  the  curves  of  a  congruence  (a)  form  a  system  of  parallels 
along  every  curve  of  any  other  congruence,  then  [a]  is  a  normal 
congruence. 

The  converse  is  evidently  not  true. 

As  another  consequence  of  our  interpretation  of  the  y's,  let 
us  find  the  necessary  and  stifficient  conditions  that  a  congruence 
[A]  should  form  a  congruence  of  geodesics.  If  in  (13)  we  replace 
by  h,  i.e.,  if  we  move  the  direction  h  by  parallelism  from  P 
to  P\  this  eqxiation  becomes 


y-**- 


cos 

dsk 


(18) 


Now  if  the  curve  of  the  congruence  [A]  which  passes  through  P 
and  P'  is  a  geodesic,  then,  by  the  characteristic  property  of  a 
geodesic,  the  parallel  at  P'  to  the  direction  of  the  curve  at  P 
is  the  tangent  direction  to  the  curve  at  P\  i.e.,  h"  coincides  with 
h'\  but  h'  is  orthogonal  to  the  (n  —  1)  other  direction  in  E\  hence 
h"  is  likewise,  and 


cos  "*0,  (a— 1,2,  .  .  .  ,  h—1,  h-\-l,  .  .  .  ,n), 

or,  by  (18), 

y^-O,  (a- 1,2 . /t-l,k-f-l . n).  (19) 

Conversely,  if  the  (n  —  1)  conditions  (19)  are  satisfied,  then  by  (18), 
cos  a>.<v’"‘0,  (a— 1,2,  .  .  .  ,k  — 1,  k+1,  .  .  .  ,  n), 


and  h"  is  orthogonal  to  (n  — 1)  directions  in  E'\  but  h'  is  orthog¬ 
onal  to  these  same  directions,  hence  A"  coincides  with  h',  i.e. 
the  parallel  at  P'  to  the  direction  of  the  curve  at  P  is  the  tangent 
direction  to  the  curve  at  P',  which  is  the  characteristic  property 
of  a  geodesic.  Hence  — 

The  necessary  and  sufficient  conditions  that  a  congruence  [k] 
should  be  a  congruence  of  geodesics,  are  expressed  by  the  (n  — 1) 
equations  (19). 


4.  The  geodesic  curvature  and  other  invariants.  In  the  work 
of  Section  2  and  Section  3,  we  have  disregarded  infinitesimals 
of  higher  order  than  the  first.  We  shall  now  find  it  necessary 
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to  extend  the  work  so  as  to  include  infinitesimals  of  the  second 
order  for  the  case  when  /8—a,  i.e.,  when  we  attempt  to  find 
the  angle  at  P'  between  a'  and  o",  since,  by  (11),  vanishes 
identically. 

Consider  then,  as  above,  two  neighboring  points  P  and  P' 
on  a  curve  of  the  congruence  (kj.  The  direction  [a]  has  the 
moments  X«/,-  and  the  direction  a'  has  the  moments 


On  the  other  hand,  the  direction  o"  has  the  moments* 


(21) 


For  the  moments  given  by  (20)  and  (21)  we  have  the  identities 

^(a’*)HV<+>i<^*+^  W]  Wl-1. 

“  •  '  (22) 


[X./*+P*dr*+PWJ-l. 

where  (o‘*)p'  is  the  value  of  at  the  point  P\  i.e.. 


dSk 


dSk-\-  i  dsk*-h‘ 
dsk* 


(23) 


The  infinitesimal  angle  doi.'."  between  the  directions  a'  and 
a"  at  P'  is  given  by 

cos(i<u,v'“  ^^(o^F'[X,/<+i4<ds*+i4',dj**]  [X,/*+P*d5*+P'*dr**J 

ik 

■  (24) 

Using  the  first  identity  (22),  this  becomes 
cos  d«.v'-l+  2)(o'*)f'lX./<+>14s*+i4'<ds**] 

^  [(B*->l*)d5*+(P\-A'*)ds**].  .  (240 

8  Cf.  Reference  in  footnote  2,  p.  9. 
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Subtracting  the  identities  in  (22),  we  have 

and  introducing  this  into  (2401  the  latter  becomes 

CO.  1  -  J  2  A^,'; 

ik 

finally,  by  (23),  we  get 

cos  dc,,.,..~l-^^a^iBi^Ai)(B,-A,)ds,*.  (25) 

ik 

But  by  (20)  and  (21), 

•ik  ik  ^  j  jl 

[ ^ 2  f  ^  ^/»^*/]  (26) 


and  since  by  (3) 


(26)  takes  the  form 


o'*- 


'0(? 

-  .  y-*- 2^-^* 

t  < 

by  (8)  and  (10).  Hence  (25)  takes  the  form 

cos  da).«.«.  - 1  -  |dj**  2  y^*,  (t^a) 


On  the  other  hand 


cos  dfti,,-'  - 1  — 


«  % 
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and  by  comparison  with  (27),  we  conclude  that 


(28) 


We  have  thus  reached  a  geometric  interpretation  of  the  invari¬ 
ant  in  the  right  member  of  (28).  This  may  be  stated  as  follows; 

Given  any  congruence  [a]  and  two  neighboring  points  P  and  P' 
on  a  curve  of  a  congruence  [A],  Consider  the  infinitesimal  angle  at 
P'  between  the  direction  determined  by  the  congruence  [a]  and  the 
parallel  to  the  direction  determined  at  P  by  the  same  congruence. 
The  invariant  (t^a),  is  the  square  of  the  ratio  of  this 

I 

angle  to  the  arc  PP'. 

It  is  of  interest  to  note  that  if  the  above  invariant  vanishes 
identically,  we  must  have 


(<»1,  2 . a-1,  a-f-1,  .  .  .  n), 

and  we  have  again  the  necessary  and  sufficient  conditions  that  the 
curves  of  the  congruence  [o]  form  a  system  of  parallels  along  the 
curves  of  the  congruence  [A],  as  found  in  Section  3. 

As  a  consequence  of  the  above  interpretation,  let  us  consider 
the  infinitesimal  angle  at  P'  between  the  direction  of  the  con¬ 
gruence  [A]  and  the  parallel  to  the  direction  of  the  same  congru¬ 
ence  at  P,  i.e.,  between  h'  and  h'\  It  is  merely  necessary  to  set 
a"‘h  in  (28)  and  obtain 

(^V- Vy*a*- Vy/***.  (tr^h).  (30) 

\  dsk  f  t  I 


But  the  author  has  shown  in  an  earlier  paper*  that  if  P  and 
P'  are  two  neighboring  points  of  a  curve,  the  geodesic  curvature 
of  the  curve  at  P  may  be  intrinsically  defined  as  the  ratio  of 
the  angle  at  P'  between  the  direction  of  the  curve  and  the  parallel 
to  the  direction  of  the  curve  at  P,  to  the  arc  PP'.  Hence  the 
right  member  of  (30)  must  be  the  square  of  the  geodesic  curvature 
k  of  [A]  at  P.  We  have  thus  found  intrinsically  that 

*  J.  Lipka.  Su/Ja  curvature  geodetica  MU  linee  appartenenti  ad  una  varietd 
qualunque.  Rend,  della  R.  Acc.  dei  Lined,  v.  31,  1922. 
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The  geodesic  curvature  fi  of  the  curve  of  the  congruence  (A)  at  the 
point  P  is  given  by 

•  (tr^h).  (31) 

t 

We  again  note  that  if  this  invariant  vanishes  identically,  we 
have 

yi***0,  (/-I,  2,  .  .  .  ,A-1,  A+1,  .  .  .  ,  n), 

the  necessary  and  sufficient  conditions  that  the  congruence  [A] 
be  a  geodesic  congruence,  as  found  in  Section  3. 

The  quantity  H  is  the  magnitude  of  a  vector  whose  direction  is 
given  by  the  moments 

(t^h).  (32) 

I 

This  direction  is  evidently  orthogonal  to  the  curve  A.  The  curves 
of  the  congruence  having  /**/,  for  moments  are  said  to  be  the 
lines  of  geodesic  curvature  of  the  congruence  [A].  > 


5.  Generalization  of  y^i,  Conformal  parallelism.  We  may 
generalize  the  y’s  to  include  in  their  analytic  definition  an  arbi¬ 
trary  point  function  <ft  (xt,  ,  z,),  by  replacing  in  the 

development  of  Section  2,  the  motion  by  parallelism  from  P 
to  P'  by  that  of  conformal  parallelism  with  characteristic  func¬ 
tion  <f>. 

We  have,  as  before,  the  orthogonal  ennuples  E  at  P  and  P' 
at  P'  formed  by  the  system  of  congruences.  A  third  orthogonal 
ennuple  at  P'  now  consists  of  the  conformal  parallels  to  the 
directions  of  the  ennuple  E. 

Consider  two  congruences  [a]  and  ()8].  The  direction  a'  has 
the  moments  *  , 


while  the  direction  has  the  parameters** 

*  < 

{V}  hp/hkZ+dstfff , 


Cf.  Reference  in  footnote  3,  p.  180. 
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where 

^*/*^/*“ 

iT  ik 

Using  the  methods  and  definitions  of  Section  2,  the  angle 
between  a'  and  is  given  by 

cos 

"  J  {V }  ^/^*/ 

“  fm$'\-dsk^^  X,/yX^/X»/ +dr*X,/j 

y 

Introducing  the  value  of  ^  from  (33),  we  get 
cos 

-  e^+dy*^y^*+  ^  <f>*  *• 

i  k  i  k 

-  «ii# +dj»|^y^ + €*,  ^  <A%/»  ~  **«  ^  ^/i J- 

i  I 

Let  us  now  define  the  invariant  ,  . 

$  i 

Owing  to  the  properties  of  expressed  in  (11)  and  those  of 
€i^  and  Cj^  expressed  in  (3),  we  have  immediately  the  identities 

y'^k  +y'^^-0;  y'^-O.  .  (36) 

We  now  write 

cosri,.f'’.~e^+y'ai4sh-  (36) 


6.  Geometric  deductions.  If  the  directions  a  and  /8  are 
distinct,  then  Ca^^O,  and  (36)  takes  the  form 

,  cos  (vr\ 


which  gives  us  a  geometric  interpretation  of  the  invariants  y'. 
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Let  [a]  and  [fi\  be  two  distinct  congruences  of  our  system  and 
P  and  P'  be  two  neighboring  points  of  a  curve  of  the  congruence 
[A].  Consider  the  angle  at  P'  between  the  direction  determined 
by  the  congruence  [a]  and  the  conformal  parallel  to  the  direction 
determined  at  P  by  the  congruence  [)8).  Then  is  the  ratio 
of  the  cosine  of  this  angle  to  the  arc  PP\ 

If  the  congruences  [a],  [fi],  and  [Ir]  are  all  three  distinct,  then 
and  e*«~0,  so  that  (34)  becomes 

y  *4*  » 

and  hence,  cos  17,'^'"— cos  We  conclude  that  — 

U  I®).  l)8J.  l^]  ore  any  three  distinct  congruences  of  our 

system  and  P  and  P*  are  two  neighboring  points  of  a  curve  of 
the  congruence  [A],  then  the  angles  at  P*  determined  by  the  direc¬ 
tion  of  the  congruence  [a]  with  the  parallel  and  the  conformal  parallel 
respectively,  to  the  direction  of  the  congruence  [fi]  at  P,  are  equal. 

We  may  now  state,  without  proof,  theorems  analogous  to 
those  given  in  Section  3.  •  • 

1.  The  necessary  and  sufficient  conditions  that  the  curves  of 
the  congruence  [a]  which  intersect  any  curve  of  the  congruence 
[/(]  should  form  a  system  of  conformal  parallels  along  that  curve, 

are  expressed  by  the  («— 1)  equations.  * 

Y^k~0,  08-1,2 . a-1,  a+1 . n),  (38) 

or  by  the  equi^^alent  equations 

yM*-0,  08-1,  2 . h-l.h-hl . a-1,  a  +  1 . n); 

y*Mk+  ^  4**  h^/i  “  0- 

^  ^  (380 

2.  The  necessary  and  sufficient  conditions  that  the  curves  of 
a  congruence  ’(a]^  which  intersect  any  curve  of  any  other  congru¬ 
ence  should  form  a  system  of  parallels  along  that  curve,  are 
expressed' by  the  (n— !)•  equations. 

y'M*  -0,  08,  li-l,  2 . a-1,  a+1 . n)  (39) 

or  by  the  equivalent  equations 

yM*-0,  08,/i-1.2 . a-1, a+1 . n).  (fie^h),] 

f  (390 

+  (A-1,2 . a-1, a+1, ...«).  J 
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3.  The  necessary  and  sufficient  conditions  that  the  curves  of 
the  congruence  [a]  when  transported  by  conformal  parallelism 
along  the  curves  of  any  other  congruence  an  infinitesimal  dis¬ 
tance,  should  remain  orthogonal  to  this  latter  congruence,  are 
expressed  by  the  (n— 1)  equations. 

+  (A- 1,2 . a- 1,  0-1-1 . n).  (40) 

4.  The  necessary  and  sufficient  conditions  that  the  congruence 
[a]  should  be  a  normal  congruence,  are  expressed  by  the  (n  — 1) 
equations. 

y'.p*-y'.*p.  ()3,  A-1,  2,  .  .  .  ,  0-1,  o-f-l . n)  (41) 

This  result  follows  immediately  by  adding  the  term  A,/< 

to  each  member  of  equation  (17).  i 

5.  If  the  curves  of  a  congruence  [o]  form  a  system  of  con¬ 
formal  parallels  along  the  curves  of  any  other  congruence  which 
they  intersect,  then  [o]  is  a  normal  congruence. 

Let  the  curves  of  a  congruence  be  trajectories,  i.e.,  curves  which 
render 


Such  a  curve  has  the  characteristic  property  that  its  directions 
at  all  points  are  conformally  parallel.**  It  follows  that  — 

6.  The  necessary  and  sujfficient  conditions  that  a  congruence 
[h]  be  a  congruence  of  trajectories,  are  expressed  by  the  (n— 1) 
equations 

y'.**-ya*+2^<^’X/<-0,  (a-l.  2 . A-1,A-|-1 . n).  (42) 

7.  The  relative  curvature  and  other  invarianta.  In  Section  5 
we  have  disregarded  infinitesimals  of  higher  order  than  the 
first.  If  we  wish  to  find  the  angle  at  P'  between  a'  and  o'" 
i.e.,  to  consider  the  case  when  ^ — o,  and  therefore,  by  (35)  y',mk  * 0 
identically,  we  must  extend  our  work  to  include  infinitesimals  of 
the  second  order,  as  we  have  done  in  Section  4. 

Consider,  then,  two  neighboring  pioints  P  and  P'  on  a  curve 
Cf.  Reference  in  footnote  3,  p.  182. 
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of  the  congruence  [A].  The  direction  a  has  the  moments  X./< 
and  the  direction  a'  has  the  moments 


dsk  ^  ''  *  dsk' 


On  the  other  hand,  the  direction  a'"  has  the  moments** 

—i  ;  .  .  . 

M 

Proceeding  as  in  Section  4,  we  find  for  the  infinitesimal  angle 
between  a'  and  o'", 

cos 

ik 

By  (43)  and  (44),  this  becomes 

cos  di7.v"“  '^^kh/k). 

t  i  k 

But,  by  (33), 

i 

"  ^  K/^K/h-  ^  ^k/K/i- 

i  k  i  i  k 


“  <*«  ^  ^kt  ^  ^./i. 

<  I 

and,  hence, 

Tiu*  -  '/»,  h/  ro'w*+ *«  ^/<  “  **•  ^/< "  y-*. 

>  .  I  •  4 

by  (34).  Thus,  finally, 

cos  diy.-.o-  - 1  -  ^dsk*  y'^h,  (,t^a).  (45) 

I 

But 

cos  - 1  -  i  (dij,'m»0*, 

“  C£.  Reference  in  footnote  3,  p.  180. 
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and  SO  we  may  write 

(^)’-2rV.  (46) 

I 

giving  us  a  geometric  interpretation  of  the  invariant  in  the  fight 
member.  Thus  — 

Given  any  congruence  [a]  and, two  neighboring  points  P  and 
P'  on  a  curve  of  a  congruence  [AJ.  Consider  the  infinitesimal 
angle  at  P'  between  the  direction  determined  by  the  congruence  [a] 
and  the  conformed  parallel  to  the  direction  determined  at  P  by 
the  same  congruence.  The  invariant  (M®)t  «  the  square 

I 

of  the  ratio  of  this  angle  to  the  arc  PP\ 

We  note  that  if  the  above  invariant  vanishes  identically,  we 
have  again  the  necessary  and  sufficient  conditions  that  the  curves 
of  the  congruence  [a]  form  a  system  of  conformal  parallels  along 
the  curves  of  the  congruence  [A],  as  expressed  in  Section  6. 

As  an  application  of  the  above  interpretation,  we  may  consider 
the  infinitesimal  angle  at  P'  between  the  direction  of  the  con¬ 
gruence  [fc]  and  the  conformal  parallel  to  the  direction  of  the 
same  congruence  at  P,  i.e.,  between  A'  and  A'".  It  is  only  neces¬ 
sary  to  set  a^h  in  (46)  and  obtain 

^  -  TyV-  Vy'^.’,  (M*).  (47) 

Now,  if  we  draw  the  trajectory  through  P  in  the  direction 
PP\  h'",  the  conformal  parallel  to  h,  will  give  the  direction  of 
the  tangent  line  to  this  trajectory  at  P\  Thus  the  ratio  d't)k'k"'/dsk 
is  the  ratio  of  the  angle  at  P’  between  the  h  curve  and  the  tra¬ 
jectory,  to  the  arc  PP\  In  a  previous  paper,**  the  author 
designated  the  ratio  (or  the  limit  of  the  ratio)  of  the  angle  at  P' 
between  any  two  curves  ci  and  ci  having  an  element  PP'  in 
common,  to  the  arc  PP',  by  the  term  relative  curvature  of  ci 
with  respect  to  ct.  If  the  au^e  ct  is  a  geodesic,  this  gives  us  the 
ordinary  geodesic  curvature  of  the  curve  ci;  and  if  the  ciuwe  ct 
is  a  trajectory,  we  may  similarly  designate  the  above  ratio  by 
term  trajectory  curvature  of  the  curve  Ci. 

I*  J.  Lipka,  On  the  relative  curvature  of  two  curves  in  Vn,  Bull  Am.  Math. 
Soc.,  Vol.  29,  October,  1923. 
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Hence,  we  conclude  — 

Th*  trajectory  curvature  h’  oJ  the  curve  of  the  congruence  [A]  at 
the  point  P  is  given  by 

(Mfc).-.  (48) 

I 

The  quantity  a'  is  the  magnitude  of  a  vector  whose  directions 
are  given  by  the  moments 

(49) 

I 

This  direction  is  evidently  orthogonal  to  the  curve  h.  The  oirves 
of  the  congruence  having  ft*/,  for  moments  are  said  to  be  the  lines 
of  trajectory  curvature  of  the  congruence  (A). 

If  M  is  the  geodesic  ciurvature  of  the  ctu^e  h,  then,  by  (32) 
the  direction  of  the  geodesic  curvature  vector  of  h  is  given  by 

f^Ph/t^^ythkK/r,  (tr^h). 

I 

If  k"  is  the  geodesic  curvature  of  the  trajectory  T  tangent  to 
the  curve  h  at  P,  then,  by  (32),  the  direction  of  the  geodesic 
cimvature  vector  of  T  is  given  by 

^y<rrVr~ 

where  we  have  used  the  characteristic  equation  (42)  for  a  tra¬ 
jectory  system. 

Finally,  if  is  the  trajectory  curvature  of  the  curve  h,  then, 
by  (49),  the  direction  of  the  trajectory  curvature  vector  of  A  is 

t  ‘ 

These  three  vectors  are  perpendicular  to  fc  at  P.  But,  by  (34), 

y'/**“yiiu+ 

i 

hence, 

(50) 

and  we  may  state  — 

The  three  directions  at  a  point  P  —  the  geodesic  curvature  vector 


ON  Ricci’s  COEFFICIENTS  OF  ROTATION  23 

of  a  curve  h,  the  geodesic  curvature  vector  of  its  tangent  trajectory 
and  the  trajectory  curvature  vector  of  h  —  lie  in  a  same  flat  pencil 
of  directions. 

If  we  multiply  (50)  by  the  corresponding  relation 
and  sum  on  r,  we  find,  since 

'^hk/rH‘T/’~CO6  0, 
r  9 

the  relation 

cos  B.  (61) 

Combining  this  with  (46),  we  may  state  — 

The  invariant  (t^h),  represents  the  sum  of  the  squares 

I 

of  the  geodesic  curvatures  at  a  point  P  of  the  curve  h  and  its  tangent 
trajectory  minus  twice  the  product  of  these  curvatures  and  the  cosine 
of  the  angle  between  their  geodesic  curvature  vectors. 


November  21,  1923. 
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By  Nosbbrt  Wiener 

Introduction. 

§1.  The  relative  weights  of  two  point-sets. 

§2.  The  generalized  Dirichlet  problem. 

§3.  The  distribution  of  charge  on  an  isolated  conductor. 

§4.  Capacity,  and  a  sufficient  condition  for  the  solubility  of  the 
Dirichlet  problem. 

5.  The  im  Kleinen  character  of  the  Dirichlet  problem. 


Introduction.  The  Dirichlet  problem  —  of  determining  a  har¬ 
monic  fimction  assuming  a  given  continuous  set  of  values  con¬ 
tinuously  on  the  boundary  of  a  region  R  —  does  not  always 
admit  of  a  solution  for  every  region  R.  For  example,  if  we  use 
polar  cdordinates  and  take  as  our  R  the  region  0  <r <  1,  we  shall 
find  that  there  is  no  harmonic  ftmction  assuming  the  boundary 
values  0  for  r*  1  and  1  for  r— 0.  In  order  to  see  why  this  is  so, 
let  us  replace  R  by  the  slightly  modified  region  €<r<l,  and  our 
boundary  conditions  by  the  stipulation  that  the  harmonic  func¬ 
tion  shall  vanish  for  r— 1,  and  shall  equal  1  for  r»e.  The  Dir¬ 
ichlet  problem  then  becomes  soluble,  and  has  as  its  answer 

^  Now,  we  have  for  every  point  in  R 

log€ 

lim  0. 

•-►0 

It  thus  appears  that  by  modifying  the  boundary  slightly  and 
then  letting  the  harmonic  function  determined  on  the  interior 
of  the  new  botmdary  approach  its  limit  as  the  modification  of 
the  boundary  becomes  progressively  less  and  less,  we  get  a  definite 

^  The  author  wishes  to  express  his  thanks  to  Dr.  J.  L.  Walsh  and  to  Prof. 
O.  D.  Kello^,  both  of  Harvard  University,  with  whom  he  has  discussed 
matters  in  this  paper,  and  to  whom  he  owes  much  in  the  way  of  suggestion 
and  stimulus.  In  spirit,  in  particular  in  the  impor^ce  given  to  notions 
such  as  charge  and  capacity  and  in  the  use  of  Stieltjes  integrals,  this  paper 
has  much  in  common  with  one  of  Professor  Kellogg.  (An  Example  in  Potential 
Theory,  Proc.  Amer.  Acad.  Arts  and  Sciences,  VoL  58,  No.  14,  June,  1923). 
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harmonic  function  as  a  limit  —  namely  0  —  which  fails,  however, 
to  assume  continuously  the  assigned  boundary  values  at  r»0. 
The  origin  is,  as  it  were,  a  part  of  the  boundary  of  zero  weight, 
and  a  boimdary  condition  at  the  origin  is  null  and  void. 

It  will  be  seen,  then,  that  the  EKrichlet  problem  fails  to  be 
soluble  in  this  particular  case,  not  by  the  non-existence  of  a 
harmonic  function  corresponding  to  the  boundary  conditions,  but 
by  the  fact  that  this  harmonic  fimction  fails  to  assume  continu¬ 
ously  the  desired  value  at  the  origin.  We  shall  see  that  whenever 
the  Dirichlet  problem  fails  to  be  soluble,  it  is  possible  to  determine 
a  perfectly  general  function  corresponding  to  our  boundary  con¬ 
ditions.  In  more  precise  language,  our  theorem  reads: 

THEOREM  I.  Let  R  be  a  connected,  bounded  set  of  points  in 
n-space,  containing  no  point  of  its  boundary.  Let  C  be  its  boundary. 
Let  U{F)  be  any  function  continuous  on  the  set  of  points  C. 
Then 

1.  There  is  a  function  v  (P)  continuous  over  R+C  and 
reducing  to  U{P)  on  C; 

2.  There  is  a  sequence  {  F, }  of  boundaries  over  the  interior  of 
xvhich  the  Dirichlet  problem  is  soluble  for  any  continuous  boundary 
condition,  each  contained  in  die  interior  of  its  sticcessor,  and  together 
containing  in  their  interiors  every  point  of  R; 

3.  The  function  u^iP)  corresponding  to  the  boundary  conditions 
r(P)  over  F,  and  harmonic  within  F,  tends  uniformly  to  a  harmonic 
limit  over  any  closed  set  of  points  interior  to  R  as  n  increases 
without  limit; 

4.  This  limit,  which  we  shall  term  u(P),  is  independent  of 
the  choice  of  v{P)  and  {  F, } . 

A  precisely  similar  theorem  will  hold  for  the  exterior  Dirichlet 
problem.  A  particularly  interesting  case  of  the  exterior  Dirichlet 
pnxtblem  arises  when  the  assigned  values  on  the  boundary  are 
constant  over  the  entire  boundary,  while  the  assigned  behavior 
of  the  desired  harmonic  function  at  infinity  is  the  same  as  that 
of  the  potential  due  to  a  single  charge.  Physically,  this  problem 
is  that  of  determining  the  potential  due  to  a  distributed  charge 
on  a  conductor.  However  a  charge  on  a  conductor  will  not  always 
distribute  itself  in  such  a  way  as  to  possess  a  surface-density. 
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Hence  it  will  not  always  be  possible  to  find  a  surface  distribution 
of  charge  in  the  ordinary  sense  which  will  lead  to  a  solution  of 
this  exterior  Dirichlet  problem.  If  we  replace  the  ordinary  notion 
of  surface  distribution,  leading  to  a  potential  represented  by  a 
surface  integral  in  the  three-dimensional  case,  by  a  surface  dis¬ 
tribution  corresponding  to  a  three-dimensional  Stieltjes  integral, 
this  difficulty  will  be  removed,  and  we  shall  obtain  a  particular 
case  of: 

THEOREM  II.  Let  R  be  any  bounded  set  of  points  in  n-space 
(n>2)  inside  the  rectangular  parallelepiped  with  opposite  vertices 
(oi,  .  .  .  ,  aj  and  (Jbi,  ,  b^.  Let  u{P)  be  a  harmonic  function 
with  no  singularities  except  on  R,  vanishing  at  infinity,  and  cor¬ 
responding  to  boundary  values  1  over  R  in  the  sense  of  Theorem  I. 
Then  over  every  point  Q  exterior  to  R  we  shall  have 

«(c)  -rT-  r 

where  M(P)  is  an  increasing  function  of  the  cartesian  coordinates 
of  P  and  the  integral  is  in  the  sense  of  Daniel^  an  n-dimensional 
Stieltjes  integral.  Moreover,  if  the  parallelepiped  with  opposite 
vertices  (xi,  **,  .  .  .  ,  xj  and  (yi,  y»,  .  .  .  ,  y«)  w  entirely  exterior 
to  R,  then 

r*-  -  r"dA/(P)-0. 

An  analogous  theorem  will  be  proved  in  the  two-dimensional  case. 

Theorem  II  makes  it  possible  to  define  the  electrostatic  capac¬ 
ity  of  a  set  of  points.  This  is  the  total  charge  corresponding  to  a 
imit  potential  over  the  set.  In  other  words,  it  is 

£•••/>«• 

The  capacity  of  a  portion  of  the  boundary  of  a  region  gives  a  more 
precise  definition  than  any  yet  given  of  the  amount  of  boundary 
in  that  portion  in  the  sense  which  is  relevant  with  regard  to  the 
solubility  of  the  Dirichlet  problem.  We  shall  establish: 

*  P.  J.  Daniell,  Annals  of  Mathematics,  Vol.  21  (1921),  p.  30. 
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THEOREM  III.  Let  R,  C,  U,  and  u  be  defined  as  in  Theorem  I. 
Let  Q  be  a  point  of  C.  Draw  an  n-sphere  S  with  variable  radius 
r  and  Q  for  center.  Let  the  capacity  of  that  part  of  C  lying  in 
or  on  the  surface  of  S  be  Ci.  Let  the  capacity  of  S  be  Ct-  Let 
the  outer  Lebesgue  measure  of  that  part  of  S  within  R,  in  terms 
of  S  itself,  be  L.  Then  if  there  are  a  denumerable  number  of 
values  of  r  tending  to  zero  for  which  either  * 

L<N<1, 

or 

Ci>AfCf>0, 

M  and  N  being  independent  of  R,  then 
liin«(P)-  UiQ). 

P-»Q 

In  particular,  if  this  condition  is  fulfilled  for  every  point  Q  of  C 
then  the  Dirichlet  problem  is  soluble  for  any  continuous  boundary 
condition  on  Cf 

'  As  far  as  the  knowledge  of  the  author  goes,  this  condition  is 
satisfied  by  every  example  of  an  explicit  solution  of  the  Dirichlet 
problem  yet  described  in  the  literature.  It  is  not  the  opinion  of 
the  author,  however,  that  it  is  a  necessary  condition  for  the 
solubility  of  the  Dirichlet  problem. 

A  further  matter  which  comes  within  the  scope  of  this  paper 
is  the  effect  of  boundary  conditions  at  a  remote  point  in  modifying 
the  continuity  of  the  u{P)  of  Theorem  I  at  a  given  point  of  the 
boundary.  We  shall  prove: 

THEOREM  rV.*  Let  Rbe  a  connected,  bounded  set  of  points  in 
n-space,  containing  no  point  of  its  boundary.  Let  Q  be  a  point 
of  its  boundary.  Let  S  be  a  sphere  with  Q  as  center.  Let  R' 
be  another  connected,  bounded  set  of  points  and  let  the  portions  of 
R  and  of  R'  within  S  concide.  Let  C'  be  the  boundary  of  R'. 

S  A  theorem  of  content  implying  a  part  of  the  results  of  Theorem  III  is  con¬ 
tained  in  Phillips  and  Wiener,  Nets  and  the  Dirichlet  Problem,  Jour.  Math. 
Phys.  M.  I.  T.,  Vol  2,  pp.  106-124.  Cf.  also  G.  E.  Raynor.  Dirichlrfs 
Problem,  Annals  of  Mathematics,  Second  Series,  Vol.  23,  pp.  183-198. 

^  A  p^  of  the  content  of  this  theorem  has  been  enunciated  by  Prof.  O.  D. 
Kellogg,  in  a  forthcoming  paper. 
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Ltt  u(P),  defined  as  in  Theorem  I,  satisfy  the  condition 

lim«(P)-  U{Q) 

r—Q 

for  any  function  U  continuous  over  C.  Let  V{P)  be  any  func¬ 
tion  continuous  over  C.  Let  v{P)  be  the  function  harmonic  ever 
R'  corresponding  to  V{P)  after  the  fashion  indicated  in  Theorem!. 
Then 

hmv{P)~V{Q). 

P-*Q 

§1.  The  relative  weights  of  two  point-sets.  Let  H  and 
K  be  two  closed  bounded  sets  of  points  in  the  plane.  Let 
the  lower  bound  of  the  distance  between  a  point  of  H  and  a 
point  of  be  the  positive  number  d.  Let  {  }  be  a  set  of 

boundaries,  each  of  which  divides  the  plane  into  an  inside  and 
an  outside  region,  eadi  containing  all  its  successors,  with  only 
the  points  of  H  common  to  all.  Let  {  /f, }  be  a  similar  sequence 
about  K.  Let  the  exterior  Dirichlet  problem  be  soluble  for  any 
//,  or  K^,  in  the  sense  that  it  is  possible  to  find  a  harmonic  func¬ 
tion  over  the  exterior  of  the  portion  of  boundary  in  question, 
assuming  arbitrary  given  continuous  values  continuously  on  the 
boundary,  and  bounded  at  infinity.  It  will  always  be  possible  to 
construct  sequences  {  //, }  and  (  }  for  any  H  and  K.  For 

example,  we  may  first  divide  the  plane  into  little  squares  with 
comers  of  the  form  (»72",  ;72"),  and  take  as  the  boundary  of 
the  set  of  points  lying  within  such  of  the  squares  as  contain  {xrints 
of  H. 

It  may  be  shown  by  a  ready  application  of  the  alternating  process 
that  if  m  and  n  are  chosen  so  large  that  and  do  not  inter¬ 
sect,  the  exterior  Dirichlet  problem  is  soluble  for  the  region 
excluded  by  //«,  and*  K^.  Let  the  harmonic  function  assuming 
the  values  1  on  and  /(P)  on  fC,  be  u„n  (/;  P)-  Then  as  m 
increases,  the  sequence  of  functions  u^  (/;  P)  is  non-increasing. 
Hence  by  a  theorem  of  Hamack*  the  sequence  Umn(J‘,  P)  con¬ 
verges  uniformly  to  a  harmonic  limit,  which  we  shall  call  uJJ\P), 
over  any  closed  set  of  points  outside  H  and  K  .  Similarly,  let 
the  harmonic  function  assuming  the  values  g(P)  on  and  0 
on  be  Umnii'fP)-  Then  as  n  increases,  the  sequence  of  fimc- 

*Cf.  Osgood,  Funktionenlkeorie,  p.  615. 
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tions  Umnii'tP)  is  non-decreasing.  By  the  same  theorem  of  Hamack, 
the  sequence  UmmCgl  P)  converges  uniformly  to  a  harmonic  limit, 
which  we  shall  call  Um(g‘,  P),  over  any  closed  set  of  points  outside 
//„  and  K. 

Without  any  essential  restriction,  we  may  suppose  that  Hi 
and  Ki  are  each  exterior  to  the  other.  It  follows  from  the  con¬ 
siderations  which  we  have  just  presented  that  from  some  value 
of  m  on,  the  functions  MmhCO;  P)  will  differ  from  P)  on  H 
by  less  than  €,  while  the  functions  ManCl;  P)  will  from  some  value 
of  n  on  differ  from  «,»(1 ;  P)  on  AT  by  less  than  «.  Moreover,  there 
will  be  a  positive  number  b  less  than  1,  such  that  for  all  m  and  n. 

•  N«i(0;P)-iiMi(l;P)>l-fton  i/i; 

«i.(0;P)-5u(l;P)<6  on  AT,.  J 
Now  let  us  obtain  a  function  harmonic  outside  //„  and  AT,, 
assuming  the  value  1  on  //*  and  0  on  K^,  by  the  alternating 
process.  Let  us  write  »o(P)  for  k*i(0;  P)  and  a;„(P)  for  W|n(0;  P). 
Let  ii/*(P)  be  the  harmonic  function  which  assumes  the  value 
0  on  /C,  and  the  same  value  as  »*.i(P)  on  Hi.  Let  »*(P)  be  the 
harmonic  fimction  which  assumes  the  value  1  on  and  the 
same  value  as  t£;*.i(P)  on/Ci.  We  shall  have: 


|.t>,(P)-t»„(P)  I  <6, 
\xvi{P)-Wo(P)  \<b, 
\tH(P)-ViiP)  |<6», 
I  w,(P)-tt;i(P)  I  <6*. 


(2) 


|u;*(P)-ii;*_,(P)I<6*, 


«e  00 

Hence  the  series  2[r*(P)— »*./(P)]  and  2[tv*(P)— tt>*./(P)]  are 

1  I 

uniformly  and  absolutely  convergent  to  a  harmonic  limit  for 
every  P  for  which  they  are  defined  and  for  every  sufficiently  late 
m  and  n.  Over  the  region  excluded  by  both  Hi  and  Ki  the 
functions  «*(P)  and  tVi,(P)  approach  the  same  boundary  values, 
and  hence  the  same  values  everywhere.  The  limit  approached 
by  t»*(P)  and  a/*(P)  as  k  becomes  infinite  we  shall  designate  over 
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the  entire  region  exterior  to  Hi  and  Ki  as  That  is, 

FUP)-v,  (P)+2lr*  {P)-v,.i  (P)].  or 

•  (3) 

P-(P) -u/c(P)  + 2(tt;*(P) 

1 

and  by  letting  k  be  sufficiently  great,  we  shall  have  uniformly 

I  P-,(P)-i»*(P)  I  <2  I  Vj{P)-Vi.i{P)  I  <6*7(1 -6)  <  V3.  or 

^  (4) 

I  F^,iP)-Wi(P)  I  <2 1  wj(P)-Wj.i(P)  I  <6*7  (1-6) <71/3. 

Here  we  shall  introduce  a  lemma  to  the  effect  that 
|i?-.«(/;P)-u»,<(/;P)|<max|/|  |S«.,(1;  P)-n>^(1,  P)  |.  | 

I  »mn(g;  P)-«».'»(g;  P)  I  <  max  |l-g  |  |n»,(0;  P)-**«.'«(0;  P). 

To  prove  the  first  part  of  this  lemma,  let  n'<H,  and  let  /(P)^0- 
Then  all  we  have  to  prove  is 

««,(max  1/ 1  -/;  P)  -  N«»>(max  |/ 1  -/;  P)  >  0.  • 

This  is  easily  demonstrated,  however,  since  in  general 
««,,(max  |/|— /;  P)  is  an  increasing  function  of  n.  The  extension 
of  the  theorem  to  non-positive  /’s  and  the  demonstration  of  the 
second  part  of  the  theorem  offer  no  difficulties. 

Now  let  m,  n,  m',  and  n'  all  be  so  large  that  over  the  region 
R  exterior  to  H  and  K  and  containing  H  and  K 

|N«,(0;P)-f«,(0;P)|<e,  |  n«.,(0;  P)-i«,(0;  P)  |  <e,  1 

|«u(l;P)-iii(l:P)|<«.  |«„-(l;P)-ii,(l;P)|<€.  J 

Let  r*'(P)  and  Wk{P)  be  the  functions  obtained,  respectively* 
by  substituting  m'  and  n'  for  m  and  n  in  the  definition  of  v*(P) 
and  WkiP).  Then  by  the  definition  of  o*  and  u;*,  we  obtain  from  (5) 

'K(P)-ro'(P)|<2€, 

iu;o(P)-a;o'(P)i<2«, 

|r.  (P)-V  (P)j<4e, 

|u;i(P)-a;i'(P)i<4€, 


r*(P)-V  (P)|<2*€, 
a;*(P)-a;*'(P)j<21i€, 
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By  choosing  €  so  that  2kt<.y\/Z,  we  have  from  (4)  and  (7) 

\FUP)-F,.AP)\<V-  (8) 

In  other  words,  Fmn(P)  converges  uniformly  over  R  to  &  limit 
which  of  course  is  harmonic.  We  may  term  this  limit,  which 
we  shall  write  P),  the  weight  at  P  of  H  in  the  system 

H,  K.  It  is  easy  to  show  that  P)-\-Wkh{K\  P)  —  1. 

With  the  exception  of  this  last  sentence,  all  the  results  of  this 
section  extend  at  once  to  n  dimensions.  It  is  of  course  necessary 
to  give  a  suitable  interpretation  to  the  exterior  Dirichlet  problem. 
As  is  familiar,  the  Dirichlet  problem  in  three  or  more  dimensions 
involves  the  additional  condition  that  the  harmonic  function 
sought  for  shall  vanish  at  infinity. 

Another  important  remark  is  that  Whk{FI\  P)  is  independent  of 
the  particular  sequences  {  and  {  AT,}  chosen  in  obtaining 
it.  Let  { I  be  another  sequence  fulfilling  the  conditions 
laid  down  for  {  //«,) .  H\  will  contain  in  its  interior  a  term  of 
{//„'},  say  Ht”.  TTiis  will  in  turn  contain  in  its  interior  a 
term  of  {//*},  say  Hi".  By  continuing  this  process,  we  can 
construct  a  sequence  [HJ'],  consisting  alternately  of  terms 
from  {//m}  and  {  //»,'}.  A  similar  remark  holds  of  {AT,}. 
Clearly  the  value  of  Whk(H;  P)  formed  by  substituting  {  } 

and  the  similarly  derived  sequence  { A"," }  for  {  //„ }  and 
{  Kn }  respectively  is  at  once  identical  with  that  corresponding 
to  the  sequences  {  //„ }  and  {  A, }  and  to  that  correspond¬ 
ing  to  the  sequences  {  HJ }  and  {  } .  • 

$2.  The  generalized  Dirichlet  problem.  Let  P  be  a  con¬ 
nected,  bounded  set  of  points  in  n-space,  containing  no  point 
of  its  boimdary,  and  let  C  be  its  boundary.  Let  Cj  and  Ci  be 
two  sub-sets  of  C,  such  that  the  lower  bound  of  the  distance  from 
a  point  of  Cl  to  a  point  of  Ci  is  the  positive  number  d.  Then 
the  number  Wc^Jl,Ci\  P)  will  exist  for  every  point  in  R,  and  will 
lie  between  0  and  1.  If  Ci  be  kept  fixed  and  C|  be  allowed  to 
vary,  Wc,ct(^i;  P)  will  have  a  non-negative  lower  bound.  This 
we  shall  term  the  outer  weight  of  C|  at  P,  and  shall  represent  by 
the  symbol  W{Ci;  P).  Clearly  if  Ci  and  Ci  are  defined  as  above, 

W(C,;  P)-|-W(C,;  P)- W(Ci-|-C,;  P),  (9) 
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while  if  Cl  and  C*  are  any  two  sub-sets  of  C, 

WiC,,  P)-|-W^(C,;  P)>W{Ci+C,;  P).  (10) 

For  reasons  of  simplicity  we  shall  now  use  two-dimensional 
language.  Let  C*  be  the  set  of  all  points  of  C  for  which  the 
X-co6rdinate  does  not  exceed  x.  Then  H'"(C,;  P)  is  an  increasing 
function  of  x.  It  therefore  has  no  discontinuities  other  than  a 
denumerable  set  of  finite  jumps.  It  follows  at  once  that  if  {  } 

is  a  denumerable  set  of  values  of  x,  there  is  only  a  denumerable 
set  of  values  of  a  for  which  {  }  contains  a  discontinuity  of 

W(C,;  P).  Hence  it  is  possible  to  determine  the  origin  of  codrdi- 
nates  in  such  a  manner  that  no  value  of  x  that  is  a  terminating 
binary  number  is  a  discontinuity  of  IF(C,;  P).  Similarly,  if  we 
let  Cy  be  the  set  of  all  points  of  C  for  which  the  ^-coordinate 
does  not  exceed  y,  and  suitably  choose  the  vertical  level  of  the 
origin  of  coordinates,  no  value  of  y  that  is  a  terminating  binary 
number  will  be  a  discontinuity  of  IF(Cy';  P). 

Let  us  choose  our  origin  in  the  manner  indicated  above,  and 
let  X  be  a  terminating  binary  number.  Let  D  be  the  set  of  points 
of  C  with  an  X-coordinate  not  less  than  x—t  and  not  greater 
than  x+€.  Then: 

P)+mD;  P)<W^(C.+.;  P).  (11) 

This  is  an  immediate  result  of  the  fact  that  the  weight  of  a  set 
of  points  is  at  least  as  great  as  that  of  an  included  set  of  points, 
and  of  (9).  We  deduce  at  once 


W{D;  P)<W(C,+.;  P)-W(C^2.;  P),  (12) 

whence  we  obtain 

'  lim  W(Z?;P)-0.  (13) 

t-»0 

This  last  formula  holds  imiformly  over  any  closed  set  of  {xnnts 
belonging  to  R.  This  follows  from  the  fact  that  W(D;  P)  is  a" 
non-negative  harmonic  function.  Hence  if  C  is  a  circle  with  P 
as  center  lying  entirely  within  R,  if  r  is  the  radius  of  C,  and  if  Q 
is  a  point  with  polar  coordinates  {p,  6)  with  respect  to  P  as  origin, 
then 


CERTAIN  NOTIONS  IN  POTENTIAL  THEORY 


33 


WiD;Q)~—  r’WiDiQ') - - dS'  (14) 

2irJo  l—2pcx3s{0—d')/r+f3^/i* 

<—  f^W{D;Q')d$'-^^W(D,P)^^. 

2irJo  ^~P 

Q*  being  iinderstood  to  be  (r,  S’).  It  follows  that  (13)  holds  uni¬ 
formly  over  any  circle  interior  and  concentric  to  C,  and  hence, 
by  a  process  such  as  that  used  in  the  analytic  continuation  of  a 
function,  it  may  be  proved  that  (13)  holds  uniformly  over  any 
closed  set  of  points  interior  to  R. 

Now  let  U{P)  be  any  function  continuous  on  C.  There  is  no 
essential  restriction  on  1/  if  we  assume  |  U{P)  |<1.  It  is  then 
possible  to  divide  up  the  plane  into  a  network  of  squares  of 
vertical  and  horizontal  lines,  with  opposite  comers  of  the  forms 
{j/2?,  fc/2*)  and  (  {j-\-\)/2?,  (k-|-l)/2*),  such  that  the  oscillation 
of  t/  in  none  of  these  squares  exceeds  6.  We  may  then  remove 
from  C  &  set  D,  consisting  of  all  points  in  a  set  of  vertical  and 
horizontal  strips  containing  aU  the  boundary  points  of  these 
squares,  and  in  total  outer  weight  less  than  c.  There  will  be  left 
a  set  of  sets  of  points  of  C,  each  consisting  in  all  the  points  of  C 
in  one  of  the  squares  and  not  in  D,  We  shall  call  this  set  { C. } . 

We  shall  now  provfe  a  lemma  to  the  following  effect:  if  from 
each  Cn  we  select  a  point  P^,  and  if  R'  is  a  closed  set  of  points 
interior  to  R,  then  there  is  a  function  u(P)  harmonic  over  R, 
and  such  that  if  B  and  c  tend  to  0  in  any  manner  whatever, 
then 

u{P)-  lim  2;C/(PJW(C,;  P)  (15) 

uniformly  over  R\ 

To  prove  this,  let  us  form  sets  { C,' }  and  points  { P,' }  cor¬ 
responding  to  a  value  c'  of  c  and  a  value  B^  of  B  each  less  than  the 
values  corresponding  to  { C, }  and  { Pn } .  Then  the  removal 
from  the  sets  { }  of  the  points  of  D  will  leave  a  finite  number 
of  disconnected  sets  { C," } .  Let  P,"  be  a  point  from  C,".  We 
shall  have 

I  2:U{P„")WiC„'';  P)-mQ^WiCn"; P)  \<B, 

where  is  the  value  of  the  P*  from  the  containing  C,".  More¬ 

over, 


This  holds  uniformly  over  R'.  Hence  over  R'  we  have 

I  lU(Pn'WiCn'';  P)-lUiPJW{C,;  P)  I  <€+e. 


and  likewise  | 

1  ZU{PJ')WiCn>'-,P)-'LU{Pn')W{C,'^  P)  \  <€+0;  4 

whence  Iv 

I  ZUiPnWiCJ;  P)-zmPJWiC,:  P)  I  <2<+2^.  :  ? 

From  this  (15)  may  be  deduced  at  once.  i 

It  is  manifest  from  this  last  demonstration  that  m(P)  is  quite  \ 

independent  of  the  particular  sequences  of  values  of  Cn  and  P,  i 

employed  in  attaining  to  it.  We  now  wish  to  prove  that  «(P)  I 

is  the  function  represented  by  the  same  symbol  in  Theorem  I. 

In  the  following  discussion,  »(P),  and  u,{P)  receive  the  same  , 

interpretations  as  in  the  formulation  of  Theorem  I. 

Since  D  is  of  outer  weight  less  than  c,  it  is  possible  to  find  a 
boimdary  D*  for  the  exterior  of  which  the  Dirichlet  problem  is 
soluble,  enclosing  D  in  its  interior,  and  such  that  over  P'  its  ^ 

outer  weight  in  the  systOT  D\  C  is  less  than  e.  Now,  the  outer  *  ^ 

weight  of  D*  over  P'  in  the  system  D',  r»  is  no  greater  than  the 
outer  weight  of  D'  over  R'  in  the  system  D\  C,  provided  only 
V  is  so  large  that  P'  lies  entirely  within  r„.  To  prove  this,  we 
must  first  notice  that  it  is  possible  to  find  a  D"  containing  D'  I 

in  its  interior  and  a  contour  containing  a  closed  sub-set  of  C,  I 

say  Cu  exterior  to  such  that  the  Dirichlet  problem  is  soluble 
over  Cl,  D'\  and  ^  { 

\WD"c,iD";P)-W^{D^;P)\<rf,  (16) 


over  P',  where  W'  is  used  as  the  symbol  for  outer  weight  in  the 
system  C,  D\  It  is  also  possible  to  find  a  D'"  interior  to  D'* 
and  a  T,*  exterior  to  Ci  and  containing  all  points  of  P,  exterior 
to  or  on  D'\  such  that  the  Dirichlet  problem  is  soluble  within 
the  boundary  D”\  and  such  that  over  P' 


P)-W\D>-,  P)  I  <17, 


li  ■ 

r 

•  t^’ 


(17) 
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where  IV"  is  used  as  the  symbol  for  outer  weight  in  the  system 
r,  D’.  Now,  on  r,' 

V^Vc.(Z?";P)>0; 

whereas  on  D” 

^)<1. 

Wd>’cAD'’\P)~\. 

Since  D"  and  F,'  entirely  include  R\  we  have 

P)  >  P)  (18) 

over  R\  Combining  (16),  (17),  and  (18),  we  get 

W(D'\P)>W\D'\P),  (19) 

which  is  our  desired  result. 

If  we  remove  from  F,  all  the  points  interior  to  D\  and  if  p  is 
sufficiently  large,  F^  will  fall  apart  into  a  set  of  separated  sets 
of  points  Cm,  each  consisting  of  all  points  of  F»  not  within  D' 
and  within  the  same  square  used  in  defining  We  now  wish 
to  establish  an  upper  bound  for 

\W\Cn-,P)-W\Cn,P)\ 

for  all  values  of  P  in  R'. 

To  this  end,  let  us  remark  that 

\W'{C.-,P)-Wcj.{C.-F)\<t 

where  F  is  the  set  of  all  points  neither  in  Cn  nor  in  D.  If  then 
G  and  H  are  contours  surrounding  C„  and  F,  respectively, 
sufficiently  closely,  and  the  Dirichlet  problem  is  soluble  for  the 
r^on  exterior  to  H  and  G,  while  ♦(P)  is  the  harmonic  function 
corresponding  to  the  boundary  conditions  1  on  C  and  0  on  //, 
then  over  R'  we  have 

1*(P)-W'(C,;P)|<€.  (20) 

Let  (7  be  so  chosen,  for  some  H,  and  let  p  be  so  large  that  G  con¬ 
tains  on  its  interior  Cn-  Now  let  //  be  so  chosen  that  (20)  holds, 
while  H  is  entirely  exterior  to  F».  Let  us  compare  the  functions 
♦(P)  and  Wc^(Ch’,  P)»  where  F  consists  of  all  points  in  F„  but 
not  in  Cn  nor  within  or  on  D\  We  can  approximate  to  Wf  ji(C«;  P) 
as  closely  as  we  wish  by  the  harmonic  function  ♦i(P),  which  is 
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determined  by  surrounding  Cn  by  a  contour  G\  and  F  by  a  con¬ 
tour  Hi  outside  of  which  the  Dirichlet  problem  is  soluble,  and 
assigning  boundary  conditions  1  on  Gi  and  0  on  Hi.  We  may  then 
take  Gi  entirely  within  G  and  Hi  entirely  without  H.  R'  will  be 
included  by  a  contour’ formed  of  G,  Hi,  and  D'.  Over  G  and  Hi 
we  have  4>>4>i,  while  neither  4>  nor  exceeds  1  on  £>'.  It  may 
then  readily  be  deduced  with  the  aid  of  a  result  similar  to  (19) 
that  over  R' 

♦,(P)-*(P)<2«.  (21) 

Combining  this  result  with  (20),  we  can  show  without  difficulty 
that  _ 

Wc;f(iCn\  P)-W'{C„-,  P)<3€.  (22) 

A  precisely  similar  argument  in  which  the  r61es  of  C,  and  F 
are  interchanged  throughout,  with  the  correlated  changes  made 
in  all  the  other  sets  of  points,  will  lead  to  the  result 

W'(C,;  P)- We^(C»;  P)  <3€.  (23) 

Combining  (22)  and  (23),  we  get 

|W'(C«;  F)-WcjiCn;  P)  I  <3€.  (24) 

This  holds  uniformly  over  R'.  Combining  this  with  (19),  we  get 
the  result 

1W'(C,;P)-W''(C,;P1<4€  (25) 

over  R',  since 

W'\Cn\  P)  +  W"(D';  P)>Wzj{Cn,  P)^W'\Cn,  P) 

There  is  no  difficulty  in  proving  that 

\W\C.-.P)-W{.C.-.P)\<t.  (26) 

and  that,  if  W'"  is  used  as  the  symbol  for  weight  in  the  system 
r„  then 

\W"(jCn\  P)-W'"(c,:  P)  1<€.  (27) 

Combining  (25),  (26),  and  (27),  we  get  over  P' 

lW(C«;  P)-W\Cn,  P)  I  <6*.  (28) 

If  we  now  form  a  continuous  function  on  F,  (as  we  can  do  without 
difficulty  in  a  way  that  we  shall  indicate  later),  which  shall  assume 
the  value  1  on  Cn<  0  on  F,  and  intermediate  values  elsewhere. 
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then  it  may  be  shown  without  difficulty  that  the  harmonic  func¬ 
tion  corresponding  to  these  boundary  conditions  will  differ  from 
P)  by  less  than  €  over  R\  Let  this  harmonic  function 
be  ♦«(P).  We  then  have 
^  \zUiP^WiCn;P)-2U(PMP)\<7N€  (29) 

over  R\  where  N  is  the  munber  of  distinct  sets  C,. 

Now  let  us  compare  u,{P)  and  2  By  making  q 

sufficiently  large,  if  there  is  any  function  t(P),  which  we  may 
without  essential  restriction  suppose  less  than  or  equal  to  1  in 
absolute  value,  continuous  over  P-|-C  and  reducing  to  t/(P) 
on  C,  we  can  make  the  oscillation  of  v{P)  over  the  interior  of 
each  square  into  which  P-fC  is  divided  by  the  lines 
y—k/2*  less  than  B.  We  shall  then  have  over  F,  for  v  sufficiently 
large, 

|2C;(PJ*«(P)-«,(P)1<6>,  (30) 

and  over  the  part  of  F,  not  exterior  to 

|2C/(PJ<l>,(P)-u,(P)|<Ar-|-l.  (31) 

Now  let  G{P)  be  a  function  defined  over  F,,  equal  to  ZU(Pn) 
4»,(P)  — i«,(P)  when  this  latter  quantity  is  less  than  B  in  absolute 

*  value,  equal  to  B  when  2f/(Pj4>,(P)>^,  and  equal  to  —B 

•  when  2f/(P,)*,(P)  —u,(P)  <  —  B.  Let  this  give  rise  to  a  fxmction 
g(P)  harmonic  over  R.  Clearly  the  function  2C/(P,)*,(P)  — 
u,(P)—G(P)  is  zero  over  F,  and  nowhere  exceeds 

in  absolute  value.  Hence  by  comparison  of  this  latter  function 
with  W"(D';  P),  we  get  the  result 

\2U(PMP)-u,(P)  \<B+(N+1+B)t  (32) 

uniformly  over  R'  Combining  this  result  with  (15),  we  get 

I  u(P)-u,(P)  I  <^+(iV-|-l-t-»)<+<T(€,  B),  (33) 

where  o’  vanishes  as  B  and  «  tend  to  zero  independently.  Relation 
(33)  will  hold  for  all  sufficiently  great  values  of  v. 

Now  let  €  and  B  be  chosen  so  small  that  B<rf/3  and  <r(€,  B)  <  * 
r)/3.  N  will  be  determined  by  B.  We  may  then  impose  the 
further  condition  on  e  that  (iV+l+^e<i7/3.  We  shall  then 
have 

|n(P)-u,(P)|<i7  (34) 
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over  R'  for  all  sufficiently  large  v.  That  is, 

uiP)~\vmu,iP)  (35) 

OP 

uniformly  over  R\  and  Theorem  I  is  proved  in  the  two-dimen¬ 
sional  case,  provided  only  that  we  show  the  existence  of  bound¬ 
aries  r,  and  of  an  interpolation  function  v{P). 

TTie  boundaries  can  be  constructed  with  the  greatest  ease. 
All  we  need  to  do  is  to  form  the  meshwork  of  lines  y^ktT!' 

in  the  plane,  and  to  take  as  our  F,  that  part  of  the  boundary  of 
the  set  of  all  points  on  squares  of  the  net  containing  C  which 
lies  in  R.  We  may  then  take  for  the  value  of  »(P)  at  each  of 
the  nodes  of  this  meshwork  lying  on  F,  the  value  of  UiP)  at 
some  point  on  a  mesh  on  which  the  node  lies.  Between  the  nodes, 
we  may  define  v(P)  on  F,  by  linear  interpolation.  The  Dirichlet 
problem  is  soluble  over  the  region  bounded  exteriorly  by  F»+i 
and  interiorly  by  F».  Let  »(P)  be  defined  over  this  region  as 
the  harmonic  function  corresponding  to  the  assigned  values  of 
t(P)  on  the  periphery.  TTiere  will  be  no  difficulty  in  showing* 
that  the  r(P)  thus  defined  is  continuous  over  R+C,  if  we  give 
it  the  values  U{P)  on  C.  It  is  to  be  noted  that  the  v{P)  thus 
defined  assumes  its  extreme  values  on  C. 

We  have  already  obtained  u(P)  in  a  manner  independent  of 
®(P)  and  the  boundaries  F,.  We  have  therefore  given  a  com¬ 
plete  demonstration  of  the  validity  of  Theorem  I  in  the  interior 
two-dimensional  case.  However,  neither  the  extension  to  n 
dimensions  nor  the  obvious  verbal  alterations  which  are  necessary 

*  Let  P  be  a  point  on  C  and  let  Q  be  a  imnt  of  at  a  distance  not  exceeding 
«  from  P.  Draw  a  circle  S  of  radius  2<  with  P  as  center.  Let  Q  lie  on  the  zone 
between  Fr  and  Fr-fi.^  Let  the  angular  measure  of  the  points  in  this  zone  and 
on  the  periphery  of  S  be  Af».  Since  it  follows  that  lim  Af»*0. 

Let  Bi  be  the  upper  bound  of  1  U(P)—  C/(P|)|  if  /’/’i<2-l-l/2»-l  and  let 
Bt  be  the  upper  bound  of  |  U(P) —  ^^(^1)1  for  any  Pt  on  C.  Then  |  [/(P) — 
v(Q)|  is  not  greater  than  the  potential  at  Q  due  to  boundary  values  on  5  not 
exce^ing  A  anywhere  and  not  exceeding  Bi  except  on  a  set  of  measure  Mr. 
That  is, 

\U{P)-vm<^M,Bt+B,. 

It  follows  at  once  that  lim  v(Q)^  U(P). 

Q-*P 

With  regard  to  the  entire  theorem,  cf.  Lebesgue,  SurU  problime  de  Dirichlet, 
Rendiconti  di  Palermo,  v.  24  (1907),  pp.  371-402. 
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to  make  Theorem  I  apply  to  the  exterior  Dirichlet  problem 
changes  the  demonstration  of  Theorem  I  in  a  single  essential 
respect. 

The  generalized  solution  which  we  have  obtained  for  the 
Dirichlet  problem  has  the  following  properties,  which  are  merely 
generalizations  of  the  familiar  properties  of  the  solution  of  the 
ordinary  Dirichlet  problem  and  which  may  be  proved  without  any 
difficulty; 

(1)  The  generalized  solution  of  the  Dirichlet  problem  lies 
between  the  upper  and  lower  bounds  of  the  given  boundary 
values; 

(2)  The  generalized  solution  of  the  Dirichlet  problem  is  at 
every  point  an  additive  functional  of  the  boundary  values; 

(3)  The  generalized  solution  of  the  Dirichlet  problem  coin¬ 
cides  with  the  solution  of  the  ordinary  Dirichlet  problem,  if  the 
latter  exists; 

(4)  If  the  boundary  C  of  R  breaks  up  into  two  separated 

pieces,  Ci  and  Ci,  and  if  v{P)  and  T,  are  defined  as  in  the  formu¬ 
lation  of  Theorem  I,  then  if  F,'  represents  that  part  of  r»  approxi¬ 
mating  to  Cl,  and  the  Dirichlet  problem  is  soluble  over  the  region 
within  then  the  function  r(P)  of  Theorem  I  is  the  uniform 

limit  over  any  set  of  points  R'  closed  and  interior  to  R  of  the 
harmonic  function  corresponding  to  the  boundary  conditions 
v{P)  over  r,'  and  U{P)  over  Cy  It  is  not  indeed  necessary  that 
the  Dirichlet  problem  be  soluble  over  the  region  within  r,'+Ci 
for  boundary  conditions  other  than  these  special  ones. 

It  results  immediately  from  (4)  that  if  the  generalized  Dirichlet 
problem  has  the  solution  u(P)  for  the  boundary  condition  U{P) 
on  C,  and  C'  is  a  boundary  entirely  interior  to  C,  then  a(P)  will 
be  the  solution  of  the  generalized  Dirichlet  problem  corresponding 
to  boundary  conditions  U{P)  on  C  and  «(P)  on  C'. 

These  results  will  be  assumed  without  explicit  reference  in  the 
sequel.’ 

V  The  generalization  of  the  Dirichlet  problem  in  the  present  paper  consists 
in  a  generalization  of  the  boundary  permissible)  the  boundary  conditions 
remaining  continuous.  In  a  paper  forthcoming  in  the  Trans.  Am.  Math. 
Soc.,  the  author  of  this  paper  shows  how  for  a  repon  for  which  the  Dirichlet 
problem  is  soluble  for  contmuous  boundary  conditions,  a  generalized  Dirichlet 
problem  is  soluble  for  a  wide  class  of  discontinuous  t^ndary  conditions. 
The  two  types  of  generalization  of  the  Dirichlet  problem  thus  are  in  two 
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§3.  The  distribution  of  Charge  on  an  isolated  conductor.  It 
is  a  familiar  physical  fact  that  if  an  electric  charge  is  released 
on  an  isolated  conductor,  it  will  spread  over  the  surface  of  the 
conductor  without  gain  or  loss  imtil  the  latter  reaches  a  state  of 
equilibrium.  The  potential  caused  by  this  charge  will  then  be 
constant  over  the  surface  of  the  conductor.  It  accordingly  becomes 
a  matter  of  interest  to  ascertain  whether  the  general  exterior 
boundary  value  problem  of  Laplace’s  equation  for  boundary 
values  1  can  be  solved  by  the  potential  due  to  a  surface  distribu¬ 
tion  of  charge.  Of  course  this  problem  in  its  unmodified  form  is 
only  of  interest  in  three  or  more  dimensions.  For  purposes  of 
definiteness  we  shall  deal  with  the  three-dimensional  case. 

As  is  well  known,  if  5  is  any  closed  surface  of  finite  area  possess¬ 
ing  at  every  point  a  normal,  and  if  U (P)  is  any  function  harmonic 
within  and  on  S,  we  have 

ffdU/dn  dS~0,  (36) 

5 

where  d  U/dn  is  the  derivative  of  U  along  the  internal  normal. 
It  is  accordingly  easy  to  prove  that  if  U (P)  is  a  harmonic  function 
over  the  whole  of  space,  except  for  sets  of  points  Ai,  At,  •  .  •  , 
An,  and  if  5  is  a  closed  boundary  with  a  normal  everywhere  and 
over  which  U  is  harmonic,  then  if  A  i  is  within  S  while  all  other 

A’s  are  exterior  to  5,  //  d  U/dn  dS  is  independent  of  S,  and  is 
s 

determined  by  U  and  Ai  alone.  We  shall  call  l/47r  ffd  U/dn  dS 
the  charge  on  Ai.  ^ 

Now  let  H  and  K  be  two  boundaries  entirely  exterior  to  one 
another,  and  let  r(P)  be  the  harmonic  function  which  corresponds 
in  the  sense  of  the  last  section  to  the  boundary  values  V(P)  on 
H  and  K  and  0  at  ».  Let  Vi{P)  correspond  to  the  boundary 
values  V(P)  on  H  and  0  at  oo,  K  not  being  considered  as  part 
of  the  boundary.  Let  x>t{,P)  correspond  to  the  boundary  values 

esaentially  distinct  directions.  The  methods  of  the  Transactions  paper, 
tewever,  are  as  directly  applicable  to  regions  for  which  the  Dirichlet  problem 
is  only  soluble  for  continuous  boundary  conditions  in  the  extended  sense  of 
this  paper  as  to  the  cases  there  treated.  Indeed  all  of  that  paper,  exc^t  for 
so  much  as  relates  to  the  continuity  of  the  solution  of  the  generalist  EHrichlet 
problem  near  the  boundary,  remains  unchanged  if  the  generalized  EMrichlet 
problem  in  the  sense  of  this  paper  is  substituted  for  the  ordinary  Dirichlet 
problem. 
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V{P)—Vi{P)  on  AT  and  0  at  oo,  H  not  being  regarded  as  part  of 

the  boundary.  In  general,  let  Vaa+i  correspond  to  the  boundary 

s« 

values  V{P)—  'Zvi,{P)  on  K  and  0  at  ®,  while  Va,  corresponds  to 
1  a»-i 

boundary  values  V(P)—  2r*  (P)  on  H.  It  may  be  shown  with 
1 

the  aid  of  considerations  in  no  wise  different  from  those  familiar 
in  the  ordinary  instances  of  the  alternating  process  that 

r(P)-2®,(P)  (37) 

I 

uniformly  over  the  entire  exterior  of  H  and  AT,  as  .will  result 
from  the  fact  that  there  is  a  convergent  geometric  progression 
dominant  to  (37).  It  hence  follows  that  the  series 

v'(P)^lv^{P)  1  ' 

t"(P).2ra«+,(P)  1 

converge  uniformly  over  the  region  exterior  to  K  and  that  exterior 
to  H,  respectively,  and  are  harmonic  over  these  regions.  TTiey 
vanish  at  <». 

It  is  not  possible  to  break  up  t>(P)  in  any  other  way  into  two 
functions  vanishing  at  infinity,  one  harmonic  outside  H,  and 
the  other  harmonic  outside  AT.  For  suppose  that 

i»(P)-«'(P)+ii"(P). 

where  is  harmonic  outside  H  and  is  harmonic  outside  AT. 
Then  outside  H-\-K 

u\P)  -r'(P)+«"(P)  -®"(P)  -0. 

It  follows  that  u'{P)—v\P)  and  v''{P)—u"{P)  are  part  of  the 
same  harmonic  function,  which  thus  has  no  singularities  in  the 
finite  plane  and  vanishes  at  infinity.  It  is  therefore  identically 
zero. 

We  may  conclude  at  once  that  if  f/(P)  is  the  harmonic  function 
corresponding  to  botmdary  values  zero  at  infinity  and  1  on  the 
boundary  made  up  of  the  non-intersecting  closed  portions  Ai, 
At,  .  .  .  ,  An,  then  there  are  tmiquely  determined  functions 
Uu  £/»,...,  Un,  such  that  £/(P)— 2t/*(P),  while  f/*(P)  is 
harmonic  outside  A^  and  vanishes  at  infinity.  We  may  verify 
the  fact  that  the  charge  on  ^4;^  corresponding  to  the  potential 
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Uk  is  the  same  as  the  charge  on  At,  corresponding  to  the  potential 
U.  We  may  indeed  regard  t/*  as  that  part  of  U  generated  by 
charges  on  A),. 

Uk  is  positive  or  0  on  Ai,.  To  show  this,  let  us  call  Ak  H  and 
the  sum  total  of  the  other  i4’s  K,  and  let  us  take  1  for  V{P)  in 
the  process  leading  to  (37),  Then  UhiP).  We  may 

readily  verify  that 

Vi  corresponds  to  a  boundary  condition  I  on  H. 

Vt  corresponds  to  a  boundary  condition  1  — t)i  on  K, 
corresponds  to  a  boundary  condition  —VtonH, 

Vt  corresponds  to  a  boundary  condition  —VtonK, 


t»3,  corresponds  to  a  boundary  condition  —v^n-t  on  K, 

®a*+i  corresponds  to  a  boundary  condition  — 1>2„  on  H. 

Hence 

.  . +i>aii+i corresponds  to  l—»j— .  .  .—v%^anH, 

.  . +r2,  corresponds  to  — »2i»-i  on/C. 

It  is  hence  easy  to  prove  by  mathematical  induction  that  the 
partial  sums  of  the  odd  v’s  and  also  the  partial  stuns  of  the  even 
r’s  always  lie  between  0  and  1.  Hence  both  and  are  non¬ 
negative.  Since  Uk  thus  corresponds  to  boundary  values  non¬ 
negative  on  Ak,  we  may  conclude  at  once  that  the  charge  on  >1* 
corresponding  to  (7  is  likewise  non-negative,  as  a  consideration  of 
the  gradient  of  Uk  along  any  large  sphere  containing  ^4*  will 
show. 

Now  let  C  be  th^  boundary  of  an  open  region  R  extending  to 
infinity,  let  C  be  bounded,  and  let  U  be  the  harmonic  function 
corresponding  to  the  boundary  values  1  on  C  and  0  at  infinity. 
Let  i4  be  a  sub-set  of  C,  and  let  B  be  a  sub-set  sharing  no  point 
or  limit-point  with  A.  Let  U'  be  the  harmonic  function  cor¬ 
responding  to  the  boundary  conditions  1  on  A-{-B  and  0  at 
infinity.  Let  or'  be  the  charge  on  A  corresponding  to  U\  Then 
as  B  increases  in  such  a  manner  as  to  make  AA-B  approach  C, 
O"'  will  approach  a  definite  positive  limit  cr,  which  we  shall 


CERTAIN  NOTIONS  IN  POTENTIAL  THEORY  43 

term  the  outer  charge  on  A  corresponding  to  the  potential 
distribution  U.  . 

To  show  this,  let  B'  be  a  set  of  points  containing  B  as  a  sub-set, 
but  forming  part  of  C  and  sharing  no  point  or  limit-point  with 
A.  Let  U"  be  the  harmonic  function  corresponding  to  the 
boundary  values  1  on  A-hB'  and  0  at  infinity.  Then  f/"—  U' 
will  correspond  to  boundary  values  non-negative  on  B',  0  on  /I, 
and  0  at  infinity.  In  the  alternating  process  leading  to  (37)  let  H 
be  A,  let  K  be  B\  and  let  V(P)  be  U"—  U'  on  B'  and  0  on  i4. 
Then 

Pi  corresponds  to  a  boundary  condition  0  on  //, 
and  vanishes, 

Vt  corresponds  to  a  boundary  condition  V  on  K, 

Pi  corresponds  to  a  boundary  condition  — p*  on  H, 

Vi  corresponds  to  a  boundary  condition  — Pi  on  AT, 

V2m  corresponds  to  a  boundary  condition  —  P2»-i  on 
P2b+i  corresponds  to  a  boundary  condition  —  P2,  or 
Hence 

Pi+t>i+ . . .  +»2«+i  corresponds  to  — pj—  . . .  — P2,  on  H, 

Pj+P4-h. .  •  +P211  corresponds  to  F— Pj—  . . .  — P2»-i  on  K. 

We  may  then  conclude  by  mathematical  induction  that  the  sums 
of  the  odd  p’s  are  non-positive  on  H,  and  also  that  the  sums  of 
the  even  p’s  exceed  or  equal  V  on  K.  Hence  p"(P)  is  negative, 
and  <r",  the  charge  on  A  corresponding  toU",  is  less  than  <r'. 

It  follows  that  if  Bi,  Bt,  .  .  .  is  a  sequence  of  B’s,  each  includ¬ 
ing  its  predecessor,  while  (Ti,  <r*,  ...  are  the  corresponding  <r’s, 
then  the  sequence  of  <r’s  is  a  decreasing  sequence  of  positive 
numbers  and  hence  has  a  limit.  If  finally  every  point  of  C  not 
a  point  or  limit  point  of  A  is  in  some  B,,  it  is  easy  to  show  that 
the  value  obtained  for  o’  —  lim  o’,  is  unique  and  independent  of 
the  sequence  of  B,’s. 

A  theorem  which  is  important,  and  which  can  be  verified  with¬ 
out  difficulty  is  the  following:  if  A  and  B  are  two  sub-sets  of  C, 
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the  outer  charge  on  i4-|-i5  does  not  exceed  the  outer  charge  on  A, 
added  to  the  outer  charge  on  B.  This  is  an  immediate  corollary 
of  the  fact  that  if  D  is  a  set  of  points  sharing  no  point  or  limit- 
point  with  the  charge  on  A  corresponding  to  a  potential 

of  1  on  A-^B+D  added  to  that  on  B  is  at  least  that  on  A  +  B. 

Let  C  be  defined  as  before.  Let  C(x)  be  that  part  of  C  made 
up  of  those  points  with  an  X-co6rdinate  not  exceeding  *.  If 
(r(x)  is  the  outer  charge  on  C{x)  corresponding  to  a  potential  1  on 
C,  it  is  an  increasing  function  of  x.  As  such  it  has  only  a  demuner- 
able  set  of  discontinuities.  As  in  Section  2,  it  is  then  possible 
to  choose  the  origin  of  codrdinates  in  such  a  manner  that  <r(x) 
will  have  no  discontinuities  for  any  terminating  binary  x.  Making 
a  similar  choice  of  the  origin  with  regard  to  y  and  z,  we  find  it 
possible  to  enclose  the  planes  x^ilV,  y»;72",  z^kf2*  in  so  far 
as  they  consist  of  points  of  C  in  the  interior  of  a  closed  set  of 
points  of  arbitrarily  small  outer  charge  —  say  of  outer  charge 
less  than  c.  We  may  simultaneously  make  the  outer  weight  of 
this  set  <«  over  a  closed  set  R’  exterior  to  C. 

The  portion  of  C  that  remains  will  be  divided  up  into  a  number 
of  separated  sets  of  points  Cm,  each  of  maximum  linear  dimensions 
not  exceeding  1/2""*.  Let  us  investigate  the  distribution  of 
charge  on  these  sets  corresponding  to  a  boundary  potential  of 
1  on  "LCm-  We  shall  find  on  each  Cm  a  charge  <Tm,  and  the  potential 
due  to  the  charge  on  Cm  alone  will  be  positive  over  all  Cm-  It 
will  hence  be  positive  over  a  sphere  of  radius  1/2"  containing  Cm- 
It  will  of  course  not  exceed  1 .  Let  us  expand  the  potential  on 
the  exterior  of  this  sphere  5  in  the  Poisson  integral. 


Umi.P)' 


-ff 

tiraJ  J 


UmmT*-a')dS 


^iraJ  J  2or  cos  (a,  r)]*^  ’ 


(43) 


where  P  is  a  point  on  the  exterior  of  5,  Q  is  a  point  on  the  element 
dS  o(  S,  P  has  the  polar  codrdinates  (r,  B,  4>),  Q  the  codrdinates 
(a,  Urn  represents  the  potential  on  the  surface  of  the 

sphere,  and  (a,  r)  is  the  angle  between  OQ  and  OP,  0  being  the 
origin  and  the  center  of  5.  Now, 


r— g)  ^ _ r*— o* 

(r+a)*~[r*+o*— 2or  cos 


f+g 


(a,f)l*^-(r-g)*' 


0 

0 


I 


|i 


5- 


(44) 
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from  which  it  follows  that 

2 _ V-o* _ 

r  (r*+a*-2arco8(a,  r)l’^ 
Therefore 


(45) 


1 

4iraJ  J  r 


(Q)dS\ 


4a 


(r— a)*  4ira 


{Q)dS.  (46) 


However,  l/4ira  J  f  Um{Q)dS  is  the  value  of  the  charge  on  the 

5 

sphere,  so  that  we  see  that  the  change  in  potential  at  P  which 
would  result  from  concentrating  the  entire  charge  of  C*  at  O 


cannot  exceed  the  fraction  -  of  that  potential. 

(f-a)* 

Now  let  be  a  set  of  points  at  a  minimum  distance  of  d  from 
C.  If  u/(P)  is  the  harmonic  function  corresponding  to  a  botmdary 
potential  of  1  on  and  if  n  is  so  large  that 


then 


4ad 

(d-a)* 


<V. 


[w{P)-Z<rJr^\  <2f). 


(47) 

(48) 


where  is  the  distance  from  P  to  some  point  Cm- 
We  know  that  by  making  c  sufficiently  small  we  can  make 
w{P)  uniformly  approach  over  R*  the  potential  corresponding  to 
boundary  conditions  1  over  C.  This  we  have  substantially  shown 
in  Section  2.  Let  us  now  investigate  the  change  in  Zfrjrm  due 
to  the  decrease  of  the  region  D  within  which  we  have  enclosed 
our  planes  y— ;72",  We  know  that  the  outer 

charge  on  Cm-¥D  corresponding  to  a  potential  1  on  C  is  at  least 
as  great  as  o’,,.  On  the  other  hand,  the  argument  of  (41)  and  (42) 
has  shown  that  the  outer  charge  on  Cm  corresponding  to  a  potential 
1  on  C  does  not  exceed  o’,,.  Prom  this  and  the  theorem  which  we 
have  given  concerning  the  outer  charge  on  the  logical  sum  of 
two  sets,  it  results  at  once  that  if  Cm'  is  the  set  of  all  points  of  C 
in  the  cube  bounded  by  planes  x»i72",  z^klT  contain¬ 

ing  Cm,  then  the  outer  charge  on  C„'  corresponding  to  a  potential 
1  on  C  does  not  differ  from  <Tm  by  more  than  c.  If  then  this  outer 
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charge  be  and  if  there  be  N  cubes  containing  Cm's,  we  shall 
have 

I  (/(P)-2crM7r-.|<2»?+A^€+<^(<).  (49) 

where  f/(P)  corresponds  to  boundary  values  1  on  C  and  0  at 
infinity,  and  vanishes  with  x.  Since  «  is  not  involved  in  the 
determination  of  the  Cm’s',  (49)  reduces  to 

|C(P)-2<rM7r«|<2i?.  .  (W) 

Let  Af(P)  stand  for  the  outer  charge  on  the  set  of  all  points 
Q  oi  C  such  that 

x<x\  y<y\  «<»';  (51) 

{x,-y,  z)  and  (x\  y\  z*)  being  the  coordinates  of  Q  and  P,  respec¬ 
tively.  The  M(P)  is  an. increasing  function  of  all  the  coordinates 
of  P,  and  is  continuous  whenever  the  coordinates  of  P  are  termi¬ 
nating  binary  numbers.  In  the  language  of  Daniell*  it  is  of 
positive  type.  While  Daniell  is  not  very  explicit  as  to  his  definition 
of  a  multiple  Stieltjes  integral,  it  is  clear  that  since 

■  (52) 

in  his  notation,  (xu,  x^,  Xat)  and  (^i.^.^.!,  X2,j+i,  Xs,*+i)  being  oppo¬ 
site  vertices  of  the  cube  containing  Cm,  we  shall  have  as  a  conse¬ 
quence  of  (50)  and  (47) 


The  rest  of  Theorem  II  is  obvious  in  the  three-dimensional  case. 
In  spaces  of  dimensionality  higher  than  3,  the  proof  requires  no 
substantial  modification.  In  space  of  two  dimensions,  we  meet 
the  complication  th^t  the  potential  due  to  an  isolated  imit  point 
charge,  instead  of  vanishing  at  infinity,  has  a  negative  logarithmic 
infinity.  The  specification  of  the  exterior  Dirichlet  problem  is 
accordingly  a  more  diflScult  matter.  We  cannot  require  that  the 
potential  shall  remain  finite  at  infinity  without  rendering  our 
entire  problem  nugatory,  as  then  the  exterior  Dirichlet  problem 
corresponding  to  boundary  conditions  1  will  be  a  constant.  On 

>  P.  J.  Daniell,  Functions  of  Limited  Variation  in  an  Infinite  Number  of 
Dimensions,  Annals  of  Mathematics,  voU  21  (1919-1920),  p.  31. 
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the  other  hand,  there  are  an  infinity  of  harmonic  functions  cor¬ 
responding  to  the  value  1  on  the  boundary  and  with  a  logarithmic 
infinity  at  infinity. 

The  direct  two-dimensional  analogue  of  Theorem  II  reads:  let 
R  be  any  bounded  set  of  points  in  the  plane,  entirely  within  a  rect¬ 
angle  with  sides  parallel  to  the  axes  and  with  opposite  comers  (ai,  Ot) 
and  (6],  6i).  Let  u{P)  be  a  harmonic  function  with  no  singularities 
in  the  entire  plane  except  on  R,  except  that  at  infinity  there  is  a 
logarithmic  singularity  such  that 


lim 

(B 


-log>' 

U{P) 


-1. 


r  being  the  distance  of  P  from  the  origin.  Let  u{P)  correspond 
to  boundary  values  1  over  R.  Then  there  will  be  a  function  M(P) 
representing  the  charge  on  that  portion  of  the  boundary  of  R  con¬ 
sisting  of  points  with  both  coordinates  less  than  those  of  P.  M(P) 
will  be  an  increasing  function  of  the  coordinates  of  P.  Over  every 
point  Q  exterior  to  R  we  shall  have 

uiQ)  -  {  X.^-log  ^)dMiP)  ]  I  f^f^MiP).  (53) 


Moreover,  if  the  rectangle  with  opposite  vertices  (xi,  xt)  and  (yuyt) 
is  entirely  exterior  to  R,  then 

J^£dW(P)-0.  (54) 


In  order  to  make  the  formulation  of  this  theorem  definite,  we 
must  determine  what  we  mean  by  the  harmonic  function  behaving 
like  —log  r  at  infinity  and  corresponding  to  boundary  values  1 
over  R.  We  shall  mean  by  this  the  harmonic  function  w{P) 
—log  r,  where  w{P)  is  finite  at  infinity,  and  corresponds  in  the 
sense  of  Theorem  I  to  the  boundary  conditions  1+log  r  on  the 
exterior  of  R. 

Let  ti(P)  be  the  harmonic  function  corresponding  to  the  bound¬ 
ary  conditions  I  on  R  and  —log  X  on  Z,  a  circle  with  radius  X 
about  the  origin.  Let  be  a  bounded  set  of  points  exterior  to 
R.  It  may  then  be  shown  without  difficulty  that 

u(P)-limt(P)  (55) 
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uniformly  over  R'.  Moreover,  t{P)’*v{F)+  log  X  is  a  harmonic 
function  corresponding  to  boundary  conditions  1+log  X  on  R 
and  0  on  2. 

If  R  breaks  up  into  the  separated  portions  At,  At,  .  .  .  ,  An, 
it  is  possible  to  pirove  just  as  in  the  earlier  part  of  this  section  that 
t{P)  may  be  decomposed  in  a  unique  fashion  into  harmonic  func¬ 
tions  tt(P),  where  t*(P)  corresponds  to  a  zero  boundary  value 
on  2  and  has  no  other  singularity  except  on  A^.  The  charge  <r*' 
on  An  corresponding  to  /,  represented  by  the  integral  around  An 
of  the  normal  derivative  of  t,  will  be  the  same  as  the  charge  on 
An  corresponding  to  and  will  approach  a  limit  o’*  as  X  becomes 
infinite.  As  before,  it  may  be  shown  that  /*  corresponds  to  positive 
boundary  conditions  on  the  exterior  of  A*.  As  before,  moreover, 
by  substituting  for  the  exterior  Poisson  expansion  the  expansion 
for  the  solution  of  the  Dirichlet  problem  over  the  region  included 
between  two  circles,  it  may  be  shown  that  the  difference  between 
tn  and  the  potential  corresponding  to  a  charge  or*'  on  a  point  of 
An  and  vanishing  on  2  approaches  0  in  comparison  with  O’*  uni¬ 
formly  over  for  any  system  of  A*’s  as  the  maximiun  dimension 
of  any  A*  approaches  zero.  Let  the  potential  function  correspond¬ 
ing  to  a  unit  charge  on  the  point  Qn,  of  An,  and  0  on  2  be  Mn,. 
Then 

\t{P)-l<T'n,^Mn,\ 


admits  a  uniformly  dominant  expression  vanishing  with  the  great¬ 
est  dimension  of  any  A„,  over  all  R'.  The  same  is  therefore  true 
of 

log  X) 


»(P)-2cr,.'(M„- 


\og!X’ 


Now,  Mn, — — —  is  the  harmonic  function  corresponding  to  a 


charge  of  <r,„'  at  Qn,  and  assuming  the  boundary  value  — 


logX 

20-.' 


on  2.  It  may  be  shown  with  ease  by  an  actual  evaluation  that 


-O-m  log  POm-  lim  (Mn,-  ^  .  •  (56) 

\  2o’,„v 
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Hence  over  R'  \u{P)-\-Z<r^  Iogr„| 

admits  a  tmiformly  dominant  expression  vanishing  with  the 
greatest  dimension  of  any  A^. 

From  this  point  on  the  proof  of  our  two-dimensional  theorem 
follows  lines  in  no  essential  wise  different  from  those  already  used 
in  proving  Theorem  II. 

§4-  Capacity,  and  a  sufficient  condition  for  die  solubility 
of  die  Dirichlet  problem.  The  cap>acity  of  a  region  R  in 
space  of  more  than  two  dimensions  is  the  charge  corresponding 
to  a  potential  I  on  R  and  0  at  infinity.  The  capacity  of  a  region 
R  in  two  dimensions  is  the  charge  corresponding  to  a  potential  1 
on  R,  which  is  the  boundary-value  of  a  harmonic  function  behav¬ 
ing  like  —log  r  at  infinity.  In  both  cases,  the  total  charge  will 
be  represented  by 

in  the  terminology  of  Theorem  II  or  its  two-dimensional  analogue. 
It  results  from  these  theorems  that  every  region  that  is  boimded 
will  have  a  capacity,  and  that  the  potential  corresponding  to 
boundary  conditions  c  on  a  region  R  of  capacity  C  at  any  point 
P  is  that  due  to  a  chai'ge  cC  at  a  distance  from  P  between  that 
of  the  nearest  and  the  most  remote  point  of  R. 

Let  us  now  proceed  to  the  demonstration  of  Theorem  III. 
While  the  proof  is  in  no  essential  manner  dependent  on  the 
dimensionality  of  our  space,  we  shall  for  purposes  of  definiteness 
treat  the  three-dimensional  case.  Using  the  terminology  of  the 
enunciation  of  our  theorem,  let  us  consider  the  potential  within  S 
corresponding  to  a  potential  1  on  the  part  of  C  within  S.  This 
cannot  be  less  than  Ci/2r“Ci/2Ci.  On  S',  a  sphere  about  Q 
with  radius  ar,  the  same  harmonic  function  cannot  exceed 
Ci/(a— l)r>"Ci/(a— l)Ci.  It  may  be  concluded  without  difficulty 
that  there  is  a  harmonic  function  not  exceeding  1  on  the  part  of 
C  within  S'  for  its  boundary  conditions,  nor  0  on  the  part  of  S' 
within  or  on  C,  which  is  at  lea.st 

Ci(o-3) 

C,2(a-1) 

within  S.  If  a  “4,  this  fraction  will  be  Ci/6C». 
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On  the  other  hand,  the  potential  in  some  neighborhood  of  Q 
corresponding  to  a  potential  at  least  1  on  the  part  of  C  within  5 
and  at  least  0  on  the  part  of  C  without  or  on  5  will  be  at  least  the 
potential  corresponding  to  a  potential  at  least  1  on  that  part  of 
S  without  C  and  0  on  that  part  of  5  within  C,  as  may  be  shown 
by  a  consideration  of  the  functions  ««(P)  of  Theorem. I.  Hence 
a  consideration  of  the  Poisson  integral  shows  that  there  is  a  sphere 
S"  about  Q  over  which  the  potential  function  in  question  will  be 
at  least  1  — L— €,  for  any  positive  given  c. 

Let  us  now  investigate  the  potential  function  corresponding  to 
a  set  of  continuous  boundary  values  on  C  always  positive,  no¬ 
where  exceeding  1,  and  1  on  the  part  of  C  within  a  certain  sphere 
2  about  the  point  Q  of  C.  It  follows  from  the  hypothesis  of 
Theorem  II  and  the  remarks  we  have  just  made  that  there  is  a 
sphere  h  about  Q  within  which  this  harmonic  function,  which 
we  shall  call  W{P),  is  at  least  either  l—N—tar  M/6,  whichever 
is  less.  Let  us  call  the  lesser  of  these  quantities  d.  W{P)—d 
is  non-negative  in  and  on  the  boundary  of  2i,  and  corresponds  to 
boundary  values  at  least  1— d  on  the  part  of  C  within  An 
exactly  similar  argument  to  that  which  we  have  already  carried 
through  will  show  that  there  is  a  sphere  2i  about  Q  over  which 

ir(P)>d-|-d(l-d)-l-(l-(i)».  (57) 

It  is  in  the  same  way  possible  to  show  that  there  is  a  sphere  Z, 
about  Q  over  which 

(58) 

Hence  W(P)  approaches  the  value  1  as  p  approaches  Q  by  any 
route  in  R. 

It  may  be  observed  that  it  is  not  strictly  necessary  for  this 
that  d  be  absolutely  independent  of  r.  Provided  the  denumerable 
set  of  values  of  r  mentioned  in  the  formulation  of  Theorem  III 
diminish  sufficiently  rapidly,  if  d*  is  the  d  corresponding  to  the 
k-ih  r,  and  P]  (1  — d*)  diverges  to  0,  W{P)  will  still  tend  to  1  as  P 
tends  to  0. 

It  is  at  once  possible  to  proceed  to  Theorem  III  in  all  its  gener¬ 
ality.  In  the  first  place,  it  is  possible  to  describe  about  Q  a  sphere 
so  small  that  the  oscillation  of  U  within' it  is  less  than  c.  Hence 
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a  modification  of  U  and  consequently  of  u  less  than  <  will  render 
U  constant  over  the  part  of  C  within  this  sphere.  This  modified 
m(P)  will  lie  between  two  bounds  which  our  demonstration  has 
already  proved  to  be  continuous  at  Q,  with  U (Q)  for  their  limit. 
Hence  the  oscillation  of  u  in  the  neighborhood  of  Q  cannot  exceed 
c,  and  vanishes. 


(5.  The  im  Kleinen  character  of  the  Dirichlet  problem.  We 
shall  now  proceed  to  the  proof  of  Theorem  IV.  Let  U  be 
a  non-negative  fimction  vanishing  at  Q  and  assuming  the  values 
1  on  the  part  of  C  exterior  to  a  sphere  2  within  Q  as  center  and 
interior  to  S.  The  removal  of  the  part  of  C  outside  >2  will  not 
increase  u,  and  will  leave  it  continuous  at  Q.  It  follows  that  the 
function  corresponding  to  any  continuous  boundary  condition 
on  the  remaining  part  of  C  is  continuous  at  Q. 

By  first  removing  a  small  portion  of  C'  near  Q,  and  then  employ¬ 
ing  considerations  similar  to  those  in  the  paragraph  preceding 
(15),  it  may  be  shown  that  we  can  choose  a  sphere  2'  interior  to 
S  so  that  the  outer  weight  with  respect  to  C'  of  that  part  of  C' 
in  the  neighborhood  of  2'  can  be  made  arbitrarily  small.  If  we 
discard  the  portions  of  C  in  progressively  smaller  neighborhoods 
of  2',  we  shall  therefore  replace  v{P)  by  functions  of  a  sequence 
Vn{P)  converging  uniformly  to  v  over  the  part  of  R  near  Q.  Now, 
t;,(P)  may  be  obtained  by  the  alternating  process  as  a  uniformly 
convergent  series  of  functions  which  are  harmonic  and  either  have 
continuous  boundary  conditions  on  the  part  of  C  within  2',  and 
are  hence  by  the  last  paragraph  continuous  at  Q  if  they  are  given 
their  nominal  boundary  values  on  C\  or  are  functions  which  are 
continuous  at  Q  because  Q  is  interior  to  their  boundary.  Hence 
every  and  consequently  t>,  is  continuously  convergent  to  V(Q) 
as  we  approach  Q  by  a  path  interior  to  R\ 

This  theorem  may  be  summed  up  in  the-  statement  that  the 
property  of  a  boundary  that  the  solution  of  the  generalized  Dirichlet 
problem  be  continuous  in  the  neighborhood  of  a  given  point,  is 
an  im  Kleinen  property  of  that  portion  of  the  boundary  in  the 
neighborhood  of  the  point  in  question. 
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EFFECTS  OF  WOOD  VANES  IN  PHONOGRAPH  HORNS 
By  W.  R.  Basss,  J.  A.  Abbott  and  H.  M.  Chatto 

Interest  in  the  effect  of  wood  vanes  in  phonograph  horns  was 
first  aroused  on  noticing  what  seemed  to  be  a  vastly  superior 
performance  of  a  phonograph  having  a  special  built-in  horn  of 
four-sided  pyramidal  shape  and  containing  several  wood  vanes 
running  from  front  of  horn  nearly  to  the  small  end  where  the  tone 
arm  of  the  phonograph  was  attached.  Scratchy  records  were  ren¬ 
dered  in  a  much  more  pleasing  manner,  indicating  a  strong  inter¬ 
fering  out  effect  of  the  vanes.  When  orchestral  selections  were 
played  sometimes  two  or  three  additional  instruments  could  be 
plainly  distinguished  over  the  number  on  the  usual  phonograph. 
Certain  tones  seemed  to  be  greatly  reinforced,  indicating  an 
increased  resonance. 

Although  personal  observations  of  such  a  sort  do  not  offer 
dependable  information  for  scientific  use,  they  served  to  convince 
the  hearers  that  the  presence  of  wood  vanes  improved  the  quality 
of  tone,  and  paved  the  way  for  this  investigation. 

The  object  of  this  investigation  was,  therefore,  to  compare 
the  intensity  of  tone  reproduced  by  a  horn  having  wood  vanes,  with 
that  reproduced  by  a  horn  without  vanes,  this  comparison  to  be 
made  over  a  wide  range  of  frequencies. 

Description  of  Apparatus 

Part  of  the  apparatus  was  used  to  produce  a  tone  of  frequency 
variable  over  the  usual  audible  range,  and  part  to  measure  the  rela¬ 
tive  intensities  df  the  same  sound  when  put  through  first  one  horn 
and  then  the  other. 

The  part  used  to  produce  the  tone  is  shown  in  diagram  in  Fig.  1. 
It  consisted  of  a  sonometer  having  a  steel  piano  wire  WW  under 
tension,  mounted  on  a  resonance  box  BB.  The  length  of  string 
under  vibration  and  therefore  the  frequency  of  the  tone  produced 
could  be  varied  by  means  of  the  movable  fret  F.  The  string  was 
kept  vibrating  by  means  of  an  air  jet  J.  A  microphone  M,  of 
special  construction  for  reproducing  phonograph  records  in  con- 
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junction  with  a  loud  speaker,  was  placed  so  as  to  just  touch  the 
vibrating  wire,  and  was  connected  through  a  transformer  T,  ampli¬ 
fying  system  A,  double  pole  double  throw  switch  5,  to  loud  speak¬ 
ers  L  and  Li  mounted  at  the  back  of  horns  H  and  H\.  By  means 


of  S  the  sound  could  be  sent  into  either  horn.  H  is  the  horn  con¬ 
taining  vanes.  H\  is  the  horn  without  vanes.  Details  of  the 
amplifying  system  are  shown  in  Fig.  4.  The  transformer  T  does 
not  play  much  of  a  part  except  that,  by  trial,  it  seemed  to  give 
the  proper  grid  excitation  for  the  first  tube  of  the  audio  amplifier. 
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A  wire  .0105  inch  in  diameter,  under  a  tension  of  3  kilograms,  was 
used  throughout  the  experiments. 

The  rest  of  the  apparatus,  see  Fig.  la,  which  was  used  to  measure 
the  relative  intensity  of  the  sound,  consists  of  a  phonelescope*  P\ 
arc  light  A,  condensing  lens  L,  water  box  B  and  screen  S.  The 
phonelescope  consists  chiefly  of  a  small  mirror  moimted  on  a 


diaphragm  and  a  small  metal  horn  for  focusing  the  sound  on  the 
diaphragm.  The  other  elements  are  used  to  produce  and  reflect 
on  a  screen  a  beam  of  light  moving  according  to  the  motion  of  the 
diaphragm.  By  measuring  the  amplitudes  of  the  spot  of  light  on 
the  screen,  a  measure  of  the  relative  intensities  of  sounds  incident 
on  the  diaphragm  is  obtained. 

1  See  Dorsey  Bulletin  for  detailed  description. 


A  sectional  diagram  of  the  horn  with  vanes  is  shown  in  Pig.  2. 
The  arrangement  of  vanes  is  such  that  there  are  no  duplications  of 
shapes  anywhere  in  the  passages  between  vanes.  This  is  done 
with  the  hope  of  securing  at  least  one  resonant  portion  of  the 
horn  for  all  frequencies  and  to  obtain  whatever  effect  there  may 
be  from  wood  vibrating  sympathetically.  The  fastening  of  the 


vanes  is  an  important  feature  in  the  construction  of  the  horn.  It 
was  necessary  to  fasten  them  with  glue  and  brads  and  to  subject 
them  to  considerable  end  compression  to  avoid  the  possibility  of 
any  loose  material  which  would  cause  an  undesirable  noise.  The 
horn  without  vanes  is  of  the  same  material,  dimensions  and  con¬ 
struction.  Mahogany  was  used  for  both  horns  and  vanes. 
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Procedure  and  Results 


The  frequencies,  as  given  by  various  lengths  of  the  sonometer 
wire,  were  calibrated  by  means  of  a  series  of  standard  resonators, 
the  range  of  frequencies  under  observation  being  from  120  to  960 
vibrations  per  second.  All  tones  of  the  major  scale  for  three 
octaves  were  investigated  for  seven  positions  of  the  phonelescope 
with  resp>ect  to  each  phonograph  horn.  These  positions  are  indi¬ 
cated  in  Pig.  3,  and  the  number  associated  with  each  position  will 
appear  on  the  data  sheets  for  identification  of  the  position  con¬ 
cerned. 

It  was  found,  by  trial,  that  the  natural  period  of  the  phonelescope 


other.  This  was  done  by  allowing  the  sound  to  pass  directly  from 
the  loud  speaker  to  the  phonelescope  without  passing  through  the 
intermediate  wood  horns.  Assuming  the  source  to  remain  con¬ 


stant  in  intensity,  the  relative  displacements  of  the  phonelescope 
diaphragm  would  be  a  relative  measure  of  the  effects  of  the  two 
loud  speakers  and  the  amplifying  s)rstem. 
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TABLE  1 


Frequtncy 

Ratio  No.  2  to  1 

060 

2.11 

900 

1.56 

800 

1.13 

720 

2.67 

640 

3.20 

600 

1.50 

540 

2.00 

480 

1.67 

450 

2.00 

400 

3.00  ■ 

360 

2.00 

320 

1.20 

300 

1.67 

270 

2.50 

240 

2.00 

225 

1.50 

200 

2.50 

180 

1.57 

160 

1.75 

150 

1.80 

135 

1.67 

120 

1.67 

Calibration  data  are  shown  in  Table  1,  where  the  ratio  of 
deflection  of  No.  2  loud  speaker  to  that  of  No.  1  loud  speaker  is 
shown  against  corresponding  frequency. 

The  phonograph  horns  were  then  introduced  and  seven  sets  of 
readings  were  taken  corresponding  to  the  seven  positions  of  the 
phonelescope  as  indicated  in  Fig.  3.  Table  2  shows  the  results  for 
position  No.  1.  Column  2  of  this  table  gives' the  phonelescope 
deflection  for  horn  No.  1  without  vanes,  column  3  is  obtained  by 
multiplying  data  in  column  1  by  the  ratios  shown  in  Table  1, 
coliunn  2.  Column  4  gives  the  phonelescope  deflections  for  horn 
No.  2,  with  vanes,  and  column  5  is  the  ratio  of  column  4  to 
column  3. 
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Detailed  data  for  the  other  positions  of  the  phonelescope  are 
omitted.  Table  3  shows  the  ratios  of  No.  2  to  No.  1  for  all  seven 
positions  against  corresponding  frequencies. 


TABLE  2 

Frequency  No.  1  No.  1  Corrected  No.  2  Ratio  No.  2  to  No.  1 
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TABLE  3 


Frequency 

1 

2 

3 

4 

5 

6 

7 

960 

1.08 

0.84 

0.97 

0.95 

0.87 

1.10 

0.95 

900 

1.21 

1.40 

1.29 

1.92 

1.74 

1.60 

2.46 

800 

1.71 

2.15 

1.99 

7.90 

8.30 

7.39 

0.30 

720 

0.69 

0.79 

0.75 

0.67 

0.89 

0.99 

3.36 

640 

0.60 

0.50 

0.46 

0.73 

0.65 

0.60 

13.7 

600 

6.58 

4.52 

8.21 

3.20 

0.71 

2.21 

52.6 

540 

1.19 

1.00 

0.96 

1.00 

1.00 

1.00 

0.38 

480 

1.31 

1.66 

1.30 

2.40 

1.44 

4.31 

0.60 

450 

2.58 

2.08 

2.08 

1.30 

1.00 

1.30 

1.07 

400 

1.77 

1.08 

1.62 

0.39 

0.33 

0.33 

0.64 

360 

1.92 

1.26 

2.15 

1.76 

1.76 

1.76 

1.50 

320 

6.67 

6.79 

11.2 

5.00 

3.00 

5.51 

0.78 

300 

3.91 

3.90 

3.70 

25.0 

15.9 

27.3 

2.46 

270 

2.53 

2.85 

1.15 

0.69 

0.69 

0.69 

0.79 

240 

1.61 

0.74 

2.14 

2.00 

2.76 

2.76 

8.65 

225 

1.33 

2.67 

2.11 

1.36 

2.63 

2.24 

2.68 

200 

0.94 

0.80 

0.69 

1.16 

0.96 

0.86 

0.91 

180 

1.27 

1.04 

1.09 

1.45 

1.15 

1.36 

1.02 

160 

1.91 

0.54 

0.63 

3.98 

0.83 

0.70 

0.77 

150 

1.11 

1.11 

0.81 

1.25 

1.33 

0.81 

1.22 

135 

1.02 

0.96 

1.19 

1.28 

1.10 

1.53 

1.00 

120 

0.83 

1.53 

1.19 

1.20 

2.86 

1.36 

1.70 

Parts  of  the  data  shown  in  Table  3  are  plotted  in  Figs.  5  and  6. 
Frequencies  are  plotted  as  abscissae  and  intensity  ratios  as  ordinates. 
Fig.  6  is  for  No.  1  position,  Fig  6  for  No.  2  position.  Graphs  for 
the  other  positions  are  very  similar  to  these.  On  each  plot,  the 
dotted  line,  parallel  to  the  axis  of  abscissae,  and  representing  tmity 
ratio  of  intensities,  is  a  reference  line,  because  for  any  point  on  this 
line  the  performance  of  one  horn  is  as  good  as  that  of  the  other. 
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Diicuuion  of  Restilts 

A  study  of  Table  3  or  of  the  plotted  results  shows  that,  for  the 
most  part,  the  ratio  of  intensities  is  greater  than  unity,  which 
indicates  that  the  horn  with  vanes  is  more  efficient  than  the  one 
without  vanes  as  far  as  intensity  is  concerned.  This  is  emphasized 


in  Fig.  7,  in  which  the  full  graph  represents  the  intensity  from  the 
horn  with  vanes,  and  the  dotted  graph  that  from  the  horn  without 
vanes.  In  all  but  a  narrow  band  of  frequencies  between  600  and 
700,  the  horn  with  vanes  gives  the  greater  intensity.  Data  for 
graphs  in  Pig.  7  were  taken  for  No.  4  position. 

Since  in  most  cases  the  intensity  ratios  are  comparable  for 
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different  positions  of  the  phonelescope,  for  the  same  frequency, 
the  position  of  reception  from  either  horn  would  seem  to  be 
immaterial. 

Certain  peaks  on  the  graphs  occur  quite  persistently  about  an 
octave  apart,  notably  for  frequencies  around  300  and  600.  In 


some  positions  there  is  also  a  noticeably  prominent  peak  at  the  800 
frequency.  'Hiese  would  seem  to  be  due  to  a  resonance  effect 
either  in  the  material  of  the  horn  or  in  the  air  columns  between 
the  vanes,  since  the  relative  effects  of  the  loud  speakers  and  also 
the  natural  period  of  the  receiving  diaphragm  have  been  con¬ 
sidered.  The  vanes  were  imder  considerable  end  compression, 
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and  were  made  of  thin  elastic  material,  so  that  certain  parts  of 
them  might  respond  sympathetically  to  certain  frequencies  and 
thus  catise  these  effects.  Another  possibility  would  be  that  the 
air  columns  between  the  vanes  would  act  as  short  pipes  which 
would  resonate  at  the  frequencies  at  which  the  peaks  occur. 


Conclusions 

The  results  of  the  experiment  indicate  that  for  most  frequencies 
reproduced  by  a  phonograph,  the  horn  with  vanes  is  much  more 
effective  in  producing  volume  of  sound  than  the  horn  without 
vanes.  Also,  as  a  matter  of  interest  only,  the  quality  of  the  tone 
in  the  first  case  is  superior  to  that  in  the  second. 
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The  Massachusetts  Institute  of  Technology  has  just  suffered 
the  loss  of  one  of  its  ablest  teachers  and  mathematicians,  and 
this  Journal  of  one  of  its  most  fertile  contributors.  Prof.  Joseph 
Lipka  died  early  on  the  morning  of  January  15  at  the  Boston 
Homeopathic  Hospital  as  a  consequence  of  pneumonia,  following 
an  operation.  He  was  bom  in  1883,  at  Briessin  in  Poland.  He 
came  to  the  United  States  at  an  early  age.  In  1905  he  graduated 
from  Coliunbia  University,  where  he  took  his  master’s  degree  in 
190(>.  From  1907  to  1908  he  served  as  instmctor  in  mathematics 
at  the  University  of  California  and  in  the  fall  of  1908  received  a 
call  to  the  Institute  in  the  capacity  of  instructor  in  mathematics. 
In  1912,  while  still  serving  at  the  Institute,  he  completed  his 
requirements  for  the  doctorate  at  Columbia.  His  dissertation, 
entitled  Natural  Families  of  Curves  in  a  General  Curved  Space  of 
N  Dimensions  (No.  2  of  the  bibliography),  was  written  under 
Professor  Kasner,  to  whom  he  owed  not  merely  the  prevailingly 
'  geometrical  trend  of  his  mathematical  interest,  but  more  par- 

e  ticularly  his  interest  ih  the  geometrical  aspects  of  dynamical 

problems. 

In'  the  spring  of  1913  he  married  Miss  Jessamine  Mcllvane 
of  Jamaica  Plain,  and  spent  the  following  siunmer  abroad.  He 
stayed  some  time  at  Edinburgh  in  contact  with  Whittaker.  It 
was  Whittaker’s  influence  which  turned  his  attention  to  the  study 
of  graphical  and  numerical  methods  in  computation,  to  which 
Lipka’s  Graphical  and  Mechanical  Computation  (No.  6)  consti¬ 
tutes  one  of  the  most  valuable  contributions  in  the  English 
language.  In  1914  he  commenced  his  Mathematical  Laboratory 
course,  which  was  enthusiastically  received  at  the  Institute,  and 
ultimately  came  to  be  divided  into  two  large  sections,  though 
part  of  the  required  curriculum  in  only  one  of  the  Institute  coua^s. 

In  1917  Doctor  Lipka  was  promoted  to  the  rank  of  assistant 
professor,  which  he  held  until  his  promotion  to  an  associate 
professorship  in  1923.  In  1918  he  was  elected  a  Fellow  of  the 
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American  Academy  of  Arts  and  Sciences.  After  the  publication 
of  his  Graphical  and  Mechanical  Computation  in  1918  began  the 
period  of  his  life  most  fruitful  in  pure  mathematical  research. 
From  1920  to  his  death  there  appeared  from  his  pen  no  less  than 
fourteen  ijajjers  of  a  geometrical  character.  This  activity  received 
a  considerable  stimulus  from  his  year  in  Italy  and  Switzerland  on 
leave  of  absence  in  1921-22,  during  which  he  came  into  close 
touch  with  many  foreign  scholars,  especially  Castelnuovo,  Levi- 
Civita,  Severi,  Bompiani,  and  Weyl.  He  was  the  representative 
of  the  Institute  at  the  celebration  of  the  seven  hundredth  anni¬ 
versary  of  the  foundation  of  the  University  of  Padua,  which 
conferred  on  him  the  degree  of  the  University.  The  influence  of 
Levi-Civita  is  clearly  apparent  in  Lipka’s  later  writing. 

Professor  Lipka  was  an  eminently  successful  teacher.  His 
lecture-course  on  the  slide-rule  was  a  landmark  at  the  Institute. 
He  was  active  in  the  giving  of  advanced  courses,  not  merely  on 
geometry,  but  also  on  analytical  mechanics,  which  he  developed 
into  one  of  the  chief  advanced  courses.  He  combined  enthusiasm, 
geniality,  and  the  utmost  clarity  in  presentation. 

He  had  the  sincere  affection  both  of  his  students  and  of  his 
colleagues.  Even  before  his  last  voyage  to  Europe  his  health 
had  been  frail,  but  he  went  cheerfully  and  uncomplainingly  about 
his  daily  duties,  abating  not  one  jot  of  his  scientific  activity. 
Death  found  him  in  the  midst  of  a  career  that  had  yielded  much 
and  that  promised  much  more.  We  have  lost  a  valued  colleague 
and  a  friend. 

BIBLIOGRAPHY 

1.  On  the  Shortest  Distance  Between  Two  Consecutive 
Straight  Lines.  Bull.  Am.  Math.  Soc.,  V.  13  (1907),  pp.  489-497. 

2.  Natural  Families  of  Curves  in  a  General  Curved  Space  of 
N  Dimensions.  Trans.  Am.  Math.  Soc.,  V.  13  (1912),  pp.  77-95. 

3.  Geometric  Characterization  of  Isogonal  Trajectories  on  a 
Surface.  Annals  of  Mathematics,  V.  15  (1914),  pp.  145-156. 

4.  A  Manual  of  Mathematics.  New  York,  John  Wiley  and 
Sons,  Inc.,  1917,  pp.  130. 

5.  Natural  and  Isogonal  Families  of  Curves  on  a  Surface. 
Proc.  Nat.  Acad.  Sci.,  V.  3  (1917),  pp.  78-83. 


IN  MEMORY  OP  JOSEPH  LIPKA 


65 


6.  Graphical  and  Mechanical  Computation.  New  York,  John 
Wiley  and  Sons,  Inc.,  1918,  pp.  lx -f- 264. 

7.  Some  Geometric  Investigations  on  the  General  Problem  of 
Dynamics.  Proc.  Anter.  Acad.  Arts  and  Sciences,  V.  55  (1920), 
No.  7,  pp.  283-322. 

8.  Note  on  Velocity  Systems  in  Curved  Space  of  N  Dimen¬ 
sions.  Bull.  Am.  Math.  Soc.,  V.  27  (1920),  pp.  71-77. 

9.  Motion  on  a  Surface  for  Any  Positional  Field  of  Force. 
Proc.  Nat.  Acad.  Sci.,  V.  6  (1920),  pp.  621-624. 

10.  Motion  on  a  Surface  in  Any  Positional  Field  of  Force. 
Proc.  Amer.  Acad.  Arts  and  Sciences,  V.  56  (1921),  No.  4,  pp.  155- 
181. 

11.  On  the  Geometry  of  Motion  in  Curved  N-Space.  Jour. 
Math.  Phys.  M.  I.  T.,  V.  1  (1922),  pp.  21-41. 

12.  Transformations  of  Trajectories  on  a  Surface.  Annals  of 
Mathematics,  V.  23  (1921),  pp.  101-111. 

13.  Alignment  Charts.  Mathematics  Teacher,  April,  1921, 

14.  On  Hamilton’s  Canonical  Equations  and  Infinitesimal 
Contact  Transformations.  Jour.  Math.  Phys.  M.  I.  T.,  V.  2 
(1923),  pp.  31-46. 

15.  Sui  sistemi  “E”  nel  calcolo  differenziale  assoluto.  Ren- 
diconti  della  reale  accademia  nazionale  dei  Lincei,  V.  31,  Series  5a 

'  (1922),  pp.  242-245. 

16.  Sulla  curvatura  geodetica  delle  linee  appartinenti  ad  una 
variety  qualunque.  Lincei,  V.  31,  Series  5a  (1922),  pp.  353-356. 

17.  On  Irreversible  Dynamical  Systems.  Jour.  Math.  Phys. 
M.  I.  T.,  V.  2  (1923),  pp.  73-87. 

18.  On  Conformal  Parallelism.  Jour.  Math.  Phys.  M.  I.  T., 
V.  2  (1923),  pp.  17^194. 

19.  Trajectory  Surfaces  and  a  Generalization  of  the  Principal 
Directions  in  Any  Space.  Proc.  Amer.  Acad.  Arts  and  Sciences, 
V.  59  (1923),  No.  3. 

20.  On  the  Relative  Cur\’ature  of  Two  Curves  in  Vn-  Bull. 
Am.  Math.  Soc.,  V.  29  (1923),  pp.  345-348. 

21.  On  Ricci’s  Coefficients  of  Rotation.  Jour.  Math.  Phys. 
M.  /.  T.,  V.  3  (1924),  pp.  7-23. 

22.  (With  Stanley  R.  Ciunmin^.)  Nomographic  Charts. 
New  York,  John  Wiley  and  Sons,  Inc.  In  Press. 

In  addition  numerous  reviews,  etc. 


THE  COINCIDENT  POINTS  OF  TWO  ALGEBRAIC 
TRANSFORMATIONS 
By  Prank  Lauren  Hitchcock 

1.  Let  Xu  Xi,  .  .  .  be  a  set  of  n  independent  variables. 
For  convenience  we  may  say  that  these  variables  are  homo¬ 
geneous  coordinates  of  a  point  in  space  of  n  —  1  dimensions. 

Let  Pu  Pt,  .  .  .  P,  be  homogeneous  polynomials  of  degree  p 
in  the  variables  *.  We  may  say  that  these  polynomials  are  the 
co<)rdinates  of  a  transformed  point  in  the  same  space. 

Similarly  let  Qu  Qt,  -  •  .  Q,  be  homogeneous  polynomials  of 
degree  q  in  the  variables  x.  They  may  be  said  to  define  a  second 
ixjint-transformation  in  the  space. 

There  exist  points  x  such  that  the  transformed  points  P  and 
Q  coincide.  That  is,  for  certain  sets  of  values  of  the  independent 
variables  the  corresponding  values  of  the  polynomials  P  are 
proportional  to  the  values  of  the  i^lynomials  Q.  This  is  the 
same  as  saying  that  the  two-row  determinants  of  the  matrix 

Pi.  P*.  Pi .  P, 

Qu  Qt,  Q» .  Qn 

vanish  simultaneously  for  certain  properly  chosen  points  x. 

To  illustrate,  if  «*3  and  p  — ^*1  we  have  a  pair  of  linear 
transformations  in  a  plane.  There  are,  in  general,  three  points 
altered  in  the  same  way  by  the  two  transformations,  as  is  well 
known. 

Again,  if  m»3,  p  —  2,  9— 1,  we  have  a  linear  and  a  quadratic 
transformation  in  a  plane.  There  are,  in  general,  seven  points 
altered  in  the  skme  way  by  the  two  transformations.  If  both 
transformations  are  quadratic  with  n*3  there  are  twelve  such 
points. 

I  shall  prove  that  the  number  of  such  points  is  in  general 
p"''+p-*<7+p"'V+  •  •  .  +9^‘- 

2.  The  truth  of  the  above  formula  has  long  been  known  for 
the  special  case  n*«3,  <7*1  when  it  reduces  to  p*+P+l.  The 
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proofs  given  by  Darboux,  Bui.  Set.  Math.  13,  (1878),  p.  83,  and 
by  Clebsch,  Vorl.  u.  Geom.  s.  390,  1001,  are  easily  extended  to 
any  q  but  neither  proof  applies  to  higher  values  of  n. 

I  shall  give  a  proof  depending  on  operations  called  replacements 
which  may  be  either  successive  or  simultaneous.  To  make  clear 
what  is  meant  by  a  replacement,  consider  the  case  m»4.  The 
six  two-row  determinants  of  the  matrix 

Pi.  Pt,  Pi.  P* 

Qi,  Qt<  Qi.  Qi 

must  vanish  simultaneously  for  the  required  points  of  space. 
Let  us  first  form  the  three  equations 


P.<?2-0lPl«0 

(1) 

PiQi— 0»Pi*o 

(2) 

P1O4-O1P4-0 

(3) 

which  are  of  degree  p+g  in  the  independent  variables  Xi,  x»,  xi,  Xi, 
and  may  be  thought  of  as  defining  three  surfaces  in  ordinary 
space.  They  will,  in  general,  have  (p+q)*  points  in  common. 
Equations  (1)  and  (2)  are  linear  in  Pt  and  Qt.  Hence 

PiQi~0iPi*0  wherever  Pt  and  Qt  are  not  both  zero,  (4) 

the  word  wherever  applying  only  to  the  (p+q)*  points.  Similarly 
from  (2)  and  (3) 

PiQi—QtPi’^O  wherever  Pt  and  Qt  are  not  both  zero,  (5) 
and  from  (3)  and  (4) 

PiQi— QiPi^O  wherever  Pj  and  Qt  are  not  both  zero.  (6) 

Thus  all  six  required  conditions  are  satisfied  at  as  many  of  the 
(p+q)*  points  as  remain  after  deducting  those  where  Pt  and  Qt 
both  vanish  and  also  those  where  Pt  and  Qt  both  vanish. 

To  see  how  many  points  must  be  deducted,  note  that  where 
Pt  and  Qt  both  vanish  the  system  of  equations  (1),  (2),  (3)  may 
be  replaced  by  the  system 

Pi-0,  0,-0,  PiOi-OiPi-O  (7) 

satisfied  at  pq(p+q)  points.  Similarly  if  P,  and  0i  both  vanish 
the  system  (1),  (2),  (3)  may  be  replaced  by 

PK?«-0iPi-0,  P,-0,  Oi-O 


(8) 
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also  satisfied  at  pq{p-\-q)  points.  Since  P*.  Q*.  Pt,  and  Qt  will  not 
in  general  vanish  together,  the  points  (8)  are  all  different  from 
the  points  (7).  In  other  words  the  two  replacements  are  suc¬ 
cessive,  not  simultaneous.  Therefore  the  six  required  conditions 
are  satisfied  at  (p-^q)*—2pq{p-\-q)  points,  which  proves  the  formula 
for  this  case. 

3.  In  the  foregoing  proof  for  the  case  h  —  4  we  had  to  consider 
in  succession  the  two  systems  of  equations  which  could  be  ob¬ 
tained  from  the  system  (1)  — (3)  by  replacing  a  pair  of  consecutive 
equations.  In  each  case  the  original  pair  was  replaced  by  a 
simpler  pair.  The  new  pair  was  obtained  by  equating  to  zero  a 
“P  ”  and  a  “  Q"  with  the  same  subscript.  Substituting  one 
set  of  equations  for  another  in  this  manner  will  be  called  a  replace¬ 
ment.  Thus  the  case  n»4  permits  two  successive  replacements 
but  not  two  simultaneous  replacements.  In  general  the  number 
of  successive  replacements  will  be  the  number  of  ways  two  con¬ 
secutive  objects  can  be  chosen  from  « —  1  objects  which  occur 
in  a  fixed  order,  namely  n  — 2. 

To  see  how  simultaneous  replacements  occur,  consider  the  case 
M  *  5.  We  begin  by  writing  the  four  equations 

P.O»-OiP»  =  0,  P^,-Q,P,^0,  P,04-0iP4-0,  P«(25-Q«P6-0 
which  are  satisfied  in  general  at  (p+9)^  points.  By  reasoning  as 
before  we  see  that  all  two-row  determinants  of  the  matrix 

Pi.  Pt,  Pi,  Pi,  Pi 
Qu  Qt,  Qt,  Qi,  Qi 

vanish  at  these  points,  with  exception  of  points  where  one  or  more 
replacements  may  occur,  that  is,  where  a  “P  ”  and  a  “  Q  ’’  hav¬ 
ing  the  same  subscript  vanish  together.  Thus  if  the  first  two 
equations  are  replaced  by  Pi—Qj  —  O  the  new  system  holds  at 
P9(P+9)*  points  which  are  to  be  deducted  from  the  original 
(p+9)*  points.  Similarly  the  replacements  corresponding  to 
Pt^Qt^O  and  to  P4“04“0  occur  respectively  at  a  set  of 
pqiP+q)*  points  each.  If  the  points  at  which  these  three  replace¬ 
ments  occur  were  all  distinct  there  would  remain  (p-^q)*— 
3pqip+q)*  points  as  the  solution  of  the  problem  for  the  case  n  «  5. 
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But  this  number  is  too  small  because  the  replacements  Pi—Qi  —  O 
and  P4— — 0  occur  simultaneously  at  p'q*  points  which  have 
therefore  been  subtracted  twice.  The  true  nimiber  of  points  is 
therefore  ip+q)*—3pq(p+qy-\-p*q*  proving  the  formula  for 
this  case. 

4.  We  have  just  seen  that  in  the  case  h««5  two  simulta¬ 
neous  replacements  may  occur.  In  other  words  the  system 
Pt^Qi^  Pt"‘Qi^0  is  possible.  For  higher  values  of  n  more 
than  two  simultaneous  replacements  will  occur. 

The  number  of  times  k  simultaneous  replacements  may  occur 
will  be  the  number  of  ways  k  pairs  of  consecutive  objects  can  be 
chosen  from  n  —  1  objects  which  occur  in  a  fixed  order.  It  will 
be  convenient  to  denote  this  number  by  R{n—\,  k).  In  particular 
the  number  of  successive  replacements  is  Rin  —  l,  1)  or  n—2 
while  R{4,  2)  —  1  as  in  the  case  considered  in  Article  3 

We  are  now  prepared  to  consider  the  general  case.  I  shall 
first  show  that  the  required  number  of  points  is  given  by  the 
formula 

{p+qr^-R{n-l,l)pqip-\.qr^+R(n-\,2)pV(p+qr^-  .  .  . 

•  •  .  etc.  (A) 

terminating  when  k^\{n  —  \)  or  4(n— 2)  according  as  m  is  odd 
or  even. 

To  prove  this  formula  we  note  first  that  the  term 
gives  the  number  of  points  satisfying  the  equations 

P.0,-Q.P,-0.  P,Q,-(2,P,»0  .  .  .,  P^lQn-Qn-lPn~0 

and  that  all  two  row  determinants  of  the  matrix  of  Article  1 
will  vanish  at  such  of  these  points  as  permit  no  replacements. 

Consider  next  those  points  where  precisely  k  simultaneous 
replacements  occur.  The 'second  term  of  (A)  deducts  all  points 
where  replacements  occur,  counting  each  replacement  once. 
Points  where  k  replacements  may  occur  are  therefore  deducted 
k  times  by  this  term.  The  third  term  of  (A)  adds  all  points  where 
two  replacements  occur,  therefore  adding  points  where  k  replace¬ 
ments  occur  as  many  times  as  two  objects  can  be  chosen  from  k 
objects  or  Cik,  2).  The  fourth  term  of  (A)  deducts  pioints  where 
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three  replacements  occur,  therefore  jxiints  where  k  replacements 
occur  will  be  deducted  by  this  term  Cik,  3)  times,  and  so  on,  up 
to  the  term  of  (A)  which  counts  (—1)*  times  the  points 

where  k  replacements  occur.  The  remaining  terms  of  (A)  do 
not  count  these  points  at  all.  Thus  the  terms  where  precisely 
k  replacements  are  [X)ssible  are  coimted  in  all 

-C{k,\)+C{k.2)-  .  .  .  +(-!)* 

times.  But  by  the  binomial  theorem  we  have 

(l_l)*=0=l-C(ife,  1)+C(ib,2)-  .  .  .  +(-!)* 

whence  the  points  where  just  k  replacements  occur  are  on  the 
whole  deducted  once  by  formula  (A).  The  formula  is  therefore 
correct. 

5.  It  remains  to  show  that  (A)  is  the  same  as  the  formula 
of  Article  1.  This  follows  first  from  the  fact  that 

R(m,  n)  =  C(tn  —  n,  n)  (B) 

To  prove  this,  let  any  choice  of  n  pairs  of  consecutive  objects 
be  made  from  tn  ordered  objects.  After  the  choice  has  been 
made  let  each  pair  be  counted  as  a  single  object.  We  now  have 
m  —  tt  objects,  of  which  n  are  the  chosen  pairs.  Thus  to  every 
choice  of  n  pairs  of  consecutive  objects  from  nt  ordered  objects 
there  corresponds  a  choice  of  n  objects  from  nt  —  n  objects  .  Con¬ 
versely  let  any  selection  of  n  objects  be  made  from  m  —  n  objects 
and  then  let  every  one  of  the  n  selected  objects  be  replaced  by  a 
pair  of  objects.  We  now  have  a  choice  of  n  pairs  of  consecutive 
objects  from  m  objects.  The  two  sets  of  choices  are  thus  in  one 
to  one  correspondence  and  are  therefore  equal  in  number.  Formula 
(A)  may  now  be  wTitten. 

{p+qr^-C(n-2,\)pq{p+qr^-^Cin-3,2)i^q'ip+qr\. .  .  +  etc. 

which  is  to  be  shown  equal  to  the  formula  of  Article  1 . 

By  proceeding  as  in  Hall  and  Knight’s  Higher  Algebra,  page  335, 
we  see  that  the  expression  is  the  coefficient  of  x""'  in  the  expan¬ 
sion  of  the  fraction - ^ -  whence  the  required  formula 

{l-px){l-qx) 
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follows  easily.  Here  the  quantities  a  and  b  of  Hall  and  Knight 
are  to  be  replaced  by  pq  and  p-\-q  respectively.* 

6.  It  may  be  remarked  in  conclusion  that  the  above  proof 
depends  upon  the  assumption  that  n  —  1  equations  in  homogeneous 
coordinates  are  satisfied  at  a  number  of  points  equal  to  the  product 
of  their  degrees.  Cases  of  “  degeneracy  ’*  and  of  multiple  inter¬ 
section  may  of  course  occur.  If  there  are  more  coincident  points 
than  the  formula  requires  there  are  an  infinite  number.  Multiple 
points  are  limiting  cases  of  the  “  general  ’’  case.  I  have  else¬ 
where  discussed  in  detail  the  case  «  *  3,  ^  2,  g »  1 .  (A  Classi¬ 
fication  of  Quadratic  Vectors,  Proc.  Amer.  Acad,  of  Arts  and 
Set.,  Vol.  52,  p.  7,  Jan.  1917.) 

1  The  proof  consists  in  expanding  the  fraction  in  two  ways 

- 1 -  -  rf-  1)"~* 

a-p*)(l-vx)  (1-te)- 

-(l-|-px+p»x*+.  .  .)  .  .) 

where  n  runs  from  1  to  * .  Coefficients  of  x""*  are  equated. 
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THE  QUADRATIC  VARIATION  OF  A  FUNCTION  AND 
ITS  FOURIER  COEFFICIENTS 

By  Noibkkt  Wiener 

At  the  end  of  an  article*  in  which  he  gives  the  first  example 
of  a  function  of  period  2ir,  everywhere  continuous,  and  of  limited 
total  variation,  with  Fourier  coefficients  o,  and  ft,  which  do 
not  fulfil  at  once  both  conditions 

a,-o(l/H),  ft,-o(l/«),  (1) 

F.  Riesz  says,  “  In  conclusion  I  should  like  to  propound  the 
following  further  questions  which  seem  to  me  more  difficult  of 
attack :  Is  there  a  continuous  function  of  period  2ir  and  of  limited 
total  variation  for  which  the  sequences  ( no, } ,  { nft,  |  converge, 
and  at  least  one  of  the  two  limits  is  distinct  from  0?  Is  there  a 
discontinuous  function  of  limited  total  variation  for  which 
a,*o(l/M),  ft,««o(l/M)?  The  two  questions  are  closely  con¬ 
nected.” 

These  questions  are  discussed  in  a  paper  by  L.  Neder,*  who 
ixjints  out,  in  accordance  with  a  remark  of  Landau,  that  the 
second  question  is  trivial  unless  we  restrict  our  question  to  func¬ 
tions  with  other  than  removable  discontinuities.  Under  this 
restriction,  he  answers  both  of  Riesz’s  questions  in  the  negative. 

Neder’s  results  may  be  put  together  into  the  following  theorem: 
the  necessary  and  sufficient  condition  that  a  function  of  limited 
total  variation  and  of  period  2ir,  for  which  lim  na,  and  lim  nft, 
exist,  should  be  everywhere  continuous,  except  for  removable 
discontinuities,  is  that 

lim  Ma,»0,  lim  i»ft,*0.  (2) 

In  this  paper  a  larger  question  will  be  discussed,  the  answer  to 
which  completely  includes  Neder’s  theorem.  We  shall  show 

i  Ueber  die  Fourierkoeffirienten  einer  stetigen  Function  von  beschrtnkter 
Schwankung,  Math.  Zeilsckr.  2  (1918),  jp.  312. 

•  Ueber  die  Fourierkoeffizienten  der  Punktionen  bcachrankter  Schwankung, 
M<Uk.  Zeitsckr.  6  (1920),  p.  270. 
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that  if  f{x)  is  a  function  of  limited  variation  with  period  2ir  and 
is  represented  by  the  Foiuier  series 


□0/2+  2(a,  cos  nx+b^  sin  nx), 

I 


which  has  for  its  complete  set  of  discontinuities  over  the  interval 
0<*<27r  the  niunbers  {^k},  then 


lim  sin*  mn/tt 

»— •*  I 


exists  and 


2[/(^*+0)-/(f*-0)l*. 


(3) 


From  this  it  may  be  concluded  at  once  that  a  necessary  and 
sufficient  condition  that  /(*)  should  be  everj-where  continuous, 
apart  from  removable  discontinuities,  is  that 


lim  2n2(a«,*-|"f>iii*)  sin*  »i7r/«»0. 

»l— *06  1 


(4) 


Since  we  shall  show  that  if  lim  w*(a„*+6„*)  exists, 


TT*  lim  »i*(a^*-|-6**)  =  lim  2»ilS(a,,*-f6«*)  sin*  mir  'n,  (5) 

M— >00  »— •«  1 

Neder’s  theorem  may  be  deduced  at  once. 

In  the  course  of  this  demonstration  we  shall  introduce  the 
notion  of  the  quadratic  variation  of  a  function,  a  precise  analo^e 
to  the  total  variation.  We  shall  orient  this  and  related  notions  with 
reference  to  one  another  and  to  Lipschitz  conditions  of  various 
orders.  We  shall  show  that  if  a  function  is  of  limited  quadratic 
variation  over  any  interval,  its  Fourier  series  converges  every¬ 
where  within  that  interval,  and  is  uniformly  convergent  over 
any  interior  interval  if  the  function  is  continuous  over  the  first 
interval.  We  shall  finally  parallel  these  results  in  the  theory  of 
trigonometric  interpolation. 


§1.  The  Higher  Variations  of  a  Fimction.  Let  f{x)  be  a 
single-valued,  real  function  of  the  real  variable  *,  and  let  it  have 
the  period  27r,  Then  if  we  write  V,(f)  for  the  upper  bound  of 

.  1+ |/(aci)-/(**)  1+  .  .  . 

+  \f(Xn)-/iXn.l)\+\/(Xx)-/{Xn)\ 


74 


WIENER 


for  all  sets  of  xu’s  such  that 

0<*i<x*<  .  ,  ,  <x^<2v. 


**-**-,<€.  (Ar-2.  3 . «) 

iti4-2ir— *,<€,  (6) 

we  may  define  the  total  variation  of  /(x)  over  the  inten'al  (0,  2ir) 
as 

K(/)«  lim  K.(0. 

•  -•0 

It  is  understood  here  and  in  all  analogous  cases  later  that  <» 
will  be  regarded  as  a  possible  limit  or  upper  bound,  so  that  V,(/) 
and  V(J)  admit  it  as  a  value.  There  is  no  difficulty  in  showing  the 
agreement  between  our  definition  of  the  total  variation  of  a 
function  and  that  more  usual. 

In  the  same  way,  we  shall  write  for  the  upper  bound  of 

!/(**)-/(*.)  .  .  . 

+  |/(*.)-/(**-i)  1'+  \fixd-AxJ  I', 
where  the  **’s  are  subject  to  the  same  restrictions  as  in  the  case 
of  V,(J)-  We  shall  then  define  the  vth  total  variation  of  /(«)  as 

Urn  (7) 

•  -•0 

It  is  easy  to  show  that  if  O*  is  the  oscillation  of  /(x)  in  the  inter¬ 
val  (**,  and  On  is  the  oscillation  of  f(x)  in  the  interval 

(Xn,  Xi+2ir),  then 

lim  sup  20*,*’,  (8) 

t  — 0  I 

where  the  lim  sup  is  taken  over  all  the  sets  of  0»,’s  corresponding 
to  sequences  of  satisfying  (6).  It  is  obvious  on  inspection  that 

lim  lim  sup  20„'’>  (9) 

.-*0  1 

since  the  oscillation  of  a  function  in  an  interval  is  at  least  as 
great  as  the  difference  of  the  values  of  the  function  at  the  ends 
of  the  interval.  On  the  other  hand,  20„’’  is  the  upper  bound  of 

i/(f.)-/(>)i)  r+ i/(f.)-/(’?.)  1’+ 

+  |'+  1’, 
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where 

*k<(k<Xk+l,  **<T7*<**+i.  (*-1.2 . M-1) 

Xn<€n<^^+Xu  ^■<17.<2n-+*i. 

It  results  that 

ZO„^<V\''\f),  (10) 

which  in  combination  with  (9)  yields  (8)  almost  at  once. 

If  is  bounded,  f{x)  can  have  no  discontinuities  not  of 

the  first  kind.  Otherwise  we  shall  have  some  point  (  at  which 
either 

7(^+0)  >/(f+0). 

or 

7(f-o)>/(f-o). 

or 

7(^=fc0)-«. 

or 

/(f±0).-x. 

In  the  last  two  cases,  it  is  possible,  given  any  A,  to  find  in  any 
neighborhood  of  f  numbers  and  such  that  A. 

Hence  V^''^(J)>A'',  and  is  therefore  infinite.  Excluding  these,  in 
the  first  case  in  any  neighborhood  to  the  right  of  $  there  is  a 
number  such  that 

.  |7(f+o)-/(^.)|<’)- 

Between  ^  and  there  is  a  number  such  that 

|/(^^+0)-/(fj)  !<'»?• 

Between  f  and  there  is  a  number  such  that 

\  fi^+0) \  <7), 

and  so  on  indefinitely.  Let  us  suppose  that  217 < /(^^+0)— /(^-|-0), 
and  that  — ^<€.  Then 

>«{7(f+0)-/(^+0)-2T7}'.  (11) 

Since  n  may  have  any  value  whatever,  independently  c  f  17  and  «, 
we  find  that  is  infinite  for  all  €,  so  that  is  infinite. 
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An  arRument  along  identical  lines  excludes  the  possibility  that 
/(f— 0)  does  not  have  a  definite  finite  value.  Thus  f{x)  ha.s  only 
discontinuities  of  the  first  kind,  which  by  a  familiar  theorem 
must  form  a  denumerable  set.  Here  and  throughout  this  paper 

we  shall  call  these  discontinuities  . , 

modulo  2‘n.  For  the  sake  of  simplicity  of  notation  we  shall  con¬ 
fine  ourselves  throughout  the  remainder  of  the  paper  to  functions 
such  that  for  every  k,  /(f*)  lies  between  /(f*— 0)  and  /(^*+0). 
The  modifications  to  be  made  in  our  argiunent  in  the  contrary 
case  will  be  obvious. 

Let  <  be  any  number  less  than  the  least  distance  (modulo  2ir) 
between  any  tw  oof  the  joints  (k<m),  and  such  that  if  €,<€. 
then  for  all  k<m, 

\/((k-€, )-/((, -0)j<r}: 

|/(^*+<i)-/(f*+0)|<i7. 

Then  if  *i,  .  .  .  ,  x„  =  Xo  is  any  set  of  niunbers  such  that  the 
residue  modulo  27r  of  x,  — x,-.i  lies  between  0  and  €  for  all  t,  we 
have 


Since  an  «  can  be  found  for  any  17,  no  matter  how  small,  and  since 
if  f  is  associated  with  rj,  we  may  associate  with  tj  any  smaller 
number  t',  it  follows  that  no  matter  how  the  x/s  are  chosen  for 
each  value  of  €, 


Since  this  is  true  for  all  m,  we  have 


§2.  Relations  between  Variations  of  the  vth  and  of  Lower 
Orders.  By  Taylor’s  Theorem  with  Remainder,  if  v  is  a  ixisitive 
number  greater  than  or  equal  to  2, 

m) {  u  +  ff(v—u)  I”"', 
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where  d  is  some  number  between  0  and  1,  inclusive.  It  follows 
that  if  M  and  v  are  both  positive, 

I®'— «'  I  <p(®— 

From  this  we  may  deduce  at  once  that  if  H  is  the  maximiuri 
fluctuation  made  f{x)—g{x)  in  an  interval  of  length  e,  then 

i  (/)  -  vr  («)  I  <  v^r\f) + v'r'\g)  >.  ( 13) 

Let  J{x)  be  a  function  of  limited  {v—  l)st  variation  V',  with 
discontinuities  {  } .  Let  the  saltus  of  /  at  be  a  non-increasing 

function  of  k.  Let  |/(^,+0)-/(f,-0)  |  <17.  Let 

/(^►+0)  and  g(^^,-0)-/(^,-0)(v- 1,  2 . n],  and  let  g{x) 

be  defined  elsewhere  by  linear  interpolation  between  these  values. 
Since  it  follows  that  for  sufficiently  small 

values  of  c, 

.  l^r>(/)-v«(e)|<4in,r.  (14) 

That  is, 

lV'i*’>(/)-2|/(f*+0)-/(^*-p)  11  <4^17  V’. 

From  this  it  may  be  deduced  at  once  that 

lim  lvfrV/)-2:|/(^*+0)-/(6-0)|1. 

«— *«  1 

<  lim  {  V  |^(^,-|-o)-/(e*-0)  |•’-i-4KT7V  } 

«— *00  ll  +  I 

<  limi7V(4v-l-l)*0.  (15) 

1—0 

Hence 

V^W(/)-S  |/(f*-l-0)-/(f*-0)  I'.  (16) 

I 

An  immediate  consequence  of  this  is  that  a  continuous  fvmction 
of  bounded  (v— l)st  variation  is  of  vth  variation  0.  However, 

this  results  admits  of  considerable  extension,  since  if  Vt<v, 

V<'’(/)<(limsup  |/(*-f0)-/(*-0)|)’^'«rW(/).  (17) 

Thus  if  /  (x)  is  of  period  27r  and  everywhere  continuous,  and  is  of 
limited  Vist  variation,  it  is  of  Kh  variation  0  for  v>  Vt. 


78 


WIBNBR 


+ 


§3.  Special  Theorems  Relating  to  the  Quadratic  Variation. 
Clearly 

v'|m>[/(»+^^) -/(«)]■+[/(.+ . . . 
[/(«+27r)-/^«4^27r(^i^)  )  J  *•  (18) 

Now  let  f{x)  be  summable  and  of  summable  sqtiare  between  0 
and  2ir.  Then  there  will  be  a  Fourier  series 

40 

ao/2+  2  (a,  cos  nx+b,  sin  nx) 

1 

which  converges  in  the  mean  to  /{x)  over  (0,  2ir).  Then 

— /(«)^2  I  a,*^cos  ^  —  cos  wmJ 


Hence 


+  6*,^sin  w  ^  —  sin  wm  J 

-^-2^26^  cos  2a^  sin  w^m+  — sin^^^ 

/  r^(“+  “/(“)!  tfM*4ir2(aJ4-6«*)  sin*  — 

Jo  L  V  M  /  J  1  ft 


(19) 


(20) 


Therefore  by  (18), 


•  •  • 

+  [/(M+27r)-/^«+27r(^i^)  )]  }  ‘^“ 


mir 


<2n  ZiaJ+b^*)  sin* 

1  n 


(21) 


Combining  this  with  (10),  we  see  that  if  fix)  is  of  limited  total 
variation, 

ihJi  2«2(a„*+6„*)  sin*  —  <  2[/(^*+0)-/(^*-0)l*.  (22) 

M  —  aO  1  ft  1 
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The  expression  on  the  left  hand  of  this  inequality  we  shall  term 
Qif).  Moreover,  since  an  integral  lies  between  the  extremes  of 
the  integrand,  there  is  a  «  such  that 

[/(«+^) -/(«)]%  .  .  .  + 

It  follows  from  (12),  (21),  and  (23)  that 

lim  2w2(a,.*+6«*)  sin*  —  >  2l/(^»+0)-/(f*-0)l*;  (24) 

1  n  1 


(22)  and  (24)  together  give : 

lim  2«2(o«.*+6„*)  sin*!^^^  =  2l/(^*+0)-/(^*-0)l*.  (3) 

■  -•oo  1  M  1 


If  f{x)  is  everyhere  continuous  except  for  removable  singularities, 
which  are  nugatory  in  so  far  as  the  Fourier  coefficients  are  con¬ 
cerned,  (4)  follows  at  once. 

The  author  has  already  shown  in  a  ijaper  forthcoming  in  the 
American  Journal  of  Mathematics  that  if  5*,  is  the  mth  i)artial 
sum  of  a  series,  the  limit 


.  2m  *  Sm 
lun  —  2  -!? 

>i-.oDir*  1  m* 


mir 

n 


may  be  regarded  as  a  generalized  sum  of  this  series  which  is  linear 
and  regular  in  the  sense  of  W.  A.  Hurwitz.*  We  shall  develop 
some  of  the  results  of  that  paper  in  order  to  prove  (5). 

Let  us  assiune  that  for  all  m 

a^^+bJ>A/m\ 

Then  for  all  n, 

2l/(^*+0)-/(^*-0)]*>2AMl-i  sin* 

1  ■  1  w*  n 


=  Anl 
1 


a,(cOs0-« 
^  V 


2»Mir^ 
n  > 


-Air*(l-1/M). 

»  Bull.  Am.  Math.  Soc.,  Vol.  28  (1922),  p.  18. 
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A  similar  result  holds  with  the  sign  of  inequality  reversed.  More¬ 
over,  no  batch  of  terms  at  the  beginning  of  the  a^’s  and  bjs  is 

Oi 

of  any  effect  in  determining  lim  2»i2(o**+6«,*)sin*  ntw/n.  Hence 


lim  lim  irhn'{a^*+b, 


(5)  follows  at  once. 

Again,  if  0  <  a  <  ir/2,  sin  z  >  2z/7r.  Therefore 

2[/(f*+0)-/(^*-0)]*  >4M2(aJ-|-6«*)  sin*  m7r/2»i 


>4H2(a„*-|-6m*)  sin*  mirl2n 


>4H2(a,„*+6„*)m*/n* 


Therefore,  if  /(*)  is  a  continuous  function  of  limited  total  variation 
and  period  27r,  the  Ces4ro  limit  of  first  order  of  m*(a„*+6**)  is  0. 

Now  let  /(x)  be  a  function  of  limited  total  variation  and  period 
27r,  and  let 

lim  2  — (a„*+6«*)-0. 

II— •  ao  1  n 

By  a  well-known  theorem  concerning  functions  of  limited  total 
variation, 

a,*0(l/n),  6,«0(l/n).* 

Let  the  upper  bound  of  m*(o«,*-|-6»i*)  be  A.  Then 

00  4MW  * 

9  I  L  *  I  L  *\  1  «  I  L  «\ 


2m*(o„*-|-6J)4-2nA  2 


Cf.  Riesz,  loc.  dt. 


(28) 


Joining  this  result  with  that  of  the  last  paragraph,  we  obtain 
the  highly  important  theorem;  if  fix)  is  of  limited  toted  variation 
and  of  period  2ir,  the  necessary  and  sufficient  condition  that  it 
be  continuous  is  that 

lim  1  (31) 

ii-»oo  n  * 

Higher  Variations  and  Lipschitz  Conditions.  We  shall 
say  that  f{x)  satisfies  a  Lipschitz  condition  of  order  \lv  at 
if  whenever  e  is  a  number  less  in  modulus  than  some  positive  £. 
there  is  an  A  such  that 

\fi^+€)-M)\<At^^\  (32) 

♦  on  the  other  hand,  we  shall  say  that  fix)  satisfies  a  Lipschitz 

,  condition  of  order  l/v  uniformly  over  (o,  b)  if  there  is  an  A  such 

that  for  all  x  and  y  on  the  closed  interval  (o,  b) 

\m-fiy)\<A\x-y\^'\  (33) 

It  is  clear  that  if  fix)  is  a  function  of  period  2tr  satisfying  (33) 
over  an  interval  containing  in  its  interior  (0,  2Tr),  then 

V^’'^if)<2nA. 

Again,  let  fix)  be  such  that  V’(’’*)(/)  is  finite  for  some  v,<p. 
Then  some  and  hence  every  Vj^'’'Hf),  will  be  finite.  Let 

B^V^^if).  Divide  the  interval  (0,  27r)  into  consecutive  halves, 

fourths . l/2"ths.  Let  the  feth  part  of  length  27r/2"  be  /*„ 

and  let  the  fluctuation  of  f  on  the  closed  interval  /»,  be 
Then 

2i< 

B> 


(34) 
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From  this  point  on  we  shall  use  the  symbol  [x]  for  the  largest 
integer  not  greater  than  x.  It  results  from  (34)  that  over  not 
more  than  \-^[B/a^  \  of  the  /*,’s  can  the  fluctuation  of  /  exceed 
a,.  Let 

a.-C(27r/2")‘^ 

where  C  and  v  are  indet)endent  of  n.  Then  the  total  length 
L,  of  the  /*,’s  for  which 

F*_,.,>C(27r/2-)'^  F*,>C(27r/2")‘^  or  F*+,.,>C(27r/2-)‘/'  * 
is  not  more  than 

3(27r/2")(  [fi/((7'(27r/2-)'>'0H-l  }• 

Hence  for  sufficiently  large  values  of  n, 

L,  < f)fl(27r)  ‘-’•/V  { 2*’*’'''’ }  *Ck  (35) 

It  follows  that  there  is  a  munber  N  such  that 

SL,<r)J5(2ir)'-V’’S{  2‘’'^*^‘  }7C7‘ 

S  N 

<D/(7\  (36) 

where  D  is  a  constant  independent  of  C. 

As  a  consequence,  there  is  a  set  of  points  Sc  of  measure  at 
least  2-n—DIC'^  with  the  property  that  if  ^  belongs  to  5c, 
then  for  any  integer  n  from  a  certain  N  on,  ^  lies  in  the  middle 
third  of  an  interval  of  length  6w/2",  over  which  the  fluctuation 
of  /  is  not  greater  than  3C(2ir/2")‘^'.  In  other  words,  if  e<2ir/2^, 
we  have 

|/(^^+€)-/(^^l<36'(2€)‘/' 

<3C2‘''’€‘7  (37) 

That  is,  at  any  point  in  any  Sc,  fix)  satisfies  a  Lipschitz  condition 
of  order  l/u.  However,  2Sc  is  a  measurable  set  with  a  measure 
>27r— D/C'*,  whatever  C  may  be.  Thus  if  >'i>(),  2Sc  is  of 
measure  27r,  and  its  complement  is  a  set  of  zero  measure.  Con¬ 
sequently,  if  Vi'’^if)  is  bounded  and  0<Vi  <»', /(jc)  satisfies  a 
Lipschitz  condition  of  order  \/v  except  over  a  set  of  zero  measure. 
From  this  the  further  important  conclusion  may  be  drawn  that 


•  Here 
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the  Fourier  series  of  a  function  of  limited  vth  variation  converges 
except  at  a  set  of  points  of  zero  measure. 


§5.  The  Convergence  of  the  Fourier  Series  of  a  Function  of 
Limited  Quadratic  Variation.  Let  r,(x)  be  the  «th  partial  sum 
of  the  Fourier  series  of /(z),  and  let  (r,(z)  be  (ii-f  .  .  .  +5j/«, 
the  «th  approximation  to  the  first  Cesdro  sum  of  the  Fourier 
series  of  /.  Then  by  the  Schwarz  inequality, 

1j,+i(z)  — tr,(z)  I  *  { (oi  cosz+61  sin  z)+2(at  cos  sin  2x) 

cos  wz+f>,  sin  nz)  }/n 


(a,»+6,*+4o,*+46,»+  .  .  .  +«»a,*+«V)  X 
(cos*z+ sin*  z-b  •  •  •  +  cos*«z+ sin*Mz)/M* 


Hence  if  /(z)  has  a  Fourier  series  summable  (Cl)  at  any  point 
(which  will  always  be  true  if  oo  and /(z)  has  consequently 

only  singularities  of  the  first  kind),  and  if  0(/)*0,  /(z)  will  con¬ 
verge  at  the  point  where  the  Fourier  series  is  summable.  Indeed, 
it  will  converge  uniformly  over  any  interval  over  which  the 
Fourier  series  is  uniformly  siunmable,  and  hence  over  any  interval 
contained  in  an  interval  over  which  /(z)  is  continuous.  Further¬ 
more,  if  the  Fourier  series  of  /(z)  is  summable  at  z  —  zi  and  Q{J) 
is  bounded,  the  nth  partial  stun  of  the  Fourier  series  of  /(z)  at 
Zi  lies  in  the  interval 

(/(*.)  -  /(*i) + ^W)  -f  €  J 

where  e,  tends  to  0  with  1/h,  and  tends  to  0  uniformly  over  any 
interval  over  which  /(zi)  is  uniformly  summable. 

It  is  well  known  that  the  convergence  and  uniform  convergence 
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properties  of  a  Fourier  series  are  entirely  local  properties  of  the 
function  it  represents.  In  more  precise  language,  if  f{x)  and 
g{x)  are  two  summable  functions  coinciding  over  the  interval 
(a,  b),  and  if  (c,  d)  is  an  interval  interior  to  (a,  b),  then  the  Fourier 
series  for  f—g  converges  uniformly  to  0  over  (c,  d).  Therefore  if 
/(*)  is  represented  by  a  Fourier  series  summable  at  Xi,  the  wth 
sum  of  the  Fourier  series  for  J{x)  at  X\  lies  in  the  interval 

/(x,)+V^)+€j 

where  €,  vanishes  with  l/«,  and  vanishes  uniformly  over  any 
interval  interior  to  (c,  d)  over  which  the  Fourier  series  for  /(xi) 
is  uniformly  summable. 

Let  /(x)  have  no  discontinuities  of  the  second  kind.  Let  us  then 
put: 

g(x)./(x);  ia<x<b) 

g(x)-/(6-0)+-^i:^/(a+0);  (fe<x<27r+a) 

27r+a— 6 

g(x+2v)~g(x). 

We  shall  formulate  the  definitions: 

QU)~Q(g).  V®(/)-l/®(g).and  (39) 

From  these  it  immediately  follows  that  if  0<a<c<f><2»r, 

Q(J)<Qif)-\-Q<J)+  (/(c+0)-/(c-0)  }*,  (40) 


K®(/)-  V^®(/)-|.^»)(/)^.{/(c+0)-/(c-0)  }  = 

0  O  C 

Further  obvious  relations  are 


QU)<Q(f),  (43) 

•  0 

Among  the  corollaries  of  these  statements  are: 

M 

(a)  V^^if)  is  an  increasing  function  of  x,  and  as  such  has 


0 
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only  a  denumerable  set  of  discontinuities,  provided  that 
exists; 

* 

(6)  If  ^  is  a  point  of  continuity  of  and  hence 

•  ai 

»i 

Q(J)  can  be  made  arbitrarily  small  for  some  interval  (oi,  6i)  con- 

taining  so  that  the  Foiuier  series  of  f{x)  must  converge  to 
/{x)  at  f 

X 

It  remains  to  discuss  the  continuity  of  V^^(J).  We  shall  show 

b  X 

that  if  is  finite,  V^(f)  is  continuous  within  (a,  b)  and  the 

«  a 

Fourier  series  of  f{x)  converges  to  /{x)  except  at  the  discontinuities 

X 

of  /(*).  For  let  F®(/)  be  discontinuous  at  f  within  (a,  6),  while 

« 

fix)  is  continuous.  It  follows  that  no  matter  how  small  e  is, 
t+« 

V^if)  remains  greater  than  some  positive  number  A.  That  is, 

given  any  positive  «  and  t),  it  is  possible  to  find  a  sequence  of 
numbers  { x* }  such  that 

f-€<Xi<  .  .  .  <x„<f+£; 

\xk-x'k-\\<V'.  (^“2 . n) 

2 {/(«*) -/(«*-i)  }*>i4. 

2 

Clearly  ^  will  lie  in  the  interior  of  some  interval  (xj-i,  Xj^j). 
Since  fix)  is  continuous  at  we  can  make  {fixj)—fixj.i)]* 
+  {fixj+i)-fixf))*  as  small  as  we  choose  by  taking  17  sufficiently 
small.  Thus  we  can  make 

2‘{/(**)-/(**-i)  }*+  2  {/(**)-/(**-!)  }'>A. 

2  >+2 

Repeating  this  process,  we  can  find  a  sequence  of  numbers  |y*} 
such  that 

xj-i<yi  <  .  .  -  <ym<xj+i; 
y*-i  <  f  <  yh+i , 


S  {/(>'*)-/Cv*-i)}  *+2  (/(y*)-/(y»-,)}  *  >A. 
2  *+2 


and 
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h 

This  means  that  Vi^{f)'>2A,  where  t  is  arbitrarily  small,  and 
h 

hence  that  V**’(/)>2i4.  In  the  same  way  it  may  be  shown  that 

•l 

for  any  AT,  >NA  and  hence  oo.  However,  this. 

•l  01 

contradicts  our  initial  assumption. 

It  follows  that  if  is  bounded  and  (a,  6)  is  an  interval 

X 

interior  to  (oi,  bi),  is  uniformly  continuous  over  (o,6).  That 

a 

is,  given  any  small  quantity  0,  (o,  b)  may  be  included  in  a  finite 
number  of  overlapping  intervals  (o„  /8,),  over  each  of  which 

V<*’(/)<  0. 

•« 

Since  there  is  only  a  finite  set  of  these,  it  follows  that  the  range 
of  oscillation  of  the  tith  sum  of  the  Fourier  series  for  /(*)  is 
included  in  the  interval 


(/W-V^-e,,  /(xHV0+€j, 

where  e,  vanishes  uniformly  wnth  1/n  over  (a,  b).  We  may  con¬ 
clude  directly  from  this  the  uniform  convergence  of  the  Fourier 
series  for  /(x)  over  (a,  b)  to  the  value  of  the  function. 

» 

If  V^^Cf)  is  bounded  and /(x)  is  discontinuous  at  ^(a<f<6), 

the  Fourier  series  of  f  converges  to  i  {/(^^+0)+/(f — 0)]  at 
To  show  this,  it  is  only  necessary  to  remark  that  /(x)  has  only 
a  discontinuity  of  the  first  kind  at  Let  g(x)  be  defined  as  fol¬ 
lows: 

a<x<€ 

g(x)-/(x)-/(f+0);  f<x<6 

g(x)  “ /(x)  otherwise. ' 

Clearly  g(x)  is  continuous  at  X“^,  and 

v(^(g)<  v<^(/)+2{/(e+o)-/(i-o}*. 

•  a 

Hence  the  Fourier  series  of  g(x)  converges  to  0  for  x  *  More- 
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over, /(*)— g(jc)  is  a  fiinction  of  limited  total  variation,  and  its 
Fourier  series  converges  to 

for  at  *  f .  Adding  these  series  term  by  term,  we  obtain  our  result' 

§6.  The  Relation  between  Q(/)  and  I The  close  relation 
between  Q(J)  and  V®(/)  might  lead  us  to  believe  that  the  bounded¬ 
ness  of  the  former  is  a  sufficient  condition  for  the  boundedness  of 
the  latter.  That  this  is  not  the  case  will  be  shown  by  the  following 
example : 

/(*)  —  sin  log  ac;  0 <ac  <2ir 
/(x+27r)  -/(x). 

Since  /(+0)  is  indeterminate,  cannot  be  finite.  On  the 

other  hand, 

0(/)*lni— "  sin  log  ^  —  sin  log «  |  du 

+ j  I  sin  log  -h— — 2ir^  —  sin  log  u  ■  du  \ 

2»-— 

n 

<lim  4<fM 

•-.«2ar  [Jo 

+  2coslog  j^«^«-|-^jJsinlog^l-f^^  j  du 


ra-  ] 

n 

<8+  iTO  — /*'"^sin  log  ll+—)du 

»— *00  ^  2»  ^  ftu/ 

irJlm  X* 
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57.  An  Expression  ReUted  to  Q{f).  If  Q(f)  is  bounded,  the 
expression 


exists  for  every  value  of  k,  and  has  the  upper  bound  of  its  ultimate 
oscillation  not  greater  than  Q(J).  That  is, 


22:(o.,*+6«»)  sin*  mir^ 


Z  (a«*+6„*)m*ir**r 


It  follows  that 

Q(J) >  2  (46) 

this  giving  us  a  measure  of  the  rapidity  of  the  convergence  in  the 
mean  of  the  Fourier  series  of  a  function  with  bounded  Q.  What 
is  more,  we  can  proceed  directly  from  the  series  of  the  Poisson 
integral  to  a  proof  of  the  convergence  of  a  Fourier  series  of  a  func¬ 
tion  of  limited  quadratic  variation.  We  have 


ao/2+  2  (a„  cos  mx  +  6»,sin  mx 
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~  \  (sin*  m*4-cos*  mx) 

+  \|  2  (a»,*+6*,*)  2  (l  — -)  (sin*  »:jc+cos*  mx) 
^■+1  11+1 V  w/ 


2(11  +  1) 


^  I  n 


1  (a.’+b.’) 

l.-(.-i)- 


<  Js- (a,*+6^*)  + J(«  +  l)  2  (aJ+6.,*). 

'  I  «  ^  ii+i 

We  have  already  seen  that  the  first  radical  has  the  upper  bound  of 
its  final  oscillation  no  Rreater  than  Q{f},  while  we  have  just 
shown  that  the  second  radical  has  the  upper  bound  of  its  final 
2 

oscillation  no  greater  than  ~^{/} .  Hence  the  difference  between 

•/  lx" 

2^1 — —j  (a„  cos  mx-f-b^  sin  mx)  and  the  «th  partial  sum  of 

the  Fourier  series  of  /(*)  has  a  final  oscillation  not  exceeding 
Q(/}(H-2/ir). 

From  this  point  we  may  proceed  with  an  argument  precisely 
parallel  to  that  of  §5. 


§8.  Qiudratic  Variation  and  Trigonometric  Interpolation. 
Let  /(x)  be  a  bounded  function  of  *  of  period  2ir,  and  let 


a.** 


2»i+l 


2ii  +  I 
2 


2}kir 
2»i+l^  2n+l 


i/{^) 

1  V2W4-1/ 


2«+l  1  V2m+1/  2»i  +  1 


Then 

n 

/»(*)  -  «i,io/2+  2  (a^  cos  kx+^^  sin  kx) 

kml 

will  be  the  only  trigonometric  polynomial  of  degree  n  which  will 
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coincide  with  /(*)  for  every  x  of  the  form - .  We  shall  show 

2«+l 

that  if  fix)  is  of  limited  quadratic  variation,  /,(*)  converges  every¬ 
where  to  0))/2,  and  converges  uniformly  over 

every  interval  interior  to  the  one  over  which  f(x)  is  continuous. 
We  make  use  of  the  auxiliary  function 

<t>n{x) »  a,K)/2+  2  (a,*  cos  sin  kx) 

*-i  tt 


2  2jir  \ 


X 

r./2+s^z-*f< 

2jkTr  ,  2jkir  .  ,  \ 

x>s  — —  cos  kx—  sm  — —  sin  kx  1 

L  k~i  n  \ 

2  /  2,V  \ 

ni2ft+l)j-i  \2rt+lf 

2«-fl  2« 

1  ^«/2+  ^  (n  —  k)  cos  k^ 

+1  ' 

^2n  +  l  / 

n(2M-l-l)i-i  V2H-I-1 


This  function,  which  is  a  slight  modification  of  one  employed  by 
D.  Jackson,*  represents  a  weighted  average  of  the  quantities 

those  outside  any  specified  neighborhood  of  x 

tend  to  zero  weight  with  increasing  n,  and  in  which  the  weighting 
of  the  points  to  the  right  of  x  becomes  essentially  the  same  as 
the  weighting  of  those  to  the  left.  Jackson’s  arguments  may  be 
used  without  essential  change,  and  we  see  that  converges 

0))  wherever  this  latter  quantity  exists  and 
converges  uniformly  to  f(x)  over  any  interval  interior  to  one  over 
which  f{x)  is  continuous,  provided  only  that  f{x)  is  bounded,  as 
we  have  assiuned. 

•  A  Formula  of  Trigonometric  Inter|H)lation,  Rrnd.  Circ.  Math.  Palermo 
37  (1»14),  pp.  371-375. 
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\<f>nix)  -/,(*)  1  -  1  -  2:(a^  cos  sin  kx)  | 

n  1 

— 2^*(«i«**+)8ii**)2(cos*  Irx+sin*  kx) 
^  n*  1  1 

^  n  1 

*^kir 

Now,  if  M  is  any  number  of  the  form - , 

2«  +  l 

^  (“+  2^)  2-;^) 


S  a,„,rcos  nt(u+  ■  —  cos  w«l 

1  (  L  V  2m+1/  J 


+  i8„,[^sin  m 

UJi.' 

V  2n  +  l) 

2r2/8„«cos  w( 

u-l-  -11-) 

iL  V 

2n+l/ 

,  -2a,„sinw| 

-JL- 

V  2n+l 

By  formula;  familiar  in  the  theory  of  trigonometric  sums  and 
trigonometric  interpolation,  we  obtain: 

2«+i  (  /o/;_Li\-.\  /  o;—  V  1  1 


\.(2{j+\)-n\  /  2iw  \  I  ■ 

t  1  V  2n+l  /  V2m+1/  J 


£2(2«+l)(a,„*+)8,.*)  sin* 

1  2n+l 


^;8m»(a„.*+/8.,.*) 

-T - - 

If  we  combine  (47)  and  (48),  we  see  that 


(48) 
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From  this  ]x>int  on,  the  argument  exactly  parallels  that  follow¬ 
ing  (38). 

§9.  Step-Functions  and  Quadratic  Variation.  Let  f{x)  be  a 
function  of  period  2rr.  Then 

rl  1  /'“+*  nj  ri  r«+* 

<  r  f‘*‘uM-/(x+b)]’dx 


,  ^  .air(*  +  l)  ^  ,2»(*+2) 

"  (  n  r"+—^ —  n  r»-t-  1 

fl 

From  this  we  deduce  at  once  that 

,  r  r,+Hi<*±i)  r,+?:L<*±2>  , 

T  1  ~  ^Ju  t  ■ 


Let  us  put  the  definition : 


-  ,  a>(*+i) 


<X  <M  + 


2n{k+l) 


fe+Dl 

n  J’ 


Unix)-/2Hix)]'dx 
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In  /•“+^ 

-I  I 

kL-^  /(>w- 

I  n 

-I ;  y,+;<i±!)-'W‘'*- 


nL-i 

-j  j.  ■  /w* 


This  gives  us  the  result  that 


ita  =r 

l_*ge 


l/.W-A.Wly»-Q(/). 


Let  { ^.(ic) }  be  a  set  of  normal,  orthogonal  functions  over  (0,  2w ), 
all  less  than  or  equal  to  i4  in  maximum  modulus,  and  such  that 
the  partial  sum  to  n  terms  of  the  tc-series  for  f{x)  is  always  /,(x) 
whenever  n  is  a  power  of  2.  A  set  of  essentially  this  character  has 
been  given  by  Walsh’  for  the  interval  (0,  1).  Then  if  2"< k<i  2"*^^ 
and  aj- 

\  2  ajWj{x)  |<A  I  2  a^  l 


<Axl(fe-2'-)  2  a/ 

2'"+l 

I 

<^^2"*  2  a/ 


-  A  -/r-+i(*)  Ydx 

for  any  positive  c,  for  a  sufficiently  large  m. 
f  American  Journal  of  Math.,  V.  45  (1923),  pp.  5-24. 
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Let  /(jc)  be  a  continuous  function.  Then  over  the  interval  over 
which  it  is  continuous  —  possibly  only  a  single  point  — 

max  !/(«)-/,(*)  I -*0. 

Furthermore,  Walsh  has  shown  in  the  paper  already  mentioned 
that  the  convergence  and  uniform  convergence  properties  of  the 
Miseries  of  a  function  over  an  interval  depend  only  on  the 
properties  of  the  function  over  any  including  interval.  Hence  if 
/(*)  is  summable  over  (0,  2ir)  an  argument  precisely  paralleling 
that  of  §5  will  show  that  the  tr-series  of  /(x)  converges  at  every 
point  at  which  fix)  is  continuous  and  uniformly  over  any  interval 
interior  to  one  over  which  fix)  is  continuous,  provided  only  that 
is  finite.  Moreover,  the  discussion  which  Walsh  has  given 
of  the  w-series  of  functions  constant  except  for  a  single  discon¬ 
tinuity  will  enable  us  to  show  that  if  V^^\f)  is  finite  and  fix)  is 
summable,  the  iv-series  of  f  converges  at  every  point  which  is 
a  binarily  rational  multiple  of  tt. 


NOTE  ON  OPERATIONAL  CALCULUS 
By  V.  Bush 

The  theory  of  alternating-current  networks  in  the  steady  state 
is  in  excellent  form  for  engineering  use.  The  theory  of  transients, 
on  the  other  hand,  is  in  such  involved  form  as  to  be  unmanageable 
except  in  the  hands  of  mathematicians.  There  is  great  need  for 
the  development  of  transient  analysis  into  a  system  of  sufficient 
simplicity  to  be  of  use  to  engineers. 

Heaviside  made  a  great  stride  in  this  direction  in  his  develop¬ 
ment  of  operational  methods.  They  are  extremely  powerful  and 
simple  to  use ;  but  they  have  not  come  into  general  use,  first  because 
at  the  time  they  were  developed  engineering  had  not  progressed 
to  the  point  of  appreciating  or  needing  them,  and  second  because 
they  are  lacking  in  rigor. 

Much  work  has  recently  been  done  along  the  lines  of  developing 
transient  analysis;  for  there  is  great  need  at  present  in  practice 
for  more  knowledge  of  transients.  This  work  has  largely  been 
away  from  the  operational  calculus  per  se  rather  than  toward  it. 
In  the  attempt  to  obtain  consistency  and  rigor,  mathematicians 
have  largely  devoted  their  efforts  to  showing  the  equivalence  of 
the  operational  method  to  the  integral  equation.  Such  work  is 
valuable  and  necessary,  but  it  is  not  directly  of  service  to  engineers, 
for  they  do  not  understand  the  mathematics  involved. 

The  purpose  of  this  note  is  to  attempt  to  develop  a  consistent 
direct  operational  attack  on  transients,  by  utilizing  some  of 
Carson’s  recent  results*  on  the  equivalent  integral  equation. 

Heaviside’s  method  was  briefly  as  follows:  The  differential 

equation  between  a  current  and  voltage  is  written  in  symbolic 

form  .  ... 

i=/(p)<r 

where  p  is  the  time  differentiator.  (We  will  confine  the  argument 
to  electrical  systems  under  known  applied  voltages.)  The  known 
voltage  e  is  then  supposed  to  be  suddenly  applied  and  afterward 
constant.  That  is  c-r/  \ , 

IJ.  R.  Carson,  Heaviside  Operational  Calculus,  Bell  Technical  Journal, 
November,  1922. 
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where  1  in  Heaviside’s  notation  denotes  the  discontinuous  fiuic- 
tion  which  is  zero  before,  and  unity  after,  i  —  0.  This  solution  is 
fundamental,  for  after  it  is  obtained  solutions  for  other  applied 
voltages  (e.g.,  sinusoidal)  may  be  obtained  without  great  labor 
from  Carson’s  extension  formula.*  The  formation  of  the  above 
equation  in  a  heuristic  manner  is  a  simple  matter,  for  all  that  is 
necessary  is  to  form  the  steady  state  alternating  current  solution 
in  symbolic  form  by  very  familiar  methods,  and  then  replace 
;a>  by  p.  All  that  is  necessary  for  a  complete  solution  is  then  to 
interpret 

/(/>)!. 

Heaviside  gave  one  method  in  his  expansion  formula  by  which 
this  can  always  be  thrown  into  terms  of  ordinary  functions  for 
interpretation.  This  formula  has  been  since  proved  by  other 
methods  than  those  used  by  Heaviside,  notably  by  K.  W.  Wagner.* 
On  systems  with  distributed  constants  it  is  unfortunately  extremely 
cumbersome. 

The  direct  operational  method  of  Heaviside  was  to  transform 
F{p)  algebraically  into  convenient  form,  and  then  to  convert  term 
by  term,  or  factor  by  factor,  into  terms  of  ordinary  functions  by 
rules  that  were  obtained  largely  by  experience,  and  by  identifying 
p  as  the  derivative  and  as  the  integral  of  any  operand  to 
which  they  were  applied.  Heaviside’s  attack  in  this  manner  was 
full  of  inconsistencies  and  contradictions,  and  this  is  what  drove 
mathematicians  then  and  since  into  more  rigorous  and  more 
complicated  methods.  For  example,  on  page  40  of  E.  M.  T., 
Vol.  II,  he  puts 


and  obtains  a  correct  result ;  and  on  page  294  he  puts 

-l-l.c- 

p-a 

and  again  obtains  a  correct  result.  Now  by  his  rules,  so  far  as 
he  states  them,  either  of  these  formulas  may  be  substantiated. 

*  Carson,  Trans.  A.  I.  E.  £.,  1919,  p.  352. 

»  Archiv.  £.  Elek.  IV,  159,  1916. 
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For  we  may  expand  pip— a  in  two  ways;  either 


in  which  case  by  identifying  p  1  with  zero  we  have  the  first  result; 
or 


1+-+-- 
P  P' 


1 


in  which  case  by  identifying  p~^  with  we  obtain  the  second 
result.  The  difficulty  in  the  first  case  is  in  identifying  an  infinite 
series  of  discontinuous  functions  with  zero,  even  when  all  the 
discontinuities  occur  at  <  *  0.  Thus  the  direct  operational  method, 
while  it  forms  a  powerful  means  of  attack,  is  dangerous  in  that  it 
leads  to  contradictions. 

There  is  no  need  to  enlarge  upon  the  benefits  of  the  direct 
method.  Every  reader  of  Heaviside  is  impressed  with  the  con¬ 
trast  between  the  simplicity  of  the  operational  attack,  and  the 
complexity  of  other  methods  necessary  to  obtain  the  same  results. 

What  we  need  is  a  system  of  definitions  and  operating  rules 
which  will  allow  of  the  direct  application  of  the  operations  involved 
in  the  operational  solution  without  introducing  inconsistencies. 
While  the  substantiating  logic  may  be  involved,  we  must  have 
at  hand  before  operational  calculus  can  meet  with  general  use  a 
body  of  simple  laws  which  are  consistent  and  sufficient  for  attack 
on  practical  problems. 

The  most  fundamental  rule  that  we  must  have,  if  algebraic 
transformation  of  operators  is  to  be  allowable,  is 


Pp-^F{t)-p-'pF{t)^F{t) 

for  any  operand  F{t)  which  may  occur.  Also  we  must  have  the 
other  fundamental  algebraic  rules.  It  is  then  easy  to  show  that 


and  that 

if  <f>  and  can  be  expanded  in  series. 

But  if  we  identify  p  with  d/dt  and  p*‘  with  then  p  and 
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are  not  in  general  inverse  operators,  for  example  on  the  continuous 
operand  for 

Note  for  example  the  circuit  containing  inductance  only,  of 
which  the  operational  solution  is 


This  shows  that  in  this  case  at  least  a  correct  interpretation  of 
is  S\  when  e  is  the  discontinuous  voltage  such  that 

•e=*0,  <<0;  />0 

for  then 

L-'*  oL 

which  is  correct.  We  are  thus  led  to  the  conclusion  that  the 
identification  of  p  with  d/dt,  and  the  application  of  d/dt  accord¬ 
ing  to  usual  rules,  under  these  circumstances  is  not  allowable 
if  algebraic  transformation  of  operators  is  to  be  retained.  This 
is  a  reasonable  conclusion,  for  in  the  above  we  do  not  deal 
with  the  continuous  function  c*";  but  with  a  function  having 
this  form  when  <>0,  and  having  a  discontinuity  at  <  —  0.  We  t 

cannot  expect  to  be  able  arbitrarily  to  assign  definitions  to  p  * 

and  and  still  have  a  consistent  system.  This  is  the  procedure 
followed  by  Heaviside,  and  which  led  to  his  difficulties.  For¬ 
tunately  we  now  have  at  hand  methods  by  which  oiu"  rules  of 
operation  may  be  derived  rather  than  assigned.  In  following 
more  rigorous  methods  for  obtaining  our  laws  of  the  operational 
calculus  we  must  take  care,  however,  to  retain  for  the  benefit 
of  those  who  will  principally  use  it  the  admirable  simplicity  which 
is  its  main  asset.  i 

In  order  to  arrive  at  correct  interpretations  we  fall  back  upon 
the  equivalent  integral  equation.  Carson  has  shown  {loc.  cil.) 
that  the  operational  equation 

is  equivalent  to  the  integral  equation: 
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and  he  states  “  The  significance  of  the  operational  eqxiation  and 
the  rules  of  the  Heaviside  operational  calculus  are  therefore  deduci- 
ble  from  the  latter  equation.  The  whole  problem  is  thus  reduced 
to  the  purely  mathematical  problem  of  solving  the  integral 
equation.”  The  only  trouble  is  that  he  does  not  then  go  ahead 
and  deduce  these  rules;  but  prefers  to  handle  the  integral  equation 
itself.  This  is  all  right  for  the  mathematician  but  not  all  right 
for  the  engineer.  The  present  note  attempts  a  start  on  filling  in 
this  gap. 

In  the  first  place,  the  fact  that  the  integral  eqtiation  above 
is  an  identity  for  any  value  of  p  immediately  justifies  the  handling 
of  the  operator  algebraically,  splitting  into  partial  fractions,  etc., 
provided  interpretation  of  the  several  terms  obtained  is  made  in 
accordance  with  the  integral  equation.  The  integral  equation 
thus  contains  within  itself  the  definitions  of  any  operational  forms 
that  may  be  encountered.  Thus  interpreted  the  resiilts  are  bound 
to  be  consistent.  Expansion  into  an  infinite  series  or  product 
may  require  special  discussion. 

Let  us  examine  once  more  the  example  discussed  above. 
Carson  notes, 

p-a 

has  as  a  solution  i  *  e".  This  substantiates  the  operational  formula 

(1) 

p-a 

We  need  not  at  this  point  inquire  as  to  the  meaning  of  p  in  this 
eqxiation  regarded  as  an  operational  formula.  The  formula  as  a 
whole  is  the  result  desired.  The  specific  meaning  of  p  applied  to 
any  operand  is  necessary  only  when  it  stands  alone. 

Similarly  the  equation 


has  as  a  solution 


— 

n! 
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which  shows  that 


p-1 


— 
n\  • 


(2) 


If  we  asstune  the  validity  of  operating  on  both  sides  of  equation 
(2)  by  p—alp  we  have  also  immediately 


which  gives 


or 


- - €  -  1 

P 

a 


(3) 


thus  identifying  f'*  with  in  this  case  at  least. 

We  can  obtain  (3)  in  another  way.  It  is  the  expression  for 
the  current  flowing  in  a  circuit,  the  operatpr  for  which  is  p  —  alp 
when  a  voltage  is  suddenly  applied.  Now  if  the  voltage  e  —  0, 
1<0;  1>0  is  applied  to  the  same  circuit  the  solution  will 

be,  using  formula  (2), 


1-^1- (l--)l- (1-0/). 

P  \  Pf 

In  order  to  get  the  solution  for  applied  we  use  Carson’s 
extension  formula: 

i 

where  A{t)  is  the  solution  for  unit  applied  continuous  potential, 
and  /(/)  is  the  form  of  applied  potential  investigated,  in  this  case 
€*'.  This  gives 


1  -  e-' ( 1  -  c-^ +€-•'(  1  +  o/)  - 1 1  - 1 . 
a  dt 
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So  we  may  take  as  one  of  our  rules 


1. 


(3) 


Operate  with  p  on  this  equation  and  we  have  another  important 
formula  ai  ,  * 

Now  the  pi  is  an  essential  part  of  this  formula.  It  cannot  be 
put  equal  to  zero  without  leading  to  contradictions.  On  the 
other  hand  its  reiteration  avoids  just  such  difficulties.  It  may  be 
legitimate  in  a  final  expression  to  set  pi » 0  when  t  >0,  but  it  is 
illegitimate  to  drop  it  out  before  the  final  interpretation,  or  even 
then  if  it  occurs  in  an  infinite  series  of  such  terms.  It  is  the  reten¬ 
tion  of  this  function  pi  that  is  the  principal  point  in  the  present 
note.  It  is  useless  to  inquire  as  to  the  physical  meaning  of  pi 
as  it  occurs  during  an  analysis,  just  as  useless  as  it  would  be  to 
attempt  to  physically  interpret  v/  —  1  when  it  occurs  xuider  similar 
conditions.  The  expression  pi  is  still  an  operational  expression, 
subject  to  operational  rules  and  transformations,  but  surely  not 
to  be  discarded  in  the  midst  of  an  argument. 

Note  that  we  now  have 

P‘‘  [p<“'l  -  p-'  [o€“  -f  pi  ]  -  -  1  -h  1  - 

so  that  p  and  p'*  are  inverse  opierators  when  applied  to  e"'. 

We  may  obtain 

.  .  . 

a*L  2 

from  the  extension  theorem,  using  (2),  so  that 

n:df’* 

Successive  integrations  by  parts  on  this  expression  give  the  result 
(5).  Note  that  this  again  corresponds  to  P"**/|  . 

Now  from  (4) 


jcur^  1 


(5) 


pl-(p-o)€". 

Operating  on  this  with  p  we  have 

p*l-p(p-a)«“' 


p-l-p*-‘(p-a)c-. 


(fi) 


(7) 


9t 


102 


BUSH 


A  similar  expression 

(8) 

readily  follows  from  (2).  From  (4) 

=t  o'e"* + ap  1  +  p*  1 

and  in  general 

p"€"-aV+p-H-ap"-‘H-ay*H-  •  •  •  (9) 

Using  (7)  we  may  put  this  in  the  form 

p-e-'«oV+(p-a)(a"-'+o"-*p+  ■  •  .  F"'V. 

The  operational  formula 


v//)*+a* 

may  be  established  by  exjjanding 
-/"/«!* 

Similarly  we  can  get  * 


l  =  yoOo/)  (10) 

in  series  and  using  only 


Note  that 

Vp+2ay  (p*-a*)‘ 

suggests  the  general  transformation  formula 

f{pn~^-^/ip-a)-^l  (12) 

p-a 

although  it  does  not  prove  it  in  general.  This  transformation  is 
very  useful  in  removing  the  attenuation  factor  from  a  wave 
solution  before  examining  it  ojxjrationally.  The  part  remaining 
after  splitting  off'  the  factor  c'®*  in  this  manner  is  the  unattenu¬ 
ated  wave,  and  is  ordinarily  simplified  by  the  transformation. 
This  formula  is  usually  equivalent  in  results  to  one  used  by 
Heaviside  for  change  of  operand;  but  his  breaks  down  under  the 
present  interpretation,  and  the  corrected  form  of  his  formiila  is 
cumbersome.  Note  also  that  we  do  not  have  in  general  <f>ip)^‘ 
equal  to  as  he  often  assumed. 

•  See  notes  by  M.  S.  Vallarta,  M.  I.  T.,  Course  6.61,  1923,  p.  17,  pt.  I. 

•Same  notes,  pt.  II,  p.  12. 
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In  each  of  these  cases  terms  of  the  form  p*\  enter.  When  they 
appear  in  a  solution  they  can  be  avoided  by  changing  operand. 
Thus  for  example  we  have 


p  —  a  \a  o* 


Put  for  1  its  equivalent  - — and  this  becomes 
P 

-(i+^,+  .  .  .  )(?-<■)<" 


The  introduction  of  fractional  powers  of  the  operator  p  intro¬ 
duces  no  new  difficulties.  I  have  shown  from  Cauchy’s  integral 
formula  that 

=  (13) 

when  1  has  its  discontinuous  meaning.* 

This  also  follows  from  Carson’s  integral  equation,’  using  the 
identity 

We  cannot,  however,  obtain  p^^l  from  (13)  directly. 

Let  us  next  examine 


p-a 

If  this  is  interpreted  in  the  usual  manner,  using  p' 


we  have 


p-a 


(14) 


and  this  may  be  expanded  by  integrations  by'  parts  into 


In  fact  we  may  obtain,  when  n  >  —  I 


— (1«) 
p-a 

*  Discussion,  Trans,  A.  I.  E.  E.,  1019,  p.  4ti9. 

^Carson,  Bell  Jour,,  November,  1922,  p.  .*51. 
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We  may  obtain  these  results  directly.  Thus  to  establish  (14)  we 
have  the  extension  formula  previously  used 


p—a  dt 


Splitting  into  two  terms  and  integrating  by  parts  gives  (14) 
directly. 

It  is  interesting  to  examine  one  of  Heaviside’s  solutions  in 
view  of  the  new  operational  rules  developed  above.  In  E.  M.  T., 
Vol.  II,  p.  40,  he  treats  the  case  of  an  infinite  cable  with  a  terminal 
condenser.  His  operational  solution  comes  into  the  form: 

(1  “90+9*0*— •  •  •)9o/ 

where  9  is  V RCp.  He  then  throws  out  even  powers  of  9,  or  posi" 
tive  integral  powers  of  f>,  operating  on  1.  He  says  this  is  not  a® 
simple  a  matter  as  it  looks,  and  it  surely  is  not.  This  is  equiva* 
lent  to  using  (f>/f>— a)l  equal  to  zero.  He  next  uses 

p'^l-(irt)-'^ 


which  is  legitimate,  but  then  he  uses 

-jr^^etc. 

which  is  not.  The  striking  thing  is  that  he  comes  out  with  the 
correct  result,  although,  as  Carson  notes,  exactly  the  same  proce¬ 
dure  in  other  cases,  such  as  a  terminal  inductance,  leads  to  absurdi¬ 
ties.  Now  if  we  use  our  formula  (1) 

p—a 

and  if  we  use  (15)  we  introduce  two  new  terms  in  €^.  Ufxan 
following  through  the^  algebra  again  we  find  that  these  terms  will 
cancel  and  give  us  Heaviside’s  correct  result.  More  important 
we  now  have  a  correct  guide  for  use  in  other  cases. 

We  have  as  yet  no  formula  for  pt"^^  etc.  If  we  write  (15)  with 
a » 1  in  the  form 

(1 +/)+/>*+  .  .  .  )r‘^ 

V  2  2  2  J  > 


0 


*  3  * 

•  3  9 


NOTE  ON  OPERATIONAL  CALCULUS 


105 


and  if  we  insert  for  e'  its  value  from  (1) 

.  .  .)1. 

we  can  write 

(p+p*-H  .  . 


~^n(p+p*+  .  .  + 

This  is  satisfied  by 

pH 


f3/1,  1 

2  2 


) 


2  2 


^  (17) 


and  this  set  of  values  is  consistent  with 


The  rules  so  far  developed  will  be  collected  together  for  con¬ 
venient  reference. 


1  =  «' 


p-a 

p 

p‘"  !“<"/«! 

p-V'- Ife-'-l-o/- . 

o"\  2! 

p-l.p->(p-o)€-' 

p-I-p-«(p_a)€-‘ 

pV'-oV'-f-(p-a)(o-'+a-V-l-  •  •  • 

p*e^-a"€*'-l-#>"14-ap""'l+  .  .  .  o’*"'/)! 


(I, 


(2) 


_(a<) 

(« 


0"  ‘  A 
-1)1/ 


(3) 

(4) 


(5) 

(6) 
(7) 


(8) 


7\-' 


■i'tl 

» 


V 

m.' 
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1  -  Jaijat) 


\/p'-a* 

'p+2a' 

/(p)l-«-'/(p-a)^l 

p-a 

p-a 

tt>-\ 


*-a  \  2  \at/  2  2  W  / 

-■■  irp"l 


(9) 

(10) 

(12) 

(13) 

(16) 

(15) 

(17) 


Not  all  of  these  have  been  completely  proved.  •  Other  rules  may 
be  developed  as  needed.  A  collection  of  such  operational  rules 
bears  the  same  relation  to  operational  calculus  that  a  table  of 
integrals  does  to  integral  calculus.  The  above  table  may  readily 
be  extended  by  further  transformations,  falling  back  upon  the 
integral  equation  where  necessary,  in  the  same  manner  that  we 
occasionally  have  recourse  to  fundamental  definitions  in  building 
up  a  table  of  integrals. 

The  method  of  solving  a  practical  transient  problem  by  the 
use  of  the  ofx^rational  calculus  is  as  follows:  We  first  set  up. the 
operational  solution,  usually  by  analogy  with  the  steady  state 
periodic  solution  which  is  well  known.  This  operational  solution 
is  then  transformed  by  any  algebraic  processes,  and  by  the  use 
of  operational  transformation  formulas  from  the  tables,  until  it 
is  in  such  a  form  as  to  be  recognized  and  interjireted.  This  final 
form  may  be  an  expression  of  the  current  as  a  time  function,  or 
it  may  be  still  an  operational  expression,  the  nature  of  which  is 
known  from  the  tables.  The  utility  of  this  latter  procedure  should 
be  emphasized.  We  deal  in  transient  study  with  discontinuous 
functions.  The  expressions  for  these  in  ordinary  terms,  even  as 
Fourier  series,  are  often  exceedingly  cumbersome.  The  natural 
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manner  of  expressing  a  discontinuous  function  is  by  means  of  an 
operational  expression,  and  great  simplicity  of  form  may  be 
attained  by  so  doing.  Such  forms  when  properly  substantiated 
and  shown  to  be  unique,  will  be  just  as  precise  and  complete 
statements  of  the  functions  they  represent  as  any  series  expansion 
into  which  they  may  be  converted.  The  proper  procedure  is  to 
retain  the  operational  forms  wherever  possible,  and  interpret 
them  as  they  stand. 

Of  course  the  method  applies  equally  well  to  mechanical  and 
electrical  problems,  and  to  know  applied  currents  or  velocities 
as  well  as  to  known  applied  potentials  or  forces. 


h 
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NOTE  ON  THE  QUANTIZATION  OF  NON-CON DITIONED- 
PERIODIC  SYSTEMS 

By  M.  S.  VAU.ARTA 


I .  Among  the  most  interesting  problems  which  have  presented 
themselves  in  connection  with  the  development  of  Bohr’s  theory 
of  the  atom,  that  of  the  quantization  of  unconditioned-periodic 
dynamical  systems  is  of  paramount  importance,  standing  as  it 
does  in  the  way  of  further  analytical  extensions  of  the  quantum 
theory  of  stationary  paths.  The  following  remarks,  some  of  which 
have  already  found  expression  elsewhere,  while  failing  to  supply 
a  final  answer  to  this  question,  seek  to  contribute  a  few  guiding 
ideas  to  the  elucidation  of  the  problem.  We  shall  first  examine 
the  problem  from  the  standpoint  of  ordinary  dynamics. 

Consider  a  holonomic  conservative  reversible  dynamical  system 
of  M  degrees  of  freedom  specified  by  the  system  of  canonical 
equations : 


fe*l,  2 


.  n 


H,  the  Hamiltonian  function,  is  a  function  of  p  and  q  only. 
Assume  a  transformation  p,  q-*P,Q  specified  by 


p,~Pk{Px  .  .  .  .  .  .  gj,  .  .  .Qn) 

k~l,  2  .  .  .  n 


where  P,  Q  satisfy  the  relations 

\Pi.Pk]~0  [Qi,Qk]~0  »,/j-l,2...« 

1011^*1*0  t  i,k’^l,2  .  .  .  n  i^k 

(0„  P,l-1  *-1,2  .  .  .  M 


in  which  («,  rj-S  are  the  Lagrangian  bracket 

expressions.  The  transformation  p,  q  -*P,  Q  is  then  a  contact- 
transformation,^  and  it  is  shown  that  both  the  Hamilton  function 
and  the  canonic  eqimtions  are  invariant  for  such  a  transformation. 
1  Whittaker,  Analytical  Dynamics,  p.  298,  Cambridge,  1917. 
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Let  be  a  function  of  the  variables  q,  Q  and  perform  the  contact- 
transformation 


P*- 


dQ, 


k~l,  2. 


u 


and  let  be  an  integral  of  the  Hamilton-Jacobi  partial  differential 
equation, 


/ 


E  being  the  energy-constant.  Jacobi’s  well-known  theorem  is 
then  to  the  effect  that,  if  a  complete  solution  of  Hamilton-Jacobi’s 
equation  containing  n  arbitrary  constants  ai  .  .  .  a,  can  be 
found,  then 


-  dW  '3ir 

5o* 


2, 


.  II 


give  the  solution  of  the  dynamical  problem. 


2.  The  integration  of  the  Hamilton-Jacobi  equation  by  separa¬ 
tion  of  variables,  i.e.,  by  expressing  IT  as  a  sum  of  functions 

n 

2  each  of  which  depends  on  but  one  variable  only,  plays, 

<-i 

as  is  well-known,  a  fundatr.tntal  part  in  the  analytical  investi¬ 
gation  of  stationary  orbits,  as  determined  by  the  Sommerfeld- 
Wilson  conditions.  Under  the  assmnption  that  the  Hamilton- 
Jacobi  equation  is  integrable  in  only  one  way  by  separation  of 
variables,  the  Hamilton  function  depends  on  the  /’s  only,  w’here 
Ik  is  the  action  variable  canonically  conjugate  to  pk,  qk>  and 
the  system  is  uniquely  quantized  both  as  regards  paths  and  energy'. 

As  far  as  the  wrriter  is  aware,  a  complete  investigation  of  the 
conditions  tmder  which  Hamilton-Jacobi’s  equation  is  integrable 
by  separation  of  variables  has  not  yet  been  undertaken,  and  great 
are  the  difficulties  to  be  overcome  if  a  complete  discussion  of  the 
general  dynamic  system  of  n  degrees  of  freedom  is  aimed  at. 
The  problem  may  be  concisely  stated  as  follows :  Given  a  dynami¬ 
cal  system,  can  we  establish  whether  it  leads  to  a  Hamilton-Jacobi 
equation  which  can  be  integrated  by  separation  of  variables? 

A  fundamental  step  towards  the  solution  of  this  question  was 
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made  by  T.  Levi-Civita.*  We  notice  in  the  first  place  that  the 
hypothesis  that  W  be  of  the  form 

W-lWAq,) 

i-i 

is  equivalent  to  for  ii^j.  If  we  differentiate  our  Hamilton- 

Jacobi  equation  with  respect  to  we  have 

dqi  dpi  dqi 


f// 

but  since  none  of  the  derivatives  7 —  can  vanish  identically  we 

dpi 

may  write  out  the  above  as: 

dH 


d^i  _  d^ 

dqr  m 

dpi 


hence  all  the  derivatives  of  the  p’s  with  respect  to  the  q’s  are  now 
defined.  In  order  that  these  and  W  may  exist,  the  condition  of 
integrability 


dqj 


dqi 


d_H 

^Pi! 


must  be  satisfied. 

Since  all  the  derivatives  of  the  p's  with  respect  to  the  9’s  are 
defined,  at  most  their  initial  values  remain  arbitrary,  which 
besides  must  be  so  if  W  is  a  complete  integral  of  Hamilton- 
Jacobi’s  equation.  It  follows  that  the  necessary  and  sufficient 
condition  that  the  variables  be  separable  is  that  the  integrability 
condition  be  identically  satisfied  with  respect  to  the  2n  variables 
p*  and  <7*.  We  therefore  conclude  with  Levi-Civita; 

The  Hamilton-Jacobi  equation  is  integrable  by  separation  of 
variables  when,  and  only  when,  the  Hamiltonian  function  H 
S  Mathematische  Annalen.  Vol.  50,  p.  383,  1904. 
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satisfies  all  «(«— 1)/2  eqxiations  of  the  second  order  (obtained 
by  expansion  of  the  last  equation): 

a//  BH  B'H  _  aw  dH  B'H  _  aw  ^  a«w 

Bpi  Bpj  BpjBqj  Bpi  Bq^  Bqfipj  Bqt  Bpj  Bpfiqj 

^  a»w 

Bqi  Bqj  Bpfipj 

(1) 

Levi-Civita  has  furthermore  showm  what  conditions  are  to  be 
satisfied  by  the  kinetic  and  the  potential  energy  of  a  system  in 
order  that  the  Hamilton-Jacobi  equation  be  separable.  His 
treatment  is  based  upon  the  well-known  theorem*  that  the  determ¬ 
ination  of  the  motion  of  a  particle  moving  in  a  conservative  force- 
field  is  reducible  to  the  problem  of  finding  the  geodesics  in  an 
M-dimensional  space  with  given  line  element.  The  problem  is 
thus  reduced  to  a  purely  geometric  investigation  and  it  is  shown 
that  if  a  dynamical  system  having  a  Hamiltonian  function  W  *■  £ 
is  integrable  by  separation  of  variables,  the  same  is  true  of  the 
equation  which  defines  the  geodesics.  We  thus  have  that  in 
order  to  classify  the  dynamical  systems  which  are  soluble  by 
separation  of  variables  we  must 

(1)  Characterize  the  kinetic  energy,  or  what  amounts  to  the 

n 

same,  the  linear  element  dj*  *  £  Oi^dx/ixn  which  corresponds  to  it. 

i,*-i 

(2)  For  each  of  the  cases  determined  under  (1),  investigate 
which  force-fields  can  be  applied. 

A  discussion  covering  (1)  has  been  given  by  Stackel*  and 
Levi-Civita  for  the  case  »i*=2  and  by  dall’Acqua*  for  the  case 
«  “  3.  In  a  special  case,  the  system  of  n  degrees  of  freedom  has 
also  been  discussed  by  Levi-Civita  (l.c.).  The  complete  investi¬ 
gation  as  regards  (1)  and  (2)  has,  to  the  writer’s  knowledge,  never 
been  undertaken. 

The  range  of  physical  questions  to  which  the  quantum  theory 
is  applicable  is  such  that  no  investigation  can  be  considered 

•  For  ex.  Whittaker,  1  c.,  p.  254,  also  PainJev<. 

•  Mathematische  Annalen.  Vol.  42,  p.  537,  1893. 

•  Mathematische  Annalen.  Vol.  66,  p.  398,  1909. 
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too  general  for  the  purpose.  The  quantum  theory  and  the  separa¬ 
tion  of  variables  are  so  intimately  connected  that  perhaps  it  is 
safe  to  say  that  the  treatment  of  the  former  depends  upon  the 
solution  of  the  latter. 

3.  We  shall  now  define  a  conditioned  periodic  system  as  one 
whose  Hamiltonian  function  satisfies  the  Levi-Civita  conditions 
(1)  and  a  non-conditioned-periodic  system  as  one  for  which  these 
conditions  are  not  satisfied.  All  attempts  to  quantize  the  latter 
are  based  on  a  reduction  to  a  conditioned  periodic  motion,  because 
it  is  only  for  such  motions  that  the  quantum  conditions  acquire 
a  meaning.  In  recent  papers  P.  S.  Epstein*  has  utilized  EJelaunay’s’ 
perturbation  theory  to  devise  a  method  of  approximating  to  the 
general  solution  of  the  canonic  equations  governing  a  non-con¬ 
ditioned-periodic  system  of  n  degrees  of  freedom  by  means  of  a 
conditioned  periodic  motion  expressed  as  an  «-fold  Fourier  series. 
His  method  is  essentially  as  follows:  Suppose  in  general  that  the 
Hamilton-Jacobi  equation  of  the  system  is  non-integrable  by 
separation  of  variables.  We  determine  a  conditioned  periodic 
motion  of  Hamiltonian  fvmction  Hpi  {p,  q)  which  comes  as  near 
as  possible  to  the  actual  H  and  split  the  latter  into  two  parts 

where  C  is  a  function  of  momenta  and  cordinate  expressing  the 
"  perturbation.”  A  contact-transformation  from  variables  p,  q 
to  variables  a,  w  defined  by 

iir/  \  L  ,  n 

a)  Pk’^  —  U'*®  —  fe»l,2.  .  .  n 

dqp  da* 

may  now  be  made.  Now,  ij  —  and  this  assumption  must  be  clearly 
emphasized  in  view  of  later  developments  —  the  perturbation 
function  C  is  everywhere  regular  within  the  region  considered, 
C  may  be  expanded  in  an  n-fold  Fourier  series  and  since  H pi  is 
now  a  function  of  a’s  only,  we  have 
**  008 

H»Hpi{a)->t-  2  .  .  .  m„u;J 

mi  .  .  .  m,  — 1 

*Zeitschrift  fur  Physik.  Vol.  8,  pp.  211,  305,  1922;  Vol.  9,  p.  92,  1922. 

T  TMorie  du  movement  de  U  lune.  Paris,  1860. 


QUANTIZATION  OF  NON-CONDITIONBD-PERIODIC  SYSTEMS  113 


where  the  a’s  are  functions  of  the  momenta  o.  It  is  seen,  therefore, 
that  the  “  perturbed  "  motion  itself  may  be  approximated  to 
as  closely  as  desired  by  conditioned  periodic  motions.  Hence 
the  Sommerfeld-Wilson  conditions  still  are  able  to  yield,  to  any 
desired  degree  of  approximation  on  the  basis  of  Epstein’s  method, 
the  stationary  orbits.  Thus  "  sharp  ”  quantization  —  in  a  physi¬ 
cal  sense  —  of  non-conditioned-periodic  systems  is  always  possible. 

Bohr*  and  Kramers*  have  also  given  methods  of  quantization 
which  depend  on  the  investigation  of  the  perturbation.  The 
essential  feature  is  the  introduction  of  angle  variables  to  describe 
the  perturbed  system.  Their  method,  which  may  be  looked  upon 
as  a  first  approximation,  was  extended  by  Bom  and  Pauli^*  who 
devised  a  formal  procedure  by  means  of  which  the  approximation 
to  the  actual  motion  by  means  of  the  conditioned  periodic  motion 
may  be  formally  pushed  as  far  as  desired.  Start  from  a  condi¬ 
tioned  periodic  system  —  therefore  rigorously  integrable  by 
separation  of  variables  —  and  let  it  become  non-conditioned- 
periodic  by  the  influence  of  a  ix:rturbing  agency.  Let  be 
the  angle  variables  of  the  initial  motion,  /*  the  canonically 
conjugate  action  variables  and  //q  (/?)  the  Hamiltonian  function. 
Now  expand  the  Hamiltonian  function  H  of  the  perturbed  motion 
in  a  power  series  in  the  perturbing  (small)  parameter  X: 


//=.  Ho+X //,-!- X*//,+  .  .  .“ 

The  problem  is  then  to  determine  a  function  f  (/*,  ll’*)  having 
the  property 


7*1^2+ periodic  function  of  of  period  1 

which  makes 


77  = 


•  M^m.  de  I'Acad.  Roy.  des  Sci.  et  Lettres  du  Danemark.  Vol.  4,  No.  1 , 
iasc.  1,  2,;  1918. 

IZeitschrift  fur  Physik.  Vol.  3,  p.  201,  1920. 

Zeitschrift  fur  Physik.  Vol.  10,  p.  137,  1922. 

For  the  degenerate  case  see  b^des  l.c.  Bom  and  Heisenberg  Zeit- 
schrift  fur  Physik,  Vol.  14,  p.  48,  1923. 


114 


V  ALLART  A 


independent  of  the  angle  variables  IV*.  We  shall  not  go  into  this 
any  further,  but  refer  to  the  original  memoir  for  details.  It  is 
seen  that  again  the  essential  step  is  the  approximation  to  the  actual 
motion  by  a  conditioned  periodic  motion.  Just  as  in  the  case  of 
Epstein’s  method  it  would  appear  that  sharp  quantization  is 
possible. 

4.  A  closer  examination  of  the  matter,  however,  shows  that 
doubts  as  to  the  correctness  of  the  last  conclusion  may  be  rightly 
entertained.  Bom  and  Pauli  have  shown  on  the  basis  of  known 
theorems  of  Bruns“  and  Poincare  that,  however  small  X  may 
be,  the  process  outlined  above  is  not  in  general  convergent.  It 
follows  that,  in  those  cases  where  the  general  solution  does  converge, 
it  cannot  in  general  approach  either  Bom-Pauli’s  approximate 
solution  or  Epstein’s,  continuously.  In  particular,  it  is  not  in 
general  true  that  a  Delaunay  transformation  can  actually  result 
in  decreasing  the  perturbation  function.  Still  another  argument 
may  be  brought  up:  In  a  recent  memoir,  Smekal^*  has  pointed 
out  that,  according  to  a  theorem  of  Herglotz,^*  if  a  continuous 
2n-dimensional  region  of  phase-space  exists  where  an  M-fold 
Fourier  Series  converges  everywhere  uniformly,  then  a  contact- 
transformation  can  be  always  found  which  permits  obtaining  the 
general  solutions  directly;  since  then  all  the  coordinates  of  the 
system  are  cyclical,  it  is  separable  and  conditioned  periodic, 
which  contradicts  the  initial  assumption.  The  theorem  may 
therefore  be  stated:  No  general  solution  of  a  non-conditioned- 
periodic  system  can  be  expanded  in  a  uniformly  convergent 
'  Fourier  series. 

We  conclude,  with  Smekal  and  others,  that  should  «-fold 
periodic  solutions  ^xist  at  all  for  non-conditioned-periodic  systems, 
they  must  be  particular  solutions  obtained  by  ascribing  values 
to  some  of  the  arbitrary  constants  in  the  general  integrals,  which 
in  turn  depend  on  certain  parameters.  From  the  point  of  view 
of  such  fundamental  concepts  in  the  development  of  the  qviantum 
theory  as  the  adiabatic  invariance  of  the  quantized  dynamical 

^•See  for  instance  Charlier,  Mechanik  des  Himmels.  Vol.  2,  p.  307. 

^*A.  Smekal,' Zeitschrift  fur  Physik.  Vol.  11,  p.  294,  1922. 

^4  Quoted  by  Smekal,  l.c.,  p.  295.  It  has  not  been  possible  to  consult  the 
original. 
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solutions  and  the  Principle  of  Correspondence,  which  Bohr^*  and 
Kramers^*  rightly  place  at  the  basis  of  the  theory  of  stationary 
orbits,  such  particular  solutions  lead  to  renewed  difficulties. 

5.  Assume  that  the  parameters  on  which  the  arbitrary  con¬ 
stants  depend  undergo  an  adiabatic  transformation.  Then  the 
result  is  not  only  that  the  new  initial  conditions  do  not  correspond 
to  any  of  the  particular  «-fold  periodic  solutions  (assuming  that 
the  initial  conditions  vary  continuously)  but  also  that  in  general 
the  new  solution  is  not  at  all  useful  for  the  purposes  of  the  quantum 
theory  of  stationary  states,  because  it  is  an  asymptotic  or  "  un¬ 
stable  ”  solution,  that  is,  one  in  which  several  or  all  the  variables 
involved  increase  with  time  without  limit.  Nor  can  such  solutions 
be  brought  into  agreement  with  the  fundamental  conceptions  of 
the  Principle  of  Correspondence.  For  in  order  to  carry  out  the 
passage  to  the  limit  by  means  of  Bohr’s  frequency  relation,  the 
Hamiltonian  function  must  be  a  continuous  .function  of  the  n 
action  variables.  The  conclusion  is  therefore  forced  on  us  that 
it  cannot  be  expected  that  the  methods  worked  out  by  Epstein 
or  by  Bom-Pauli  will  in  general  enable  us  to  calculate,  even 
approximately,  the  quantized  states  of  non-conditioned-periodic 
systems.  If,  on  the  other  hand,  we  were  to  look  for  the  quantized 
states  among  the  general,  unknown,  solutions,  we  have  neither  a 
quantization  rule  nor  any  proof  of  the  existence  of  adiabatic 
invariants.  Smekal  has,  however,  pointed  out  an  exception  to 
this  last  statement  for  microcanonic  (quasi-ergodic”)  statistical 
systems  in  which  a  single  adiabatic  invariant  (the  volume  bounded 
by  the  energy-surface)  is  known  to  exist.  Since  normal  mechanical 
systems  are  quasi-ergodic,**  the  argument  applies  equally  well  to 
all  such  systems,  which  must,  therefore,  be  susceptible  of  sharp 
quantization. 

l*N.  Bohr,  Zdtschrift  fur  Physik.  Vol.  1.3,  p.  117,  1923. 

WH.  A.  Kramers,  Zeitschrift  fur  Physik.  Vol.  13,  p.  312,  1923. 

ri  A  quasi -ergodic  system  is  one  whose  path  in  phase-space  lies  wholly  within 
two  energy-sunaces  which  differ  by  an  infinitesimal  energy  increase.  This  is 
the  same  as  the  microcanonical  ensemble  in  Gibbs’  sense.  The  impo^bility 
of  the  existence  of  a  “  strictly  ”  microcanonical  (ergodic)  system,  i.e.,  one 
in  which  the  path  in  phase-space  lies  wholly  upon  a  given  energy-surface, 
was  establish^  by  Rosenthal  and  Plancherel,  cf.  Rosenthal,  Annalen  der 
Physik,  Vol.  42,  p.  79tt,  1913,  Plancherel,  ibid.,  p.  11)61. 

W  E.  Fermi,  Nuovo  Cimento,  Vol.  69,  p.  267,  1923. 


tsi  limit,.-. 
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6.  Suppose,  on  the  other  hand,  that  quantized  solutions  are 
to  be  looked  for  among  other  particular  solutions.  Then,  as  was 
first  jxnnted  out  by  Smekal,  we  have  again  the  possibility  of 
selecting  solutions  of  conditioned  periodic  character  which  con¬ 
verge  everywhere  uniformly  within  a  continuous  multi-dimen¬ 
sional  region  and  are  obtained  by  ascribing  definite  functional 
relations  among  the  different  integrals.**  It  is  clear  that  such 
solutions  have  less  than  n  independent  periods  and  hence  cor¬ 
respond  to  an  5-space  of  lower  dimensionality  than  n.  The  treat¬ 
ment  of  non-conditioned-periodic  systems  would  then  be  similar 
to  that  of  ordinary  degenerate  problems.  Simple-periodic  particu¬ 
lar  solutions  were  studied  by  Poincard.*®  Multiple-periodic 
solutions  may  be  derived  from  these  in  certain  special  cases  by 
the  method  of  characteristic  exponents.** 

It  may  be  carefully  emphasized  that  such  5-fold  periodic  solu¬ 
tions  offer  no  difficulty  from  the  point  of  view  of  the  adiabatic 
invariance  of  quantized  orbits,  provided  the  adiabatic  trans¬ 
formation  is  such  as  to  leave  the  functional  relations  invariant. 
The  system  as  a  whole  behaves  as  a  conditioned  periodic  system 
of  5  degrees  of  freedom  (5  <m).  Likewise,  there  is  no  difficulty 
in  the  application  of  the  Principle  of  Correspondence.  “  Sharp  ” 
quantization  is  thus  always  possible  and  all  atomic  dynamical 
systems  are  fundamentally  integrable  by  separation  of  variables. 
With  regard  to  parametric  changes  which  do  not  leave  our  func¬ 
tional  relations  invariant,  it  may  be  assumed  that  such  param¬ 
eters  do  not  vary  in  nature.  Provisionally,  the  postulate  may  be 
looked  upon  in  a  light  similar  to  that  of  the  existence  of  non¬ 
radiating  orbits.  Likewise,  it  should  be  noticed  that  our  point 
of  view,  that  the  system  behaves  as  an  5-fold  periodic  one,  does 
not  at  all  imply  t^at  the  number  of  qxxantum  numbers  which 
characterize  a  given  quantized  path  is  less  than  the  number  of 
degrees  of  freedom.**  It  only  implies  that  the  number  (5)  of 
quantum  numbers  to  which  correspond  integral  values  0,  1,  2, 

«  T.  Levi-Civita.  C.  R.  131;  170,  236;  1900. 

••Poincai^.  Acta  Mathematica  13,  248,  1890,  see  also  Charlier,  Mechanik 
des  Himmels,  Vol.  2,  p.  187. 

•t  See  for  ex.  Whittaker,  l.c.,  p.  400. 

••  Bom  and  Heisenberg,  l.c.  in  our  Note  (1 1);  p.  52,  footnote  2  also,  Smekal, 
Zeitschrift  ftir  Physik.  Vol.  16,  p.  60,  1923,  footnote  1. 
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...  is  less  than  the  number  of  degrees  of  freedom  («).  The 
other  (n—s)  quantum  numbers  must  therefore  be  held  at  fixed 
constant  values.  Hence  the  system  as  a  whole  is  characterized 
by  n  quantum  numbers,  of  which  s  are  given  values  0,  1 ,  2,  3,  .  .  . 
and  n—s  stay  at  any  fixed  integral  values.  Spectroscopically,  this 
would  mean  that  the  degree  of  multiplicity  of  a  term  is  less  than  «. 

In  support  of  this  view,  it  may  be  mentioned  that  all  the 
spectroscopic  experimental  evidence  available  at  present  shows 
that  the  nxunber  of  “  optical  ”  degrees  of  freedom  is  much  less 
than  the  munber  of  dynamical  degrees  of  freedom  calculated 
from  the  number  of  particles  of  which  the  atomic  system  is  made 
up  (cf.  Smekal,  l.c.).  Also,  as  far  as  the  writer  is  aware,  all  experi¬ 
mental  evidence  points  towards  the  existence  of  "  sharp  ”  spectral 
lines  only. 

It  may  be  remarked  that  we  do  not  take  at  all  into  considera¬ 
tion  here  the  difficulties  which  have  led  some  writers  to  conclude 
the  “  failure  of  classical  mechanics  ’’  and  the  existence  of  “  un¬ 
mechanical  ”  orbits  in  atomic  systems  (c/.  for  example  l.c.  16,  16). 
Our  views,  however,  do  not  necessarily  come  in  conflict  with 
such  conclusions,  because  many  of  the  theories  expressed  above 
can  be  transferred  mutcUis  mutandi  to  “  non-classic  ”  mechanical 
orbits,  provided  only  that  these  satisfy  differential  equations  of 
the  second  order. 

Research  Laboratory  of  Theoretical  Physics 
January,  1924 


A  CONTRIBUTION  TO  THE  GENERALIZATION  OF  A 
DETERMINANTAL  THEOREM  OF  FROBENIUS 

By  Lepine  Rice 

1.  In  1894,  Frobenius*  gave  a  theorem  purely  on  determi¬ 
nants,  which  Muir*  in  1922  generalized.  The  theorem  and  the 
generalization  were  stated  only  for  ordinary  or  2-way  determi¬ 
nants.  Lecat,*  in  1923,  made  the  extension  to  any  ntunber  of 
dimensions,  but  this  was  not  his  only  advance,  for  he  announced 
that  the  relations  obtained  by  Muir  held  good  for  a  distribution 
of  elements  in  the  matrix  of  the  given  determinant  not  restricted 
to  the  forms  contemplated  by  Muir,  whether  in  the  2-way  or  in 
the  p-way*  case.  In  this  and  in  other  important  respects  Lecat’s 
paper  is  of  immediate  concern  to  one  who  uses  only  2-way  determi¬ 
nants.* 

Each  of  Muir’s  relations  involves  a  sum  of  determinants  whose 
matrices  are  formed  by  altering  certain  elements  in  the  matrix 
of  a  given  determinant  A.  The  relations  first  given  are  produced 
by  changing  elements  of  A  into  zeros.  Muir  then  shows  how 
arbitrary  quantities  can  be  made  to  take  the  place  of  some  of 
these  zeros  in'  one  type  of  matrix,  and  Lecat  formulates  this 
modification  for  p  dimensions.  It  is  one  object  of  the  present 
paper  to  give  rules  for  the  introduction  of  arbitrary  quantities  in 
the  case  of  the  most  general  distribution  of  elements,  both  in  the 
way  contemplated  by  Muir  and  Lecat  and  in  a  second  way.  It 
is  a  further  object  to  take  a  point  of  view  of  the  relations  thus 

1  Ueber  die  Elementartheiler  der  Determinanten.  Sitzungsb  .  .  .  Akad. 
d.  Wiss,  (Berlin),  18ft4,  pp.  31-44,  Sec.  4. 

•  Note  on  a  theorem  of  Probenius  connected  with  invariant-factors.  Proc. 
R.  Soc.  Edinburgh.  XLII  (1921-1922),  pp.  342-347. 

•  Generalisations  et  modifications  d’un  theoreme  de  Probenius.  Ann.  de 
la  Soc.  scientifique  de  Bruxelles,  XLII,  prem.  pt.,  pp.  322-.329. 

4  We  prefer  to  reserve  the  letter  n,  as  in  previous  papers,  for  the  order  of 
the  detenfiinant  or  matrix,  thus  securing  uniformity  when  we  have  occasion 
to  pass  from  two  dimensions  to  more,  or  vice  versa.  Besides,  the  n  dimensions 
of  geometry  seem  much  more  closely  related  to  the  order  than  to  the  number 
of  “  dimensions  ”  of  a  general  determinant. 

•  Por  the  benefit  of  su^  a  one,  we  state  some  matters,  in  the  following  pages, 
in  more  detail  and  with  more  definitions  than  a  person  familiar  with  the 
literature  of  determinants  of  many  dimensions  requires. 
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far  announced  from  which  the  proof  of  them  appears  a  ver>’ 
simple  and  almost  obvious  matter.  The  methods  of  proof  that 
will  be  followed  have  been  effectively  used  many  times  by  writers 
in  the  past.  They  are  elemental,  not  involved,  not  dependent 
on  the  presence  of  such  regular  formations  in  matrices  as  are 
required,  for  example,  in  order  that  Laplace’s  or  Cayley’s  expan¬ 
sion  may  be  applied.  These  expansions  look  like  powerful  instru¬ 
ments  of  research  and  often  they  are ;  but  on  the  other  hand  there 
are  times  when  we  rest  content  with  a  theorem  to  which  they  lead 
us  instead  of  searching  for  another  and  simpler  mode  of  proof 
of  the  same  theorem  in  the  hope  that  some  condition  in  it  may 
thus  be  shown  to  be  not  inherent  but  imported  with  the  first 
proof. 

2.  The  theorem  of  Frobenius  concerns  a  general  2-way  determi¬ 
nant  A  of  order  n,  in  whose  matrix  —  let  us  say  in  the  upper 
left-hand  or  "  leading  ”  comer  —  a  rectangular  array  B  of  r 
rows  and  at  least  r  columns  is  marked  off.  All  possible  products 
Di,D\  are  now  formed,  where  D*  is  a  minor  of  order  k  lying  in 
B,  and  D'*  is  its  cofactor  in  A,  k  taking  all  values  from  1  to  r. 
Also  a  determinant  Ac  is  formed  from  A  by  changing  into  zeros 
all  the  elements  in  B,  leaving  intact  the  remaining  elements  of 
A.  whose  locus  we  may  denote  by  C.  Then  the  theorem  is; 

A-SD.D'i+SDaD'a-.  .  . 1/20,0',=  Ac  (1) 

The  proof  given  by  Frobenius  was  by  differentiating  the  left 
member  with  respect  to  any  element  of  B  and  showing  that  the 
derivative  vanished,  whence  the  left  member  must  be  independent 
of  the  elements  of  B  and  thus  must  reduce  to  Ac- 

In  this  proof  the  derivative  involves  sums  of  products  of  minors 
of  A  which  cancel  each  other.  It  is,  however,  easy  to  avoid  such 
complication  by  •  considering  simply  a  term  of  A,  any  term  T, 
having  just  t  elements  in  B.  Since  we  know  that  every  Di,D\ 
consists  of  terms  of  A,  we  see  that  T  will  be  found  once  in  A, 

t  times  \n"LDiD'i,  times  in  ZD2D'2,  and  so  on,  and  therefore 

when  the  signs  prefixed  to  the  2’s  are  prefixed  to  T  the  total 
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coefficient  of  T  in  the  left  member  of  (1)  will  be 

•-'+(2)--  ■  ■+(-!)' (!)-0. 

Thus  (1)  is  established. 

It  should  be  observed  that  this  method  of  proof  by  giving 
attention  to  the  individual  terms  of  the  determinants  present  in 
a  relation  or  an  expression  is  applicable  to  many  apparently 
complicated  situations  and  resolves  them  easily.  It  is  employed 
again  in  what  follows. 

3.  Let  us  next  state  Lecat’s  extension  of  (1)  to  p  dimensions. 
The  determinant  A.  of  order  n,  may  have  any  signancy;  that  is, 
in  the  general  matrix 


any  desired  directions  may  be  taken  into  account  and  any  left 
out  of  account  in  fixing  the  sign  of  a  term,  so  long  as  an  even 
number  are  taken  into  account.*  And  indeed  all  the  relations 
here  dealt  with  are  applicable  to  permanents  as  well  as  to  determi¬ 
nants. 

In  the  “  leading  comer  ”  of  M  we  mark  off  a  "  rectangular  ”  • 

space  B  consisting  of  the  elements  conunon  to  the  first  f  1  layers  • 

(tranches)  of  the  first  direction,  the  first  fa  layers  of  the  second 
direction,  and  so  on,  this  rectangular  space  therefore  consisting 
of  all  elements  ...  ^^  or  a(a,a2  .  .  .  Op)  in  whose 

locant  (i.e.,  axo^  .  .  .  ap)  the  index  a|  has  any  value  from  1  to  fi, 
the  index  03  has  any  value  from  1  to  ra,  and  so  on.  it  being  provided 
for  convenience  of  statement  that  no  r  shall  be  less  than  ft.  In 
B  we  can  have  minors  of  A  of  all  orders  from  1  to  ri,  and  the  product 
of  any  such  minor  D/,  and  its  cofactor  D'n  consists  of  terms  of  A. 

As  before,  At-  will  denote  a  determinant  obtained  from  A  by 
replacing  all  the  elements  of  B  by  zeros.  Lecat’s  theorem  may 
now  be  written: 

A-2DiD',-l-2I>a£>'a-.  •  .  t(-ir2D,.D'^- Ac-  (2) 

Without  change  of  language  our  proof  of  (1)  applies  to  (2). 

•  The  matter  of  signancy  is  more  fully  dealt  with  in  P-way  determinants, 
by  L.  H.  Rice,  .\mer.  Joum.  of  Math.,  Vol.  XL.  (1918),  pp.  242-261,  esp. 
at  p.  246. 
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It  is  noted  by  Lecat  that  a  sufficient  though  not  a  necessary’ 
condition  for 

^*0 

is  that 

We  may  formulate  a  proof  as  follows,  first  writing  the  inequality' 
in  the  form  2(m  — r<)<n.  Ac  will  vanish  if  there  is  no  term  of 
A  without  an  element  in  B.  If  we  start  to  form  such  a  term,  we 
have  freedom  in  the  first  direction  for  m  —  ri  of  its  elements,  free¬ 
dom  in  the  second  direction  for  n  —  r^  more  elements,  and  so  on, 
—  freedom  altogether  for  2(tt  —  r,)  elements  —  and  there  are  tt 
elements  to  be  accommodated. 

4.  Muir  now  groups  those  products  DuD'i,  in  which  the  D*’s 
occupy  the  same  selection  of  k  rows  of  B  and  replaces  them  by  a 
single  determinant  formed  from  A  by  replacing  the  portions  of 
these  k  rows  that  project  outside  B  by  zeros,  a  determinant  of 
which  obviously  this  group  of  products  is  simply  Laplace’s  expan¬ 
sion,  thus  converting  (1)  to  a  form  which  we  may  write  (essentially 
following  Muir): 

A-SAi  +  SAaT-  •  .  +  (-1)”^,- At.  (3) 

In  the  corresponding  conversion  of  (2)  made  by  Lecat,  layers 
of  the  first  direction  take  the  place  of  rows  (which  are  layers  of 
the  first  direction  in  the  2-way  case) ;  the  portions  of  these  layers 
projecting  beyond  B  being  replaced  by  zeros  in  the  selected  k 
layers.  The  result  may  be  written: 

A-SAi  +  SAa-.  .  .+(-l)’”A,.- At.  (4) 

5.  We  come  now  to  axial  forms,  and  first  to  Muir’s  theorem 
that  if  the  main  diagonal  of  a  2-way  determinant  A  be  taken  as 
the  space  C,  and  all  the  matrix  outside  it  as  B,  and  2  Ai  be  the 
sum  of  the  n  determinants  formed  from  A  by  replacing  one 
main  diagonal  element  by  a  zero,  and  so  on  up  to  Aa,  and  Ac 
be  of  course  now  simply  the  main  diagonal  term,  then 

a-2:a,+  .  .  . +(-!)" A.- V 

Cayley’s  expansion  is  here  depended  on  for  proof. 


(5) 
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This  relation  is  extended  by  Lecat  to  a  p-w&y  determinant 
A  in  whose  matrix  an  axial  s{)ace  is  delimited.  It  will  of  course 
be  understood  that  in  a  3-w’ay  or  cubic  determinant  two  types 
of  axial  space  exist,  for  besides  that  of  one  dimension  consisting 
of  a  diagonal  line  of  elements,  as 

Oiii  Om  Oin  .  .  .  ^nnnf 

there  are  axial  s{.)aces  of  two  dimensions,  as 


lain 

Oits 

Oui  •  • 

•  0|,, 

Olll 

II  • 

am 

Osu  .  . 

•  02,, 

1 

1 0,11 

0,22  o,,i,i  . 

^nnn 

In  a  matrix  of  four  dimensions  there  are  three  types,  illustrated 
by  the  princi|)al  axial  s^mces 

the  latter  being  of  three  dimensions.  In  general,  the  principal 
axial  space  of  k  dimensions  in  a  matrix  of  p  dimenions  is 
||a(»,i,  .  .  .  I*-, »*!*+,.  •.  .  »V)||.  .  .  .-V 

Let  this  Ar-W’ay  axial  space  be  denoted  by  C  and  the  remainder 
of  the  matrix  by  B.  The  complete  symmetry  of  form  now  makes 
it  immaterial  in  which  of  the  p  directions  we  replace  portions  of 
layers  by  zeros;  let  us  say  that  the  layers  of  the  wth  direction 
are  thus  altered,  and  with  the  consequent  meaning  of  1  Ai,  2  Ai, 
etc.,  and  At ,  Lecat’s  extension  is: 

A-2:a,+  2A,-.  .  .+(-!)"  A,- Ac,  (0) 

his  proof  being  by  means  of  his  laws  for  the  development  of  a 
determinant  in  minors  lying  in  an  axial  space,  given  in  a  former 
paper.  ^ 

It  is  noted  by  Lecat  that  if  the  wth  direction  precede  the  itth 
the  part  of  the  axial  space  that  lies  in  any  one  of  the  layers  will 
be  an  axial  space  of  /?— 1  dimensions  with  respect  to  the  matrix 
of  that  layer,  otherwise  it  will  be  a  couche  of  k— I  dimensions.’ 

V  A  ouche  of  one  dimension  is  a  flle;  of  two  dimensions,  a  sciuare  array 
(.-onsistinK  of  the  n*  elements  obtained  from  the  general  element  by  allowing 
two  indices  independently  to  take  values  from  1  to  n,  while  holding  fast  the 
other  p- 2  indices  at  any  set  of  fixed  values;  and  so  on,  the  extreme  being  a 
layer,  in  which  but  one  index  is  held  fast.  In  the  present  case,  to  hold  fast 
the  ilth  or  any  following  index  is  to  hold  fast  all  but  the  first  k—l  indices. 
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6.  A  highly  important  generalization  is  next  made  by  Lecat; 
he  says  that  the  spaces  B  and  C  need  have  no  regular  form  what¬ 
soever,  but  any  elements  of  the  matrix,  distributed  through  it  in 
any  manner,  may  constitute  class  B,  the  rest  of  the  elements 
constituting  class  C.  An  arbitrary-  direction  having  been  chosen, 
let  us  denote  by  ^  A bc'  the  sum  of  determinants  obtained  from 
A  by  replacing  in  one  layer  containing  elements  of  B  the  elements 
of  C  by  zeros;  by  £  Abc”  the  sum  obtained  by  doing  the  same  in 
two  layers;  and  so  on;  by  Ac  the  determinant  obtained  fnrni  A 
by  replacing  all  the  elements  of  B  by  zeros;  and,  for  uniformity, 
let  us  denote  by  Abc  the  determinant  A  itself.  Let  us  suppose 
that  there  are  elements  of  ^  in  r  layers.  Then  Lecat's  relation  is; 

— 2Ajic'"h  •  •  •  +(“  0^  AflcC)*  Ac-  (7) 

For  the  special  case  of  two  dimensions  of  course  the  layers 
are  rows  (or  columns).  Lecat  gives  examples  in  two,  three,  and 
four  dimensions;  following  is  his  first  example  in  two  dimensions;* 


.  .  c 

abc 

a  b  . 

abc 

a  b  , 

d  .  . 

- 

d  e  f 

- 

d  e  / 

- 

•  e  / 

+ 

■  e  f 

g  h  i 

g  h  i 

g  h  i 

g  h  i 

g  h  i 

7.  Since  no  proof  of  (7)  is  given  by  Lecat,  we  offer  a  proof  which 
follows  the  method  used  in  §2.  Any  term  of  A  in  which  just  t 
elements  belong  to  B  will  be  found  once  in  Aac(“  A),  t  times  in 

2  Aflc'.  times  in  2  Aac",  and  so  on,  and  thus  its  total  coeffi¬ 
cient  will  be 

i-i+i'j)-.  ■  .+(-i)'(;)-o. 

And  any  term  of  A  in  which  no  elements  belong  to  B  will  be 
found  only  in  Abc  and  in  Ac-  And  as  (7)  consists  wholly  of 
terms  of  A,  it  is  reduced  to  0-0. 

8.  Coming  now  to  the  matter  of  introducing  arbitrary  quanti¬ 
ties  in  place  of  zeros  in  the  foregoing  relations,  there  is  first  the 

*  In  his  second  example  in  two  dimensions  there  is  some  error  in  the  print¬ 
ing  for  the  total  coefficient  of  a  is  not  zero. 
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theorem  of  Muir  for  the  case  of  two  dimensions,  namely,  that  in 
(5)  the  2seros  that  replace  the  main  diagonal  elements  may  them¬ 
selves  be  replaced  by  arbitrary’  quantities  provided  that  these 
same  quantities  be  also  subtracted  from  the  corresponding  main 
diagonal  elements  in  A^-;  that  is,  if  the  main  diagonal  elements 
be  denoted  by  cu,  cn,  .  .  .  ,  and  the  arbitrary  quantities 
by  Cl/,  Cn,  .  .  .  ,  c,,',  we  now  have 

(Cii  — C|iO(c«  — CuO  .  .  . 

Lecat  states  the  rule  for  (b),  zeros  and  elements  of  the  axial 
space  being  affected  in  like  manner. 

9.  Muir  also  gave  a  rule  for  the  introduction  of  arbitrary 
quantities  in  (3).  Lecat,  however,  shows  by  means  of  an  example 
that  the  rule  is  not  correct;  but  does  not  himself  give  any  rule 
for  this  case  nor  undertake  to  find  a  rule  for  the  generalized  case 
of  (7). 

We  proceed  to  give  such  a  rule,  calling  it  Rule  1;  to  give  a 
simple  example  in  two  dimensions;  to  prove  the  correctness  of 
this  example;  and  then  to  prove  the  rule. 

Rule  1.  In  the  relation  (7)- the  zeros  that  replace  elements  of 
C  may  themselves  be  everywhere  replaced  by  arbitrary  quantities, 
one  to  each  place  in  the  matrix,  provided  that  these  same  quantities 
be  subtracted  from  the  corresponding  elements  of  Ac- 

For  illustration  take  the  example  following  (7).  Let  c'  and  d' 
be  arbitrary  quantities,  then  we  shall  have: 


.  c—c' 

a  b  c 

a  b  c' 

a  b  c 

a  b  c' 

d-d'.  . 

- 

d  e  f 

- 

d  e  j 

- 

d'e  f 

+ 

d'  e  f 

g  h  i 

>g  h  i 

g  h  i 

g  h  i 

g  h  i 

Proof:  this  is  simply  the  expansion  as  a  sum  of  determinants 
with  monomial  elements  of  the  determinant  with  binomial  ele¬ 
ments 

0—0  6—6  c—c' 
d—d'  e—e  f—f  . 
g  h  i 


1 


GENERALIZATION  OF  A  DETERMINANTAL  THEOREM  OF  FROBENIUS  12o 


Proof  of  Rule  1.  To  facilitate  the  proof  let  us  denote  the  ele¬ 
ments  of  B  by  the  carrier  letter  b  with  the  proper  locant  (suffix) 
and  those  of  C  by  c  with  the  proper  locant.  Form  a  determinant 
a'  from  A  by  subtracting  an  arbitrary  quantity  6'(a|  ...  a,) 
from  each  6(ai .  .  .  a^),  and  an  arbitrary  quantity  c' (a |.  .  .  ap) 
from  each  c(a|  .  ,  .  a^)  in  the  r  layers  containing  6’s.  Expanded 
as  a  sum  of  determinants  with  monomial  elements,  A'  will  yield 
2^  terms,  of  which  the  first  will  be  A,  the  next  r  will  each  have  one 

primed  layer,  the  next  (p  will  each  have  two  primed  layers,  and 
so  on,  up  to  a  single  determinant  with  r  primed  layers.  Now  place 
6'(a,  .  .  .  ap)~b{a^  .  .  .a,), 

which  makes  a'  identical  with  At  as  altered  by  Rule  1  and  makes 
the  expansion  identical  (signs  included)  with  the  altered  left 
member  of  (7). 

This  mode  of  proof  supplies  also  an  independent  proof  of  (7) 
itself,  if  we  place 

f)'(ai  .  .  .  a>)-f>(ai  •  •  •  “p).  c'(at  •  •  •  a>)-«- 

10.  A  second  rule  is  immediately  suggested: 

$  Rule  2.  In  the  relation  (7)  the  zeros  that  replace  elements  of 

i#  in  Ac  inay  themselves  be  replaced  by  arbitrary  quantities, 
provided  that  these  same  quantities  be  subtracted  from  the 
corresponding  elements  of  the  determinants  of  the  left  member 
wherever  in  the  layers  containing  these  elements  zeros  were 
substituted  for  elements  of  C  in  forming  (7). 

For  illustration  take  again  the  example  following  (7).  Let 
a",  b",  e”,  f”  be  arbitrary  quantities,  then  we  shall  have 


a’'b”  c 

a  b  c 

a-a'^b-b'*  . 

a  b  c 

d  f"/" 

- 

d  e  f 

- 

d  f  / 

- 

.  e-e''  f-f" 

g  h  i 

g  h  i 

g  h  i 

g  h  i 

o-a"6-6" 

+  .  f-f"  f-r 

g  A  * 
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This  is  simply  the  expansion  of 

o-o'  b-f  c-0 

d-0  e-e'  /-/' 
g  h  i 

with  o'  then  replaced  by  a— a",  etc. 

Rule  2,  therefore,  is  established  by  leaving  6'(ai  ...  a,) 
arbitrary  in  A'  and  then  making  the  substitution 

6'(a,  .  .  .  o^)»6(a,  .  .  ,  a^)-6"(a,  .  .  .  a,). 

Finally  it  is  to  be  observed  that  Rule  1  and  Rule  2  may  be 
ai)plied  in  succession  to  the  relation  (7). 


THE  DIRICHLET  PROBLEM 

By  Norbbrt  Wibnbr 

In  a  recent  paper  in  the  Comptes  rendus^  Lebesgue  points  out 
that  the  Dirichlet  problem  divides  itself  into  two  parts,  the  first 
of  which  is  the  determination  of  a  harmonic  function  correspond¬ 
ing  to  certain  boundary  conditions,  while  the  second  is  the  investi¬ 
gation  of  the  behaviour  of  this  function  in  the  neighborhood  of 
the  boundary.  In  a  paper  appearing  the  same  week*  the  author 
of  the  present  paper  made  the  same  remark  independently,  and 
went  on  to  give  a  precise  definition  of  the  sense  in  which  the 
harmonic  function  depends  on  the  boundary  conditions.  He 
proved,  moreover,  that  his  method  assigns  a  definite  harmonic 
function  to  any  continuous  boundary  condition  on  any  bounded 
set  of  points  in  any  number  of  dimensions.  In  particular,  he 
proved  the  theorem  that  the  potential  corresponding  to  boxmdary 
values  1  on  a  given  bounded  set  of  points  and  (in  three  or  more 
dimensions)  0  at  infinity  determines  in  his  sense  a  harmonic  fimc- 
tiort  generated  by  a  distribution  of  charge  (represented  by  a 
Stieltjes  integral)  over  the  bounded  set.  The  charge  on  no  region 
will  be  negative  The  total  amount  of  the  charge  will  be  known 
as  the  capacity  of  the  boundary  set  of  points.  Thus  every  bounded 
set  of  points,  whether  a  surface  or  not,  and  indeed  whether  meas¬ 
urable  or  not,  will  have  a  definite,  finite  capacity.  Moreover, 
if  Ct  is  a  set  of  points  containing  as  a  part  Cu  the  capacity  of  Cs 
will  at  least  equal  that  of  C\. 

To  rettun  to  Lebesgue:  like  the  author,  he  points  out  that  the 
solubility  of  the  EHrichlet  problem  in  the  classical  sense  for  a 
given  region  depends  only  on  the  im  Kleinen  properties  of  the 
boundary,  and  may  be  reduced  to  the  investigation  of  what  he 
terms  the  regularity  of  the  individual  points  of  the  boundary. 
A  point  0  of  the  boundary  B  of  a  set  of  points  D  is  termed  regular 

ijanuary  21,  1924. 

^Certain  Notions  in  Potential  Theory,  Jour.  Math.  Pkys.  M.  /.  T.,  January, 
1924. 
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if  whenever  F(P)  is  a  function  continuous  on  B,  and  /(P)  is 
the  corresponding  function  harmonic  over  D, 

lim  f{P)~FiO). 
p-*o 

This  must  hold  for  every  function  /  continuous  on  B. 

The  oldest  fairly  general  condition  for  the  regularity  of  a  point 
on  a  boundary  in  three-space  is  that  of  Poincard  and  Zaremba.* 
This  is  stated  by  Lebesgue  as  follows :  A  point  O  of  the  boundary 
of  a  domain  D  is  regular  if  it  is  the  vertex  of  a  closed  conical  sur~ 
face  the  interior  of  which  is  exterior  to  D.  A  result  obtained  by 
G.  E.  Raynor*  may  be  stated  as  follows:  A  point  0  of  the  boundary 
of  a  domain  D  is  regular  if  there  is  a  number  X  greater  than  zero 
such  that  there  exist  an  infinity  of  spheres  S  with  O  as  center 
and  such  that  the  measure  of  the  set  of  points  on  S  and  exterior 
to  D  exceeds  X  times  the  measure  of  the  surface  of  S.  This 
anticipates  and  contains  condition  A  of  Lebesgue,  which  reads: 
The  point  O  is  regular  if  on  each  sphere  with  center  0  and  radius 
r  there  is  a  point  exterior  to  D  and  distant  from  D  by  a  quantity 
at  least  equal  to  Kr,  K  being  a  given  positive  quantity.  Lebesgue 
also  quotes  a  condition  due  to  Bouligand,*  which  reads:  The 
point  O  is  regular  if  it  is  the  vertex  of  a  conical  surface,  open  or 
closed,  exterior  to  D. 

All  the  conditions  so  far  stated,  with  the  exception  of  that  of 
Raynor,  are  special  cases  of  one  published  by  H.  B.  Phillips  and 
the  author  of  the  present  paper*  prior  to  all  these  conditions 
except  that  of  Poincar^  and  Zaremba  In  its  three-dimensional 
form,  this  reads  as  follows:  The  point  O  is  regular  whenever  there 
are  positive  numbers  a  and  b  such  that  if  r<a  and  a  sphere  S  of  radius 
r  is  constructed  witlf  O  as  center,  the  content  of  the  projection  of  the 
points  in  S  and  not  in  D  cn  some  plane  exceeds  br*.  In  the  proof 
of  this  theorem,  only  a  denumerable  set  of  spheres  S  are  actually 
used.  If  the  theorem  be  stated  in  the  somewhat  generalized 

iPoincart,  Sur  let  iquations  aux  derivfes  bartielles  de  la  physique  matkimatique. 
Am.  J.  of  M.,  V.  12,  1890;  Zaremba,  5ur  le  principe  du  minimum,  BtUl. 
de  I' Ac.  des  Sc.  de  Cracovie,  1009. 

^Dirichlet's  Problem,  Annals  of  Mathematics,  dated  March,  1922,  but  not 
actually  published  until  the  end  of  March,  1923. 

.  bSur  le  problime  de  Dirichlet  harmonique,  Comptes  rendus,  January  2,  1024 

*  Sets  and  the  Dirichlet  Problem,  Jour.  Math.  Phys.  M.  I.  T.,  March,  1023. 
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form  involving  only  a  denumerable  set  of  spheres,  it  will  include 
that  of  Raynor. 

In  his  paper  on  Certain  Notions  in  Potential  Theory,  the  author 
gives  the  following  stifficient  condition  for  the  regularity  of  a 
point:  The  point  O  of  the  boundary  of  a  domain  D  is  regular 
if  there  is  a  sequence  of  values  of  r  tending  to  0  such  that  either: 

(а)  The  inner  Lebesgue  measure  of  the  points  on  a  sphere  of 
radius  r  exterior  to  D  in  terms  of  the  surface  of  the  sphere  itself; 
exceeds  a  positive  quantity  independent  of  r;  or 

(б)  The  capacity  of  the  part  of  the  boundary  of  D  interior  to  a 
sphere  of  radius  r  exceeds  M  times  the  capacity  of  the  sphere, 
M  being  independent  of  r. 

This  condition  includes  as  special  cases  all  those  previously 
mentioned.  It  is  to  be  noted  that  it  introduces  the  concept  of 
capacity.  This  is  rendered  possible  by  an  antecedent  proof  that 
every  bounded  set  of  points  has  a  capacity. 

Up  to  this  point  the  theory  has  dealt  with  conical  points  and 
their  immediate  generalizations.  We  next  turn  to  the  discussion 
of  cuspidal  points  and  their  generalizations.  The  published  work 
on  this  subject,  so  far  as  is  known  by  the  author,  is  entirely  due 
to  Lebesgue,^  who  gave  the  first  example*  of  a  simply  connected 
boundary  in  three-space  with  an  irregiilar  point.  Lebesgue’s 
results  in  this  direction  have  been  collected  in  his  recent  paper,  and 
read  as  follows;  If  there  is  a  segment  of  a  straight  line  (or  analytic 
curve)  terminating  at  the  point  O  of  the  boundary  of  the  domain 
D,  if  the  segment  is  entirely  exterior  to  D,  and  if  there  exist  positive 
numbers  A  and  B  such  that  if  P  is  a  point  of  the  segment,  its 
distance  from  D  exceeds  A  OP^,  0  is  regular.  P  there  exist  positive 
numbers  A  and  B  such  that  when  P  lies  on  the  segment,  OP^ 
OQ,  and 

-B 

PQ>Ae°^, 

Q  lies  in  D,  O  is  irregular.  Lebesgue  states  that  he  has  been 
unable  to  generalize  these  results  as  he  has  generalized  that  of 
Zaremba,  by  constructing  an  infinite  set  of  spheres  about  the 

T  Mr.  Gleason  of  Princeton,  however,  verbally  communicated  to  me  last 
year  several  very  interesting  results  in  this  direction  which  he  obtained 
several  years  ago,  before  Lebesgue  had  published  similar  results. 

*CompUs  rendus  des  sianus  dt  la  socieU  mathtmatique  de  France,  1913. 
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point  O,  marking  on  each  the  region  excluded  by  D,  and  rotating 
each  independently  about  O.  He  also  states  no  results  on  cuspidal 
points  reducing  to  flat  tongues. 

We  now  come  to  conditions  of  a  much  more  general  character. 
It  was  stated  by  Poincar^  and  repeated  by  Lebesgue  that  if  a 
point  is  regular  for  a  given  boundary,  it  is  regular  for  a  boundary 
entirely  interior  to  the  first  in  the.  neighborhood  of  this  point. 
Lebesgue  gives  the  following  necessary  and  sufficient  condition 
for  the  regularity  of  the  point  O.  For  a  point  O  of  the  boundary 
of  a  domain  D  to  be  regular,  it  is  necessary  and  sufficient  that 
there  exist  a  function  F  (x,  y,.z)  continuous  at  O,  attaining  its 
lower  bound  at  O  and  O  only,  and  such  that  everywhere  in  D 

dx*  dy*  d2»“ 

Other  forms  of  this  condition  are  stated  by  Lebesgue  and  Kellogg.* 
They  all  suffer  from  the  defect  of  involving  the  geometrical 
character  of  the  boundary  only  in  a  very  indirect  and  devious 
manner.  From  the  geometrical  point  of  view,  indeed,  they  are 
scarcely  more  than  restatements  of  the  regularity  of  O. 

It  is  the  purpose  of  this  paper  to  develop  a  complete  necessary 
and  sufficient  characterization  of  regular  points  which  shall  be 
at  least  quasi-geometrical.  Its  statement  reads  as  follows:  Let 
O  be  a  point  of  C,  the  boundary  of  an  open  set  of  points  D.  Let  X 
be  any  positive  quantity  less  than  1.  Let  y„  be  the  capacity  of  the 
set  of  all  points  Q  not  belonging  to  D  such  that 

X"<OG<X""*. 


Then  O  is  regular  or  irregular  according  as 


yilj} 

X  X* 


diverges  or  converges. 

In  order  to  prove  this  theorem,  it  will  be  necessary  to  repeat 
from  the  author’s  previous  paper  a  few  theorems  relating  to  the 
determination  of  a  harmonic  function  by  continuous  boundary 
conditions  on  an  arbitrary  boundary.  He  there  proved  that  if 
*Ah  Example  in  Potential  Theory,  Proc.  Am.  Ac.  Arts  and  Sciences,  1923. 
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C  is  any  closed  bounded  set  of  points,  and  F(P)  any  function 
continuous  on  this  set  of  points,  there  is  a  function  f{P)  harmonic 
except  on  C,  and  determined  by  F  in  the  following  manner. 
We  first  construct^*  a  continuous  fimction  g{P)  defined  through¬ 
out  space  and  reducing  to  F{P)  on  C.  We  then  construct  a  se¬ 
quence  of  boundaries  for  which  the  Dirichlet  problem  is  soluble, 
each  within  its  predecessor,  and  together  sharing  no  point  not 
on  C.  This  is  always  possible.  We  finally  form  the  sequence  of 
harmonic  functions  assiuning  the  boundary  values  g{P)  on  these 
boundaries.  Outside  C  this  sequence  will  converge  to  a  harmonic 
function  independent  of  g(P)  and  the  sequence  of  boundaries, 
and  entirely  determined  by  C  and  P(P).  In  the  particular  case 
where  P(P)  is  identically  1,  g{P)  may  also  be  taken  as  identi¬ 
cally  1. 

It  may  be  remarked  at  once  that  if  /(P)  and  g(P)  are  any, 
two  harmonic  functions  corresponding  to  boundary  values  P(P) 
and  G{P),  respectively,  on’ the  same  boundary  C,  and  if  through¬ 
out  C  we  have  F{P)  >G{F),  then  we  shall  always  have /(P)  >g(P). 
This  may  be  considerably  generalized;  let  Q  he  a  point  interior 
to  the  boundary  C,  and  let  C'  be  a  boundary  containing  Q  in 
its  interior.  Let  F{P)>G(P)  at  every  point  of  C  in  or  on  C\ 
and  let  fiP)>giP)  af  every  point  of  C'  interior  to  C.  Then 

/(0>«(Q). 

If  /(P)  is  the  harmonic  function  corresponding  to  1  on  the 
boundary  C,  if  C'  is  another  boundary  such  that  every  point 
of  C  is  on  or  exterior  to  C',  and  if  g{P)  is  the  harmonic  function 
corresponding  to  1  on  C',  while  both  /  and  g  correspond  to  a 
potential  0  at  infinity,  in  case  the  region  over  which  they  are 
defined  is  unbounded,  then  g(P)^(P)  at  any  point  where  both 
are  defined.  From  this  it  may  be  concluded  at  once  that  if  a 
given  set  of  points  completely  surrounds  another  set,  the  former 
set  has  a  capacity  at  least  as  large  as  the  latter. 

The  lemmas  of  the  last  two  paragraphs  are  readily  proved 
from  the  definition  given  by  the  author  of  the  sense  in  which 
the  generalized  Dirichlet  problem  is  soluble.  They  will  be  pre¬ 
supposed  without  explicit  reference  in  all  that  follows. 

For  the  possibility  of  this  construction,  see  Lebesgue,  Sur  le  probUme  de 
Dirichlet,  Rendiconti  ai  Palermo,  v.  24  (1907),  pp.  371-402. 
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We  now  proceed  to  the  proof  of  our  main  theorem.  We  first 
wish  to  show  that  if 


n*  +  21*  +  +  y- 

diverges,  O  is  regular.  It  is  to  be  noted  that  under  this  condition 
either 


or 


X* 


+  —  -f 


diverges. 

Let  Cn  be  the  set  of  all  points  exterior  to  D  in  the  zone  between 
a  sphere  of  radius  X"  about  O  as  center  and  a  sphere  of  radius  X""*. 
Its  capacity,  as  we  have  seen,  will  be  y,.  Now  consider  the  set 
of  points  consisting  of  all  points  contained  in  a  sphere  of  radius 
X»-8/2  about  O  as  center  and  exterior  to  C,.  We  wish  to  consider 
the  harmonic  function  corresponding  to  boundary  values  O 
over  the  sphere  and  1  over  C,.  This  function  we  shall  term  F^iP). 

To  begin  with  let  C,  consist  entirely  of  regular  points.  Let 
the  harmonic  function  F,(P)  —  1  on  C,  and  0  at  infinity  be  repre¬ 
sented  by  the  Stieltjes  integral 

SffPQ-^dMiQ). 

dM{Q)  will  here  be  everywhere  positive,  and  will  represent  the 
charge  over  the  rectangular  parallelepiped  dx  dy  dz.  It  will 
vanish  when  this  parallelepiped  contains  no  point  of  C*. 

The  Green’s  function  of  the  sphere  of  radius  C  about  O  is 


Gc(P,Q)-^- 

PQ 


C*-f  2^^ -20P  OQ  cos  (OP,  OQ) 


Let  it  be  noted  that 

Gc{P,Q)<l/PQ, 

and  that  if  P  and  Q  both  lie  at  a  distance  from  O  not  greater 
than  fiC  (#*<!), 


<^c(P.0>(l-p*)V8PO. 
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Hence  over  a  sphere  of  radius  X*~‘  about  O, 

O)dAf(O) 

>^^-^SS5PQ-^dM{Q). 

O 

The  function 

///(7x-3/a(P.  Q)dM{Q) 

is  harmonic  within  oiu*  sphere  of  radius  and  exterior  to  C, 
It  may  be  verified  at  once  that  it  vanishes  on  the  sphere.  It 
certainly  does  not  exceed  1  on  C,.  Hence 

P-(P)  >///<7A-^/a(P.  Q)dM{Q). 

This  can  be  generalized  at  once  to  the  case  where  C,  contains 
irregular  points,  by  taldng  a  set  of  regular  points  surrounding 
C«,  assigning  boundary  values  1  on  C.'  and  0  on  the  sphere,  and 
letting  Cn  shrink  to  C*,. 

On  a  sphere  of  radius  with  O  as  center  we  shall  have 

P.(P)  >  55 5 PQ-'^dMiQ) 

O 

>  ///iX‘-dA/(0). 

8 

_  (1-X)«  y, 

16X  X" ’ 

Now  let  us  consider  the  potential  on  a  sphere  of  radius 
corresponding  to  a  potential  of  0  on  a  sphere  of  radius  X"^'^  about 
0  and  a  potential  1  on  C,  and  C«+a.  This  will  be  a  potential 
corresponding  to  a  potential  at  least 

(1-X)»y, 

16X  X" 

on  a  sphere  of  raditis  about  O  and  1  on  C,+a.  Hence  it 
will  be  at  least  the  sum  of 
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and  the  potential  due  to  a  boundary  potential  of  0  on  a  sphere 
of  radius  about  O  and 


16X  X" 


on  C,+3.  In  other  words,  it  will  at  least  equal 


16X  X"J 

(1-X)«  y.+a~| 
16  X  X^J 


on  In  a  similar  manner,  the  potential  within  some  sphere 

about  0  corresponding  to  a  potential  1  on  C«,  C,+3,  .  .  .  , 

C,^3m  is  at  least 


(l-X)«y.Tr 

16X  X"JL 


1- 


(1-x)*  y.+ai  r,  _  (i-x)*  y,-Ham' 
16X  ‘  ■  L  16X 


Thus  the  potential  corresponding  to  a  potential  1  on  C,+a. 

.  .  .  .  ,  Cn.\.2m . assumes  continuously  the  boundary 

value  1  at  O  if 


1- 


(l-X)«y,.Ka^1 

16X  x»+*’-J“ 


1 


By  a  familiar  theorem  in  analysis,  this  will  be  the  case  when  and 
only  when 


A  \fi+2fPi 

m-O  A 

diverges. 

We  are  now  in  a  ppsition  to  proceed  to  a  demonstration  of  the 
regularity  of  O.  It  may  be  shown  immediately  by  the  alternating 
process,  as  in  my  previous  paper,  that  the  harmonic  function 
corresponding  to  boundary  values  1  on  C,+a,  .  .  .  and  0 
on  the  part  of  C  at  a  distance  at  least  X  from  O  is  continuous 
at  0.  It  is  easy  to  show,  howev'er,  that  this  latter  function  is 
dominated  by  the  harmonic  function  corresponding  to  any  con¬ 
tinuous  boundary  conditions  on  C  that  are  non-negative  and  are 
1  over  that  part  of  C  at  a  distance  from  O  not  exceeding  X"”*  . 
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It  follows  that  any  harmonic  function  corresponding  to  such 
boundary  conditions  on  C  is  continuous  at  O.  However,  any 
positive  boundary  conditions  continuous  at  O  and  there  alone 
attaining  their  maximum  value  1  can  be  reduced  to  boundary 
conditions  of  this  type  by  a  modification  not  exceeding  the  arbi¬ 
trarily  small  quantity  c.  Thus  the  harmonic  function  correspond¬ 
ing  to  these  new  boundary  conditions  cannot  have  an  oscillation 
of  more  than  c  at  O,  and  so  must  assume  its  boundary  values 
continuously.  Since  any  continuous  boundary  condition  may  be 
represented  linearly  in  terms  of  two  boundary  conditions  of  this 
sort,  O  is  regular.  Hence  0  is  regidar  if  either 


»+»+ . . 
X  X* 

•  +3^+  • 

or 

X*  X* 

•  •  • 

diverges,  and  consequently  if 

2!+»+  .  . 
X  X‘ 

■  +5+  •  • 

diverges. 

We  now  proceed  to -the  converse  of  this  theorem.  For  this  we 
need  a  lemma,  to  the  effect  that  if  0  is  a  regular  point  of  the 
boundary  of  the  domain  D,  then  given  any  positive  numbers 
rf  and  R,  there  is  a  positive  number  r  less  than  R  such  that  the 
potential  at  O  corresponding  to  a  boundary  potential  0  at  infinity 
and  1  on  the  set  of  points  exterior  to  D  and  lying  at  a  distance 
from  0  between  r  and  R  inclusive  exceeds  1— 'J?.  In  the  first 
place,  the  harmonic  function  F{P)  corresponding  to  boundary 
values  0  at  infinity  and  1  on  the  part  of  C,  the  boundary  of  D,  at 
a  distance  from  O  not  exceeding  R  assumes  its  boimdary  value 
tinuously  at  O,  as  may  be  seen  by  a  comparison  of  this  har¬ 
monic  function  with  one  corresponding  to  boundary  values  con¬ 
tinuous  on  C,  never  exceeding  1,  1  at  0,  and  0  on  the  part  of 
C  at  a  distance  at  least  R  from  O.  Hence  there  is  a  sphere  about 
O  such  that  in  the  part  of  this  sphere  within  D,  F{P)  exceeds 
1—17/2.  Furthermore,  there  is  a  smaller  sphere  about  0  such 
that  the  potential  on  the  larger  sphere  corresponding  to  a  potential 
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0  at  infinity  and  1  on  the  smaller  sphere  nowhere  exceeds  17/2. 
Let  the  radius  of  the  smaller  sphere  be  r.  Then  the  potential  on 
the  larger  sphere  corresponding  to  a  boundary  potential  of  0  at 
infinity  and  1  on  the  set  of  points  exterior  to  D  at  a  distance 
from  O  between  r  and  R,  inclusive,  exceeds  l—ff.  From  this 
fact,  and  the  fact  that  it  corresponds  to  boundary  values  1  over 
the  set  of  points  within  the  larger  sphere,  outside  the  sphere  of 
radius  r,  and  exterior  to  D,  it  may  readily  be  concluded  that  it 
exceeds  1— 17  at  0. 

Now  suppose  that 

4.r5-u 

converges.  Then  given  any  number  e,  it  is  possible  to  find  an  n 
such  that 


I- 

X" 


I  y»+p 

x"+' 


<< 


whatever  p  may  be.  The  potential  at  O  due  to  a  potential  1 
on  C,*  cannot  exceed  y^/X",  since  no  part  of  the  charge  on 
corresponding  to  this  potential  is  nearer  to  O  than  X"*.  Hence 
the  potential  at  O  corresponding  to  a  potential  1  on  , 

cannot  exceed 


^yji±p< 


€ 


Since  however  «  is  arbitrarily  small,  the  lemma  of  the  last  para¬ 
graph  shows  that  0  is  irregular. 

We  thus  have  obtained  a  necessary  and  sufficient  condition 
for  the  regularity  of  O  that  explicitly  involves  the  boundary. 
From  this  all  the  more  sfjecial  conditions  for  regularity  may  be 
deduced  at  once.  I  shall  not,  however,  discuss  them  all  in  detail, 
but  shall  proceed  at  once  to  the'  theory  of  monotone  cuspidal 
points  of  revolution.  We  shall  say  that  O  is  a  monotone  cuspidal 
point  of  revolution  of  the  boundary  of  £>  if  this  boundary  in  the 
neighborhood  of  0  is  a  reentrant  surface  with  equation 

in  some  scheme  of  spherical  coordinates,  where  f{p)  is  a  monotone 
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increasing  function  of  p  never  exceeding  ir  and  vanishing  for 
p— 0.  Let  us  write  <l>m  for  the  value  of  <f>  corresponding  to  p—  X", 
and  let  us  define  C„  and  as  before.  Then  Cm  will  be  entirely 
included  in  a  right  circular  cylinder  with  base  of  radius  X"”*  sin  <^m-i 
and  altitude  X"“*,  and  hence  in  a  prolate  spheroid  with  semi¬ 
axes  2X"^^  sin  <f>m-i,  2X"^*  sin  and  2X"^‘.  On  the  other  hand, 
C  will  ultimately  contain  a  right  circular  cylinder  with  base  of 

radias  X"  sin  ^m  and  altitude  ^ — -  X"*"*,  and  hence  a  prolate 

2 

spheroid  of  semi-axes  ^  X"^‘  sin  ^  X"~*  sin  <f>m,  and 

4  4 

— —  X"*"‘.  The  capacities  of  these  spheroids  are  respectively** 
4 

4X**~*  cos  <l>m-l 
log  cot  <f>m-l/2 

and 

X^fl-X)  cos  <f>m 
2  log  cot  <f>m/2 

Hence 

4  cos  i  >  y-  >  (1-X)  cos  if>m 
X  log  cot  ll2  ~  X"  ~  2  log  cot  <f>m/2 

It  then  follows  from  oiu:  general  theorem  that  0  is  regular  or 
irregular  according  as 

;  cos 
1  log  cot  ^m/2 

diverges  or  converges.  This  series,  however,  converges  or  diverges 
with 


1  log  <t>m 

since  the  ratio  between  corresp>onding  terms  tends  to  the  definite 
limit  1.  In  particular,  if  f(p)>  Ap"{A>0),  this  series  dominates 
a  harmonic  progression  and  diverges.  On  the  other  hand,  if 
Jeans,  Electricity  and  Magnetism,  p.  248. 
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f(p)<A*^,  this  series  is  dominated  by  a  geometric  progression 
with  ratio  between  0  and  1,  and  converges.  From  these  facts, 
Lebesgue's  results  as  to  cuspidal  points  with  finite  and  exponential 
order  of  contact  fcJlow  at  once. 

We  can  generalize  this  result  considerably  with  the  aid  of  a 
few  lemmas.  To  begin  with,  if  we  replace  the  boundary  in  the 
neighborhood  of  the  cuspidal  point  which  we  have  just  discussed 
by  a  certain  sequence  of  zones  of  one  base,  the  regularity  of  0 
will  remain  unchanged.  These  zones  are  chosen  in  the  following 
manner:  the  first  consists  in  those  points  exterior  to  D  at  a  dis¬ 
tance  Pi  from  O.  The  second  consists  in  those  points  exterior  to 
D  at  a  distance  pi—f{pi)  from  O.  The  third  consists  in  those 
points  at  a  distance  pi—f(pi)—fipi—fipi))  from  0,  and  so  on. 
Let  the  set  of  all  points  exterior  to  D  and  at  a  distance  between 
X"*  and  X"^*,  inclusive,  from  O  be  as  before.  Let  the  set  of  all 
points  on  the  zones  just  mentioned  between  a  distance  of  X"* 
and  X"'*  from  O,  inclusive  be  CJ.  It  will  be  noted  that  to  each 
point  of  Cm,  there  can  be  assigned  a  zone  of  CJ  or  Cm-i  bounded 
by  a  circle  of  radius  say  a,  such  that  the  point  in  question  is 
remote  from  the  furthest  point  of  the  zone  by  less  than  3a. 
The  capacity  of  the  zone  will  exceed  or  equal  2a/ tt.  Hence  to  a 
potential  of  1  on  CJ  and  Cm-\  there  will  correspond  a  potential 
at  least  2/37r  on  Cm  It  may  be  concluded  from  this  at  once  by  a 
comparison  of  the  potentials  at  distant  points  corresponding 
respectively  to  a  unit  potential  on  Cm  and  to  a  unit  potential  on 
Cm'  and  Cm-\  that  the  capacity  of  Cm  is  not  greater  than  3^/2 
times  the  sum  of  the  capacities  of  Cm'  and  Cm-\'.  From  this  the 
regularity  of  O  with  respect  to  the  boundary  consisting  of  the 
zones  just  defined  follows  at  once. 

The  next  lemma  re^ds  as  follows:  Let  5i,  Sj,  .  .  .  be  a  set  of 

sets  of  points  writh  capacities  (Ti,  <ri . Let  T\,  Tt,  .  . 

be  a  set  of  sets  of  points  with  capacities  t,,  Tj . Let  there 

be  positive  ntunbers  a  and  b  such  that  for  every  n,  o’,>o  t„,  while 
for  every  m  and  n,  the  lower  bound  of  the  distance  between  a 
point  of  Sm  and  a  point  of  5,  exceeds  b  times  the  upper  bound  of 
the  distance  of  a  point  of  Tm  from  a  pKwnt  of  7,.  Then  the  capacity 
of  the  set  of  p>oints 


5i+Si-i-  .  . 


1^ 


THB  DIRICHLBT  PROBLEM 


is  at  least  as  large  as  the  capacity  of  the  set  of  points 


Ti+  T,+ 


mtiltiplied  by 


The  proof  of  this  is  simple.  Suppose  Ti 4-7'*+  .  .  .  brought 
to  potential  1  by  a  distribution  of  charge,  and  let  the  charge 
then  found  on  7*  be  Transfer  this  charge  to  S*.  and  it  will 
raise  the  latter  set  of  pKrints  to  a  potential  not  exceeding  ot^/a. 
The  remainder  of  the  charge  is  similarly  transferred,  and  cannot 
raise  any  point  of  S„  to  a  potential  of  more  than  a»„/6.  We  thus 
have  a  positive  distribution  of  charge  over  .  .  .  which 

nowhere  on  the  boundary  of  this  set  gives  rise  to  a  potential 
greater  than  2a»,«(l/a+l/6),  while  the  total  amount  of  charge 
is  2o>„.  A  comparison  with  the  charge  necessary  to  bring  the 
whole  of  Si+Sj+  .  .  .  to  a  potential  I/0+I/6  completes  the 
proof  of  the  theorem. 

Combining  this  theorem  with  the  theorem  we  have  just  proved 
concerning  a  boundary  consisting  of  spherical  caps,  and  remember¬ 
ing  that  of  all  sets  of  points  on  the  surface  of  a  sphere  which  have 
a  given  area,  the  spherical  cap  has  the  least  capacity,  we  obtain 
the  following  theorem:  Let  O  be  a  point  of  the  boundary  of  a 
region  D.  Let  O'  be  a  monotone  cuspidal  point  of  revolution  on 
the  boundary  of  a  region  D'.  Let  O'  be  regular.  Let  us  construct 
spheres  about  0  and  O'  respectively  as  centers  with  radius  r. 
Let  the  areas  of  the  parts  of  D  and  D'  respectively  on  the  surface 
of  these  spheres  be  A  and  A'.  Then  if  for  aU  sujfficiently  small 
values  of  r  we  have  A<A',  0  is  regular. 

This  is  the  theorem  generalizing  Lebesgue’s  result  concerning 
cuspndal  points  as  he  generalized  2^remba’s  result  concerning 
conical  points.  There  is  another  generalization  of  the  Lebesgue 
result  which  resembles  rather  that  of  Bouligand  concerning  flat 
conical  points.  Let  us  return  to  our  sequence  of  zones  of  one  base 
terminating  in  a  regular  point  0.  It  will  be  noted  that  the  solid 
angle  subtended  by  one  of  these  zones  will  approach  0  as  we  tend 
to  0,  and  that  consequently  these  zones  will  tend  in  shape  to 
flat  discs.  Their  capacity  will  hence  tend  to  the  capacity  of  a  flat 
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disc  bounded  by  the  same  circle,  and  the  regularity  of  O  will 
not  be  affected  if  we  replace  each  zone  by  the  corresponding  flat 
disc.  If  we  replace  each  disc  by  a  disc  in  the  same  plane  and  with 
the  same  center,  but  with  a  third  the  radius,  we  shall  have  reduced 
the  capacity  of  each  disc  to  just  a  third  its  original  value.  If 
we  now  rotate  each  disc  about  its  center  in  such  a  manner  as  to 
bring  then)  all  into  a  single  plane  passing  through  0,  the  least 
distance  between  two  points  of  two  adjacent  discs  will  be  at 
least  a  ninth  of  the  greatest  distance  between  two  points  of  the 
corresponding  zones  in  the  original  figure.  Hence  O  will  still  be 
regular. 

It  is  manifestly  true,  as  Lebesgue  has  pointed  out,  that  if  two 
boundaries  have  a  point  in  common,  and  one  boundary  is  in  the 
neighborhood  of  this  point  entirely  exterior  to  another,  then  if 
the  point  is  regular  for  the  exterior  boundary,  it  is  also  regular 
for  the  interior  boundary.  This  indeed  follows  directly  from  our 
fundamental  theorem.  Thus  by  a  comparison  on  the  one  hand 
with  the  set  of  discs  we  have  just  discussed,  and  on  the  other  with 
a  monotone  cuspidal  point  of  revolution,  we  get  the  following 
criterion  for  the  regularity  of  a  cuspidal  point  on  a  lamina;  Let 
the  boundary  of  the  region  D  in  the  neighborhood  of  a  point  0 
consist  in  a  plane  lamina  containing  all  the  points  such  that 

e-m 

and  no  others,  in  a  scheme  of  polar  coordinates  in  the  plain  of  the 
lamina  with  O  as  origin.  Let  f{p)  be  a  monotone  increasing 
function  of  p  never  exceeding  v  and  vanishing  for  p  —  O.  Then 
O  is  regular  or  irregular  according  as 

00  1 

flog/(X-) 

diverges  or  converges. 

We  may  indeed  obtain  a  still  more  general  theorem  concerning 
flat  cuspidal  points.  To  begin  with,  a  unit  charge  uniformly 
distributed  over  any  region  with  a  plane  projection  of  area  A 
with  respect  to  its  projection  can  never  produce  a  greater  potential 
at  any  point  than  if  the  region  :s  a  circle  of  area  A,  and  the  point 
where  the  potential  is  taken  is  at  the  center  of  the  circle.  The 
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potential  at  the  center  of  the  circle  will  then  be  2 


This  means 


that  the  capacity  of  the  region  with  projection  of  area  A  is  at 

\a 

least  i  \  —  ,  since  a  charge  of  this  amount  will  correspond  to  a 

^  TT 

potential  nowhere  exceeding  1.  Now  the  capacity  of  a  circular 
2  I A 

disc  of  area  A  is  —  v  — .  Thus  the  capacity  of  any  region  of  pro- 

TT  ’  TT 

jection  A  is  at  least  v/4  times  as  great  as  the  capacity  of  a  circular 
disc  of  the  same  area.  Combining  this  fact  with  the  lemma  we 
have  just  proved  concerning  a  sequence  of  discs,  we  get  the  follow¬ 
ing  theorem:  Let  O  be  a  point  of  the  boundary  of  a  region  D.  Let 
O'  be  a  monotone  cuspidal  point  of  revolution  on  the  boundary  of 
a  region  D'.  Let  O'  be  regular.  Let  C  be  the  part  of  the  boundary 
of  D  lying  at  a  distance  of  from  r  to  r',  inclusive,  from  O,  and  let 
C  be  the  part  of  the  boundary  of  D'  similarly  situated  with  reference 
to  O'.  Then  if  for  all  sufficiently  small  values  of  r  and  r',  some 
projection  of  C  exceeds  C  in  area,  0  is  regular. 

So  much  for  the  three-dimensional  case:  the  theory  for  the 
n-diirensional  case  is  closely  similar.  For  m>3,  the  fundamental 
theorem  reads  as  follows:  Let  0  be  a  point  of  C,  the  boundary 
of  an  open  set  of  points  D,  in  a  space  of  n  dimensions.  Let  X 
be  any  positive  quantity  less  than  1.  Let  be  the  capacity  of  the 
set  of  all  points  Q  not  belonging  to  D,  such  that 


Then  0  is  regular  or  irregular  according  as 


JXl. 

X"-* 


+ 


+  . 


.  .  + 


+  .  .  . 


diverges  or  converges. 

Here  the  proof  differs  in  no  essential  point  from  that  in  the 
three-dimensional  case.  In  the  two-dimensional  case,  a  slight 
complication  is  introduced  by  the  fact  that  the  potential  due  to 
an  isolated  charge  has  a  logarithmic  singularity  at  infinity  instead 
of  vanishing  there.  This  necessitates  a  recasting  of  the  definition 
of  capacity.  The  fundamental  existence  theorem  in  my  previous 
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paper  is  stated  in  an  incorrect  fashion,  although  the  subsequent 
work  of  the  paper  is  perfectly  correct,  and  follows  immediately 
from  the  correct  theorem.  To  begin  with,  let  /?  be  a  bounded 
set  of  points  in  the  plane,  and  let  it  contain  a  point  O  in  its  interior. 
Form  the  harmonic  function  /(P)  corresponding  to  the  boundary 
values  log  OP  for  points  P  on  R  and  finite  at  infinity.  Let  this 
fimction  asstune  the  value  — a  at  infinity.  Then  we  shall  say  that 
the  function 

/(P)— log  OP+a 
a 

corresponds  to  boundary  values  1  on  P  and  behaves  like  log  OP 
at  infinity.  This  function  will  always  exist  if  R  contains  points 
properly  in  its  interior  and  is  of  sufficiently  small  linear  dimen¬ 
sions.  The  condition  that  R  should  contain  points  properly  in 
its  interior  is  inessential,  if  we  follow  out  the  spirit  of  my  last 
paper  by  regarding  the  harmonic  function  corresponding  to 
boundary  values  1  on  P  and  behaving  like  log  OP  at  infinity  as 
the  lower  bound  (which  will  always  exist  if  P  is  small  enough) 
of  the  harmonic  functions  corresponding  to  boundary  values  1 
on  contours  near  to  P  and  containing  P  and  behaving  like  log  OP 
at  infinity.  The  harmonic  function  thus  obtained  may  readily 
be  proved  unique,  and  independent  of  O. 

The  proper  form  of  the  existence  theorem  for  capacity  in  the 
two-dimensional  case  is  the  legitimate  conclusion  of  the  argu¬ 
ment  used  in  deriving  the  erroneous  theorem  of  my  previous 
paper,  and  reads  as  follows:  Let  R  be  any  bounded  set  of  points 
in  the  plane,  entirely  within  a  rectangle  with  opposite  corners  (oi,  a*) 
attd  (6i,  bt),  and  let 

Ibi — 6i|<l,  jot — 6t|  <1. 

Let  u{P)  behave  like  log  OP  at  infinity,  and  correspond  to  boundary 
values  1  over  R.  Then  there  will  be  a  function  M{P)  representing 
the  charge  on  that  portion  of  R  consisting  of  points  with  both  coordi¬ 
nates  less  than  those  of  P.  Af  (P)  voill  be  an  increasing  function  of 
the  coordinates  of  P.  Over  every  point  Q  exterior  to  R  we  shall  have 

«(0)-/lit;(-iogP0)dM(P) 
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Moreover,  if  the  rectangle  with  opposite  vertices  {x\,  xt)  and  {yi,  y*) 
is  entirely  exterior  to  R,  then 

SlSldM{P)~0, 

We  shall  term 

S^SldMiP) 

the  cap>acity  of  R. 

With  this  definition,  our  cardinal  theorem  is  the  following: 
Let  O  be  a  point  of  C,  the  boundary  of  an  open  set  of  points  D 
in  the  plane.  Let  X  be  any  positive  quantity  less  than  1.  Let 
be  the  capacity  of  the  set  of  all  points  Q  not  belonging  to  D,  such 
that 


Then  O  is  regular  or  irregular  according  as 


ri+2y,+  .  .  .  +2"y„+  .  .  . 


diverges  or  converges. 

The  proof  follows  that  in  the  three-dimensional  case  step  by 
step.  It  is  of  course  necessary  to  take  account  of  the  fact  that 
the  logarithm  assumes  positive  as  well  as  negative  values,  but 
any  difficulty  from  this  source  may  be  avoided  by  confining  our 
attention  to  the  interior  of  a  circle  of  radius  less  than  1/2  about  O. 
The  fact  that  the  bounds  of  OQ  for  points  Q  on  are  X*"  and  X*"" 
is  accounted  for  by  the  fact  that  the  potential  at  O  due  to  a  imit 


charge  at  Q  will  then  lie  between  the  numbers  2’"  log  and  2"“*  log  i. 


which  bear  to  one  another  a  fixed  ratio.  There  is  one  stage  of  the 
proof  which  perhaps  needs  a  little  comment:  that  in  which  we 
determine  the  potential  on  a  given  circle  about  the  origin  corre¬ 
sponding  to  a  potential  0  on  a  circle  of  larger  radius  and  1  on 
Ym.  We  shall  take  the  radius  of  the  outer  circle  as  X*  ,  and 
that  of  the  smaller  circle  as  X*  .  We  desire  a  theorem  correlat¬ 
ing  the  potential  due  to  a  potential  1  on  ^nd  0  at  infinity  with 
the  potential  in  question.  As  before,  we  do  this  by  establishing 
certain  inequalities  connecting  the  Green’s  function  of  the  outer 
circle  with  —log  PQ,  the  Green’s  function  of  the  entire  plane. 
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If  we  write  c  for  the  radim  of  the  outer  circle,  its  Green’s  function 

will  be  _ 

OP*  OQ^  o/Td  TvS  tnb  /vSl 


G{P,Q)^i  log 


i  log 


c»+ 


-20P  OQ  cos  {OP,  OQ) 


OP*+O0*-2OP  OQ  cos  (OP.  OQ) 

»(-?)('-?)  l 


PQ* 


We  shall  always  have  G{P,  Q)S.~  ‘Og  PQ-  If  c—  X*  '  ,  while 
P  and  Q  lie  within  a  circle  about  0  of  radius  X*"~\  we  shall  have 

,  (a-i'Ds"-*!  X _ 


G{P,Q)>\  log 


[1-X^ 


>  Jlog 


X* 


pg* 


^PQ* 

>  (log  X)2’-®^-log  4-log  PQ 


for  all  sufficiently  large  values  of  m.  Furthermore, 

-log  -log  2-log  X**"-* 

-  -log  2-log  '"a 

-  -log  2— V2  log 

Hence  for  all  sufficiently  large  values  of  m, 

(-log  X)2’-=*^+log  4<  ^log  PQ 

It  follows  that  for  all  sufficiently  large  values  of  m,  we  shall  have 
G{P,Q)> 2  log  PQ. 

With  this  we  are  in  a  position  to  proceed  with  our  two-dimensional 
theorem  in  a  fashion  exactly  paralleling  that  employed  in  the 
demonstration  of  our  theorem  in  three  dimensions. 

The  classical  sufficient  condition  for  the  solubility  of  the  plane 
Dirichlet  problem  is  that  of  Lebesgue**.  It  may  be  stated  as 
follows:  A  point  O  of  the  boundary  of  a  region  D  is  regular  unless 
it  is  possible  to  construct  a  circle  of  arbitrarily  small  radius  about  O 
^Rendiconti  di  Palermo,  loc.  cit. 
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which  will  lie  entirely  interior  to  D.  This  is  completely  contained 
in  two  conditions,  givpn  by  Phillips  and  the  author,  and  the 
author  alone,  respectively,  which  are  entirely  parallel  to  the  three- 
dimensional  conditions  given  earlier  in  this  paper.  They  may 
readily  be  deduced  from  the  general  condition  here  given,  the 
series  whose  divergence  is  to  be  investigated  reducing  to  the  form 

A-\-A-\-  .  .  .  +A+  .  . 

A  plane  p>roblem  of  particular  interest  has  been  discussed  by 
Kellogg  in  the  memoir  already  cited.  He  discusses  the  boundary 
consisting  of  all  points  on  the  segment  (0,  1)  which  have  a  repre¬ 
sentation  in  ternary  fractions  not  containing  the  digit  2,  and 
shows  that  every  point  of  it  is  regular.  If  we  wish  to  bring  this 
under  our  general  theorem,  we  must  first  show  that  this  set  has 
a  non-zero  capacity,  or  in  other  words  that  it  is  possible  to  dis¬ 
tribute  over  it  a  positive  charge  without  producing  anywhere  an 
infinite  potential.  This  we  do  as  follows:  like  Kellogg,  we  form 
the  function  /(*)  which  has  the  value  0  for  x  —  Q,  1  for  *=1, 
1/2  for  1/3  <*<  2/3,  1/4  for  1/9  <;c<  2/9,  3/4  for  7/9  <x< 
8/9,  and  so  on.  Then  the  function 

-s\  log  xdf{x) 

is  bounded,  for  it  never  exceeds 

log  6-1- 1/2  log  18-1-1/4  log  54-f  .  .  . 

-log  2(l-l-l/2+l/4-l- . .  .)-|-log  + 

\  4  8  16  y 

<2  log  2  -I-  5  log  3. 

Hence  a  fortiori  the  function 

-s\  log  OP  dfiO) 

is  bounded. 

If  the  capacity  of  Kellogg’s  set  of  points  is  at  least  C,  the  capacity 

Q 

of  each  non-null  third  is  at  least - - - ,  of  each  non-null 

l+C  log  3 

C 

ninth  ,  .  ■  . — TT  •  and  so  on  indefinitely.  Moreover  if  0  is  a 
l-l-Clog9 

point  of  Kellogg’s  set,  will  contain  at  least  one  non-null 


146 


WIENER 


l/3*'*'*th  for  all  stifficiently  large  values  of  m,  where 
1/3*”*  >  >1/3*.  Hence  the  test-series  dominates 

+  I  .  ^  I  I 

1-2“  ‘C  log  )i+log27  l-2"ClogX+log27 

which  diverges.  Thus  Kellogg’s  case  comes  under  our  general 
theory,  even  though  it  can  be  treated  somewhat  more  elegantly 
by  Kellogg’s  direct  methods**. 

W  Since  this  paper  has  gone  to  the  printer,  the  author  has  become  more 
closely  acquaint^  with  the  very  important  researches  of  M.  Georges 
Bouligand.  These  go  back  to  his  Pans  thesis  of  1914  on  the  Green  and 
Neumann  functions  of  the  cylinder,  and  culminate  in  a  paper  in  the  CompUs 
rtndus  for  March  24,  1924,  yielding  conditions  of  regularity  comparable  in 
generality  to  those  here  given.  In  the  latter  paper  are  contained  very  many 
references  to  his  previous  work,  which  has  appeared  for  the  most  part  in  the 
CompUs  rmdus.  His  treatment  depends  upon  the  discussion  of  infinite 
regions,  and  the  use  of  inversions  and  Kelvin  transformations. 


ON  TAUTOCHRONOUS  MOTION 

By  S.  D.  Zeldin 


The  differential  equation 

F^y"^-\-A(x,  y,  5(x,  y,  y)y"-¥C{x,  y,  y)“0. 


where  A,  B  and  C  are  arbitrary  functions  of  y  and  y’,  represents 
the  singly  infinite  system  of  tautochrones  having  the  following 
property:  At  any  point  {x,  y)  of  the  plane  in  a  given  direction  y' 
due  to  a  positional  force,  each  tautochrone  of  the  system  corre¬ 
sponds  to  a  different  value  of  the  time  constant.  The  focal  ciu’ve 
of  this  system  is  a  bicircular  quartic  having  a  flecnode  at  the 
point,  the  stationary  tangent  at  that  point  having  the  given 
direction  y'.  An  additional  property  of  this  system  is  —  that  it 
is  converted  by  the  general  point  transformation  into  a  system 
of  the  same  type.* 

It  is  clear,  however,  that  the  forms  oi  A,  B  and  C  will  differ 
for  different  point  transformations.  In  this  paper  we  determine 
the  forms  oi  A,  B  and  C  for  all  the  groups  of  point  transformations 
of  the  plane.  The  groups  that  we  are  here  considering  have  all 
been  determined  by  Si  Lie.* 

According  to  Lie’s  theory,  the  equation  is  invariant 

under  a  given  infinitesimal  transformation 

ox  oy 

if 


where 


+-By 
dx  dy 


0, 


d(8y"*>) 

dx 


..(0  d(Sx) 
dx 


In  what  follows  we  consider  the  twenty-seven  groups  of  point 
transformations  of  the  plane.  Each  group  is  given  by  its  infini¬ 
tesimal  transformations  and  its  differential  invariants. 

*  H.  W.  Reddick,  Am.  Journal  of  Math.,  Vol.  32,  p.  376. 

*  Mathematischc  Annalen,  t.  XXXII,  p.  213;  See  alio,  A.  Guldb^,  Rend, 
del  Cirook)  Mat.  di  Palermo,  t.  XXI,  p.  67. 
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1.  The  one-parameter  group 
P 

dx 

with  its  differential  invariants 

has  for  its  infinitesimal  increments 

Sx  “  Sy  *  By'  ■■  By"  ■«  By'"  **  0. 

Therefore,  it  leaves  the  equation  F—0  invariant,  if 

Bf  = 

where 

.  BA  ^  BB  ^  dC 

''•"aT’ 

vx  ox  ox 

Equating  to  zero  the  coefficients  of  the  different  powers  of  y", 
we  find  that 

In  other  words,  A,  B  and  C  must  be  functions  of  y  and  y  alone. 


2.  The  two-f)arameter  group 

„.xt+n 

with  its  two  differential  invariants 

<^i  =  y"x,  <fh  *  y 

leaves  the  equation  F'-'O  invariant,  if  each  of  its  transformations 
leaves  it  invariant. 

The  transformation  q  admits  the  equation  F=0,  if  • 

Ay~B,^Cy~0.  (1) 

The  transformation  xp+yq  gives 

.Bx^xBt,  Syatj’Sl,  8y=:0,  By"’^—y"Bt,  By'"=*—2y'"Bt. 

Substituting  these  values  in  the  equation 

■  SFs  !!fSx+  ^Sy+  ^/+  ^S/'+  JlSy'".0. 

Bx  By  By'  By"  By'" 

we  obtain 

xA,0>"^+ixB,+B)y"A-xC,A‘2C~0, 
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and  equating  the  coefficients  of  y"*,  yf'  and  (yO*  to  zero,  we  get 
the  equations 

y4,-0,  *C,+2C-0.  (2) 

Solving  equations  (1)  and  (2)  simultaneously,  we  find  that  the 
equation  F— 0  is  invariant  under  the  given  two-parameter  group, 
if 

A^Aiy'),  C-ic,(y). 

where  A,  B\  amd  C\  are  arbitrary  functions  of  /  alone. 


3.  The  two-parameter  group 

9.  >*9. 

with  its  two  differential  invariants 

y 

gives  for  the  transformation  q 

=  0,  8y  “  8l,  8y'  aa  8y"  *■  8y'"  =  0. 

Therefore, 

A,=  B,~Cy  =  0. 

Now  the  transformation  yq  gives 

8x=o,  8y^y8t,  8y'^y8t,  8y"^y'8t,  8y"~y"8t, 
Substituting  these  values  in  the  equation  8f  >*0,  we  get 
A-\-y'Ay'  =  0,  By-^0,  yCy— C=0. 

Therefore,  we  must  have 

A^LAiix),  B^Biix).  C~yCiix). 

y 

where  Ai,  Bi  and  Ci  are  arbitrary  functions  of  x  alone. 

4.  The  three-parameter  group 

P.  9.  W. 

with  its  two  differential  invariants 

9i-— •  — *  . 


160 


ZELDIN 


will  leave  the  equation  F— 0  invariant,  if 

B~kt,  c~k»y, 

y 

where  ki,  kt  and  kt  are  arbitrary  constants.  This  can  be  proven 
by  the  aid  of  articles  1  and  3. 

5.  The  three-parameter  group 

p,  q,  xp-\-ayq  (o^,  1), 
with  its  two  differential  invariants 

will  leave  the  equation  F— 0  invariant,  if 

_L 

A~kjy\  F-VCvO-*.  C-VCk')-'. 
where  k\,  kt  and  kt  are  arbitrary  constants.  This  can  be  proven 
as  follows: 

The  transformations  p  and  q  leave  F—O  invariant,  if 

A,~B,~C,~Ay~By~Cy~Q.  (3) 

Now,  the  transformation  xp-^ayq  gives 

By^aySt,  By'^{a—l)y'Bt,  Sy"  — (a  — 2)y"8/, 

Sy"-(a-3)/"8/. 

Substituting  these  expressions  in  the  equation  SF  —  0,  we  get 
A+yAy~0,  F+(a-l)y'B,.-0.  (o- l)yC,.-(a-3)C-=0. 

These  last  equations  together  with  equations  (3)  give 
t  _L 

A^k^/y,  B^kt/(yT\,  C-V(y)-‘ 

6.  The  three-parameter  group 

9.  w.  y<i> 

with  its  two  differential  invariants 

,  .  yy-w{yy 

'  •  w 
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has  the  infinitesimal  increments  (with  regard  to  alone) 

S*  — 0,  8/  — 2>7'8i,  ^y'* ’^[2yy"-\-2(y)*]Bt, 

Sy''>~{2yy'"+6yy')St. 

Substituting  these  values  of  the  infinitesimal  increments  in  the 
equation  Sf  —  O,  and  making  use  of  the  results  obtained  in  arti¬ 
cle  3,  we  find  that  F  — 0  is  invariant  under  this  group,  if 
A~-3/2y,  B~0,  C-^yCix). 

7.  The  three-parameter  group 

p+q,  xp+yq.  x*p+y*q, 
with  its  two  differential  invariants 

<l>,  -  (x-y)y'(yr^''^+2l(y)^+(yr^  ] 

<lH~{x-y)'y"'(y)-^  +6<A,[  (>0^+ ckO'^i 

will  leave  the  equation  F*0  invariant,  if 

A-o.  B.Sk-tll+sM!, 

x-y 

^_6y'y^+  l)+2c,(/)"^V-  D-f  ciCvQ’* 

{x-y)' 

where  ct  and  Ci  are  arbitrary  constants.  In  order  to  prove,  this, 
let  us,  first,  find  the  forms  oi  A,  B  and  C,  when  F  =  0  is  invariant 
under  p-\-q  alone.  Here 

8a;  8l,  8y  »  8/,  8^' »  8_y"  »  8y'"  «*  0. 

Substituting  these  values  in  the  equation  8F  —  0,  we  find  that 

Af-^Ay  =  0,  Bji~\~  By^O,  CxA’Cy^O,  (o) 

Now,  the  transformation  xp-\-yq  gives 

Sx^xSt,  Sy=*y8t,  8y*0,  Sy"‘^—y"8t,  Sy'"  ** —2y'"8t. 

Substituting  these  values  in  the  equation  8f»0,  we  find  that,  in 
order  that  the  equation  F»0  be  invariant  under  p+q  and  xp^yq, 
the  functions  A,  B  and  C  must  satisfy  also  the  equations 

xAxA-yBy^O, 

xBgA'yBy’^  B  (6) 

*C,+>C,+2C-0. 
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Finally,  the  transformation  x*p+^q  has  for  its  infinitesimal 
increments 

8x^x*8t,  8y^y*8t,  8y'^(2yy'  —  2xy')8t, 

8y"-m(2y'*-i-2yy"-2y'-4xy")^, 

8/"  -  (6y  V'+ 2xv'"  -  6y"  -  6xy'")St. 


Substituting;  these  values  in  the  equation  8f  — 0,  we  find  that 
A ,  B  and  C  must  satisfy  the  equations 


:AA,+y*Ay+i2yy'-2xy')Ay0. 

4/(y'-  l)>H-*»fl.+y*B,-|-(2yy-2x/)f^y+6(/- 1)  -0. 


ic) 


{2y^  -  2/)B+xK:,+fCy+  (2yy'  -  2xy)Cy>  ~  0. 


Solving  the  equations  (a),  (6)  and  (c)  simultaneously,  we  find  that 
F“0  is  invariant  under  the  given  three-parameter  group,  if 

^.0,  b.«0:Z±1)±£M!‘. 

x-y 

and 

l)-t-2ct(y0^^(/-  l)-Hc,(/)« 

{x-y)' 

where  Ct  and  <r»  are  arbitrary  constants. 

8.  The  three-parameter  group 

p,  xpA-yq,  x'p-\-2xyq, 
with  its  two  differential  invariants 

<f>i  -  2yy"  -  (/)*,  <f>t  - 
has  the  following  infinitesimal  increments: 

for  p,  8*  — 8i,  8y  — 8y'  —  8/'«8/"— 0, 

for  xp-\-yq,  8x^x8/,  8y^y8t,  8y'^0,  8y"~—y"8t,- 

8y"-  -2/"8/. 

for  }Ap-{-2xyq,  8x  — x*8i,  8y  — 2*y8/,  8y  — 2y8<, 

8/'  -  (2/  -  2xy")8t,  8/"  -  -  4*/"8i. 


The  equation  F—0  is  invariant  under  p,  if 

{e) 
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it  is  invariant  under  xp-\-yq,  if 

xAg+yA,^0,  I 
xBg+yBy+B—O,  r 
*C*-f")'Cy-+-2C“0;  J 
and  it  is  invariant  under  x*p+2xyq,  if 
x*At+2xyAy’^2yAy‘^0 
x*B,+2xyBy+2yBy-\-AyA  +2xB~0, 
x*C.+2*>C,+2>C,-+2/B  +ixC  -0. 


(/) 


0) 


Solving  equations  (e),  (J)  and  (j)  simulataneously,  we  find  that  the 
equation  F—0  is  invariant  under  this  three-parameter  group,  if 

A~ku  B~^[k,^ki{y)*], 

c-^[-*-w+^(y)*+*.] 

where  ki,  kt  and  kt  are  arbitrary  constants. 


9.  TTie  three-parameter  group 
P.  <7. 

with  its  two  differential  invariants 


leaves  equation  F—0  invariant,  if  the  following  equations  are 
satisfied : 

“  C,  « -  C,  -  0, 

xAx+yAy^O, 
xBg-\~yBy-^-  B  ’^0, 

xCj, -|- yCy + 2C  “  0 .  * 


Therefore,  we  must  have 

A-A{y),  B~0.  C-0. 

sPor  proof,  S3e  articles  1,  2,  8. 
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10.  The  four-parameter  group 

p,  q.  yq,  xp. 


with  its  two  differential  invariants 

(y'r  iyv 


will  leave  the  equation  F=“0  invariant,  if  A,  B  and  C  satisfy  the 
equations 

Ay^  By^Cy^O, 

A+y'Ay~0,  By~0,  yCy'-C^O, 

B~0,  3C-/Cy-0. 


Therefore,  we  must  have 

A^kily’, 

where  ki  is  an  arbitrary  constant. 


11.  The  four-parameter  group 

p.  q,  yq<  yq. 


with  its  two  differential  invariants 

,  yV^^-3/2(yT  ±  {VYy"' -Ay'^Y'^Z^yy 

(yy  ’  (yy 

leaves  invariant  the  equation  F*0,  if  A,  B  and  C  satisfy  the 
equations 

;4-t-yi4y=0,  By>»Q,  yCy>—C^Q, 

3+y/l-O,  B  =  0. 

Therefore  , 

A~-ziy.  B~Q.  c~ky. 


12.  The  five-parameter  group 

P.  yq,  xp,  x'pA-xyq, 


with  its  two  differential  invariants 
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leaves  invariant  the  equation  F— 0,  if  A,  B  and  C  satisfy  the 
equations  ' 

A+y'Ay'+yAy^O,  y'Fy-j-yFy—O,  yCy+yCy—C^O, 

A+y'Ay-O,  B-yBy-0,  3C-yCy-0, 

Ay>+xAy~0,  ~Z+2xBA-(y-xy')By>+xyB^0, 

xyCy-\-{y—xy)Cy‘-\-5xC  -  0. 

Solving  the  above  equations,  we  find  that 

>1-0.  B^Zy'/y,  C-0. 


13.  The  five-parameter  group 

P.  9.  *9.  yP.  xp-yq, 
with  its  two  differential  invariants 


,  „xg/a - » 


3(y'0  V-  15yy"y"+— (/'O^ 


(y/)8/3  •  'T  ^^4 

leaves  the  equation  F  — 0  invariant,  if  ^4,  F  and  C  satisfy  the 
equations 

yl,  «  VI,  -  F,  -  5,  -  C,  -  C,  -  0, 

i4y  *  Fy  *Cy*0, 

3+2yM-0,  F-C-/1-0. 

But  the  equations  involving  A  are  inconsistent,  therefore,  the 
equation  F“0  is  not  invariant  under  the  given  five-parameter 
group. 


14.  The  five-parameter  group 

P.  9.  W.  xp,  yq, 
with  its  two  differential  invariants 


y  y)* 


/V"  (y")* 


156 


ZELDIN 


admits  the  equation  F— 0,  if  A,  B  and  C  satisfy  the  equations 

A+y'Ay-^O,  Fy*0,  yCy—C^O, 

3+yi4«0.  B~0,  3C-yCy-0. 

Solving  these  equations,  we  find  that 


15.  The  six-parameter  group 

P,  <7.  xq,  yq,  xp,  yp. 


with  its  two  differential  invariants 

I  _  3(/0V-  15/y'V''+40/3(/")\ 

[3yv''-5y")*i“^* 

.  ^ 3(yO«y^-21(/OyV4-35y^^(/^Oy^-35/3(y^^O\ 

I3yy''-5y")*]* 

does  not  admit  the  equation  F“0,  since  its  four  transformations 
P,  q,  xq,  yp, 

give  rise  to  inconsistent  equations  (see  Article  13). 


16.  The  six-parameter  group 

A  q,  yq,  xp,  y^q,  x'p. 


with  its  two  differential  invariants 


.  4o»cu"  — 5(w')*  j.  4o)*a»'"— 18a)ai'a»"+15(a»')* 

<^l*i - - - ,  - 


where 


do)  „  (Pat  Pat 

— ,  «u"  *  — •  a»  *«  — 
dx  dx*  dP ' 
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leaves  F— 0  invariant,  if  the  equations 

— Fy—Ca—C,— 0, 

A+y'Ay^O,  ByO,  yCy-C-0, 

3-|-y.4-0,  B-0,  3C-yc,.-o. 

3+2yi4-0 

are  satisfied.  But  these  equations  are  inconsistent.  Therefore, 
the  equation  F  —  0  is  not  invariant  under  the  given  six-parameter 
group. 


17.  The  eight-parameter  group 

p,  q,  xq,  yq,  xp,  yp,  x'p+xyq,  xyp-\-j^q, 

with  its  two  differential  invariants 

j.  _  2pi/H - 35/>,p,» -7 (pi- 5/3pi*)* 

p3(p*-^P*P*-^^P2^-^^(p*~p7pi  1 

xC-W-K'-l'')' 


where 


fH~3y''y^-4(y”y,  Pi  =  -l3(y'ry''-^5y"y"y''+40(y"y]. 

p,  =  siy")*y'^  -  24(y")*y"y + GOy"  (/")*/''  -  40(y'")*, 

p, = 9Cv")  V"-  io5(yov'y '+42oyo  V-  7oo>'"Cv"0y'' 


1120. 


p,-  27(y')y"'-48y"ps-24.35(y'0*F4-  16.40y")*Fi 

8.280, 

-2800y')P»-  — • 

does  not  admit  the  equation  F=0.  (See  Article  13.) 


4 
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18.  The  r-parameter  group 

Xiq,  Xtq . X/i  (Xj  is  a  function  of  z), 

with  its  two  differential  invariants 


leaves  the  equation  F»0  invariant,  ii  A,  B  and  C  satisfy  the 
following  systems  of  equations: 

XiA,-\-  Xi'Ay-0,  XiB,+  X/B,>-h2Xi'A~0, 

X,Ay-\-Xt'Ay>~0,  XtBy+X,'By.+2X,'A~0,  (II) 


Xi  Xi'  xr  .  . 

.  Xx''^ 

X,  Xt'  X,"  .  . 

Xr  X/  X/'  .  . 

y  y'  y"  •  • 

XrAy+X/Ay’-O.  ]  XrBy+X/By  +  2X/A~0. 

XiCy-h  Xi'Cy>+  Xi''B+  Xi"'  -  0. 

X/:y+  Xt'Cy.+  Xi”B+  X,'"  -0, 


X/Cy+  X/'B+  V"  -0. 


19.  The  (r+l)-parameter  group 

yq,  Xxq,  Xtq . X,q, 

with  its  two  differential  invariants 

j:  __ 

9i“*,  — 7 - . 

dx 


XxXx>  . 

.  .  Xx^^ 

XxXx'  . 

XrX/  . 

y  y  . 

. 
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admits  the  equation  F«0,  \l  A,  B  and  C  satisfy  equations  (I), 

(II),  (III),  and  also  the  equations 

A-\-yAyA-y Ay^O,  yB,A-y' yCy+ZCy-C-O. 

20.  The  (r4- l)-parameter  group 

p,  Xiq,  Xtq . X^, 

with  its  two  differential  invariants 

4i-cy+ciy+  .  .  .  +Cry^\ 

ax 

leaves  the  equation  F^O  invariant,  if  the  equation  (I),  (II).  (Ill), 
and 

are  satisfied  by  A,  B  and  C. 


21.  The  (r+2)-parameter  group 

P,  yq,  Xiq,  Xiq . X,q, 

with  its  two  differential  invariants 

<f>  dx  <f>  dx* 


<t>’"Ciy+cty'+c,y”+  .  .  .  A-Cr+iy^'\ 

admits  the  equation  F  — 0,  if  A,  B  and  C  satisfy  the  equations 
(I),  (II),  (III),  and  the  equations 

Ag^  Bg—Cg^O,  A-byAy+yAy^O, 
yBy+y'By^O,  C— 0. 

22.  The  (r+2)-parameter  group  J 

q,  xq,  ,  xT'q,  p,  xp+ayq  (a^r), 

with  its  two  differential  invariants 


•(j,W)  ^  (y^^)~^ 
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does  not  admit  the  equation  F— 0,  for,  the  equations  determining 
A,  B  and  C  are  inconsistent. 


23.  The  (r+2)-parameter  group 

q,  xq . p,  xp-\-ryq, 

with  its  two  differential  invariants 


does  not  admit  the  equation  F—0  for  the  same  reason  as  the  group 
of  Article  24. 


24.  The  (r+2)-parameter  group 

q,  xq . p,  xp-\-(ry+x')q, 

with  its  two  differential  invariants 


does  not  admit  the  equation  F— 0,  for,  the  equations  derived  to 
determine  A,  B  and  C  are  inconsistent.  - 


25.  The  (r4-3)-parameter  group 
q,  xq,  ,  z"’* 

with  its  two  differential  invariants 

.y('’).y(r+2) 

^  ly+ij]*  ’  ^ 

does  not  admit  the  equation  F«0. 


26.  The  (r+3)-parameter  group 

q,  xq,,.  .  .  ,  z’’'V  p,  2*p+(r-l)>^, 
x'p-^{r—\)xyq, 

with  its  two  differential  invariants 
a(r-t-3) 

a(r+3) 

+2(r+2)(r+3)y^+‘>] 

does  not  leave  the  equation  F»0  invariant. 
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27.  The  (r-|-4)-parameter  group 

q.  xq . yq.  p,  xp, 

■  x*p+(r-l)xyq, 

with  its  two  differential  invariants 


where 

M  -(r+i)y’’y'*‘*’-(»'+2)Cy  ■*■*’)*.  ■ 

.  (r+  -3(r+  l)(r+3)y 

+2(r+2)(r+3)y’’+‘’)*. 

«,-3(r+4)(r+3)(r+2)CK<"+‘V 

-  6(r+4)(r+3)(r+  l)y'’)[/+‘>]y’+« 

+4(r+4)(r-|- 

does  not  admit  the  eqtiation  F— 0.  For  this  group,  as  well  as  for 
the  groups  of  Articles  22  to  28,  the  equations  derived  to  determine 
A,  B  and  C  are  inconsistent. 
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THE  THEORY  OF  TESTIMONY 
First  Paper:  A  Single  Witness 
By  J.  S.  Tayloh 


The  traditional  theory  of  testimony  has  been  severely  criticised 
by  J.  M.  Keynes  in  his  "  Treatise  on  Probability.”*  He  says,  in 
part,  ”  It  may,  however,  be  safely  said  that  the  principal  con> 
elusions  on  the  subject  set  out  by  Condorcet,  Laplace,  Poisson, 
Cournot,  and  Boole,  are  demonstrably  false.  The  interest  of  the 
discussion  is  chiefly  due  to  the  memory  of  these  distinguished 
failures.”  While  this  criticism  may  be  somewhat  merited,  a 
rather  detailed  investigation  of  the  subject  has  led  the  author 
of  the  present  paper  to  the  conclusion  that  the  criticism  is  really 
directed  against  the  lack  of  explicit  statement  of  restrictions 
which  the  authors  cited  may  have  considered  as  implied  and  the 
lack  of  clear  definition  of  terms  whose  meaning  they  may  have 
thought  self-evident.  It  wotxld  hardly  seem,  therefore,  that  their 
principal  conclusions  are  “  demonstrably  false,”  but  rather  that 
the  lack  of  explicit  statement  referred  to  above  has  resulted  in 
considerable  confusion.  It  is  in  the  hope  that  this  conftision  may 
be  in  some  small  part  relieved  that  the  following  discussion  is 
presented. 

The  problem  of  the  theory  of  testimony  is  the  problem  of 
determining  the  probability  of  the  occurrence  of  an  event  when 
such  occurrence  is  attested  to  by  one  or  more  witnesses  of  known 
”  credibility.”  Confusion  in  the  discussion  of  such  problems  has 
arisen  chiefly  on  two  grounds.  First,  because  of  ambiguity  in 
the  phrase  "  credibility  of  the  witness  ”;  and,  second,  becatise 
of  lack  of  explicit  statement  concerning  the  probable  distribution 
of  incorrect  observations  when  the  witness  is  in  error.  The  first 
is  a  matter  of  definition,  but  lack  of  explicit  definition  would 
seem  to  be  universal.  The  second  involves  the  question  of  the 
nature  of  error  and  necessitates  either  an  a  priori  assumption 
concerning  the  nattue  of  error  or  an  a  posteriori  conclusion  based 

1  J.  M.  Keynes,  “  A  Treatise  on  Probability,”  p.  180  (Macmillan,  1921). 
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on  experiment  concerning  the  probable  distribution  of  the  incor¬ 
rect  observations  of  a  given  observer  in  a  given  experiment. 

In  addition,  as  Keynes  has  pointed  out,  confusion  has  also 
arisen  in  some  instances  concerning  the  question  as  to  whether 
the  problem  was  that  of  determining  the  ratio  of  the  munber 
of  times  the  observer  (or  observers)  correctly  stated  the  event 
occurred  to  the  number  of  times  such  statement  was  made;  or 
the  ratio  of  the  number  of  times  the  observer  (or  observers) 
correctly  stated  the  event  occurred  to  the  number  of  times  it 
actually  did  occur.  The  first  is  the  probability  that  the  event 
occurred  if  the  observer  (or  observers)  said  it  did;  the  second  is 
the  probability  that  the  observer  (or  observers)  said  the  event 
occurred  if  it  did  occur.  We  assume  the  former  to  be  the  problem. 

In  this  first  paper  the  discussion  will  be  limited  to  problems  in 
which  there  is  a  single  witness,  leaving  the  theory  of  the  com¬ 
bination  of  testimonies  for  discussion  in  a  second  paper.  It  will 
be  assumed  throughout  that  the  witness  does  not  try  to  deceive 
or,  at  least,  that  his  tendency  to  err,  whatever  its  cause,  obeys 
the  general  law  embodied  in  Postulate  1,  which  is  assumed  to  hold 
in  all  the  prroblems  discussed  in  this  paper. 

This  postulate  needs,  perhaps,  a  little  introductory  explanation. 
If  the  theory  of  testimony  is  to  mean  anything,  it  must  be  assumed 
that  there  is  some  quantitative  measure  of  an  observer’s  reliability 
which  is  invariant  under  a  change  of  experiment  to  whose  results 
he  attests;  that  while  the  weight  which  we  attach  to  his  testimony 
may  well  vary  with  the  type  of  experiment  whose  results  he 
records  there  is  nevertheless  some  quantitative  measure  of  accur¬ 
acy  depending  upon  the  witness  alone  which  is  the  same  for  all 
experiments,  or  at  least  for  all  experiments  of  a  large  class.  In 
order  to  arrive  at  such  a  quantitative  measure  we  shall  assiune 
that  the  cause  of  error  is  something  in  the  nature  of  periodic 
temporary  blindness;  that  when  an  experiment  is  repeated  a  large 
number  of  times  a  witness  accurately  observes  and  records  the 
result  that  occurs  a  times  in  N  on  the  average  and  that  /8 
times  in  N  (with  a-h/S*  N)  his  faculties  fail  to  observe  the  event 
that  occxured  and  that  he  records  at  randon  any  one  of  the  results 
he  knows  to  be  possible,  the  correct  result  included.  And  it  is 
further  assumed  that  the  ratio  of  a  to  iV  and  of  /3  to  iV  is  the 
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same  for  a  Riven  observer  for  all  experiments  (or  for  all  experi¬ 
ments  of  a  large  class  with  the  experiments  to  be  discussed  all 
belonging  to  one  class).  More  briefly  stated  these  assumptions 
are  embodied  in  the  following  postulate; 

Postulate  1.  Random  Error.  If  an  experiment  is  repeated  a 
large  number  of  times  a  given  observer  accurately  records  the  result 
that  occurs  a  times  in  N,  on  the  average,  and  the  remaining  /3  times 
in  N  records  any  one  of  the  known  possible  results  at  random,  with 
the  ratio  of  a  to  N  and  of  to  N  the  same  for  all  experiments. 

Thus  a  witness  may  record  the  correct  result  of  an  experiment 
either  by  reason  of  his  accuracy  or  by  accident,  the  probability 
of  the  latter  depending  largely  upon  the  experiment  itself.  The 
probability  that  the  result  he  records  is  correct,  due  to  either  of 
these  causes,  will  be  called  the  “  credibility  of  the  witness  ”  in 
recording  that  result  of  that  experiment. 

Definition  1.  If  in  recording  the  occurrence  of  a  certain  one 
of  k  possible  results  of  an  experiment' which  is  repeated  a  large 
number  of  times  the  ratio  of  the  number  of  times  a  given  observer 
records  such  occurrence  correctly  to  the  number  of  times  he  so  records 
is  Pi,  Pi  wnll  be  called  the  "  credibility  ”  of  the  given  observer  in 
recording  this  result  of  this  experimeitt;  (1  — P,)  will  be  called  his 
"  incredibility.” 

The  "  credibility  ”  of  a  witness  varies,  then,  in  different  exixjti- 
ments  and  in  recording  different  results  of  the  same  experiment, 
since  the  number  of  times  he  records  a  given  result  correctly 
includes  those  times  when  he  records  that  result  by  chance.  In 
fact,  the  "  credibility  ”  of  a  witness  as  defined  is  the  probability 
that  an  event  occurred  if  he  so  attests. 

I 

Definition  2.  The  ”  personal  accuracy  ”  of  observation,  P, 
of  a  given  observer  is  the  limit  of  his  credibility  in  attesting  to  the 
occurrence  of  one  of  k  dijfferent  possible  results  of  an  experiment 
as  k  approaches  infinity;  his  “  personal  inaccuracy  ”  is  l  —  P. 


Theorem  1.  If  Postulate  1  holds,  P  is  unique  for  a  given  ob¬ 
server.  For  as  the  number  of  possible  results  of  an  experiment 
approaches  infinity  the  probability  that  the  observer  will  record 


r 
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by  chance  the  result  that  occurs  approaches  zero,  and  the  prob¬ 
ability  that  he  records  the  correct  result  approaches  the  ratio 
of  the  a  and  N  of  Postulate  1,  which  was  there  assumed  to  be  the 
same  for  all  experiments. 

Now  consider  an  observer  of  known  personal  accuracy  of 
observation  P.  Suppose  one  ball  drawn  from  a  bowl  containinj; 
k  balls  numbered  from  1  to  it,  the  number  of  the  ball  drawn 
recorded  by  an  observer,  the  ball  replaceii,  and  this  process 
repeated  a  large  number  of  times.  If  there  were  an  infinite  number 
of  differently  munbered  balls  the  observer  would  be  right  a 

times  in  N  and  wrong  B  times  in  N,  where--  —  P  and-—  —  1  —  P. 

N  N 

By  Postulate  1  this  means  that  /8  times  in  N  the  observer  records 
the  number  of  any  one  of  the  balls  at  random.  Consider  kN 
drawings.  Of  this  number  ball  No.  i  will  be  drawn  N  times  (on 

the  average),  a  of  these  N  times  the  observer  will  record  No.  » 

o 

by  reason  of  his  i)ersonal  accuracy  and  -  times  by  chance  (it 

k 

is  assumed  the  two  numbers  ^8  and  N  with  ratio  equal  to  1  —  P 
have  been  taken  so  that  /8  is  divisible  by  k).  In  the  other  {k—\)N 
drawings,  in  which  ball  No.  i  was  not  drawn,  the  observer  records 

No.  i  by  chance  — — times.  So  that  the  ratio  of  the  number 
k 

of  times  the  observer  records  No.  i  correctly  to  the  number  of 

a-f 

times  he  records  No.  *  is  P<—  - The  same  reasoning  gives 

a-hp 

the  following  theorem. 


Theorem  2.  If  Postulate  1  holds  and  if  the  personal  accuracy 
of  an  observer  is  P,  then  his  credibility  in  recording  the  occurrence 
of  any  one  of  k  equally  probable  events  is 


l4.^LJ.p-P4.L_^ 

k  k  k 


and  his  incredibility  is 


1-P 

k 
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As  before  stated  Pi  is  the  probability  that  the  given  event 

occurred  if  the  witness  says  it  did.  It  may  be  noted  that  as^, 

the  d  priori  probability  of  the  occurrence  of  the  event,  approaches 

1,  or  certainty,  approaches  1;  and  that  as  -  approaches  zero 

k 

approaches  P.  Also,  the  increase  in  the  probability  of  the  occur¬ 
rence  of  the  event  due  to  the  testimony  of  the  witness  is  the 
product  of  his  "  personal  accuracy  ”  and  the  d  priori  probability 
of  the  non-occurrence  of  the  event;  the  increase  in  the  reliability 
of  his  testimony  due  to  the  d  priori  probability  of  the  occurrence 
of  the  event  (the  increase  of  P<  over  P)  is  the  product  of  his  “  per¬ 
sonal  inaccuracy  ”  and  the  d  priori  probability  of  the  occurrence 
of  the  event.  These  results  are  in  seeming  disaccord  with  those 
heretofore  obtained  as  will  be  pointed  out  in  discussion  of  the 
more  general  case  where  the  results  of  an  experiment  are  not 
all  equally  i>robable. 

The  equations  of  Theorem  2  are  readily  solved  for  P  and 
1  — P  in  terms  of  Pj  and  I  — Pi,  giving. 

Theorem  3.  If  Postulate  1  holds  and  if  in  recording  the  result 
of  an  experiment  having  k  equally  probable  outcomes  (ife>l),  the 
credibility  of  a  given  observer  is  Pi  and  his  incredibility  is  \  —  Pi, 
then  his  personal  accuracy  is 


and  his  personal  inaccuracy  is 


The  necessity  of  assuming  ife  >  1  is  obvious  if  we  note  that  if  k 
equals  1  the  credibility  of  the  witness  is  certainty  and  hence  no 
clue  whatever  concerning  his  personal  accuracy  is  obtainable. 

Now  if  the  credibility  of  an  observer  in  an  experiment  all  of 
whose  possible  outcomes  are  equally  probable  is  known,  his 
personal  accuracy  can  be  found,  and,  hence,  his  credibility  in 
any  other  experiment  of  the  same  type  can  be  determined.  We 
thus  have 


w 
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Tktoftm  4.  //  Postulate  1  holds  and  if  the  credibility  of  an 

observer  in  recording  the  results  of  an  experiment  having  k  equally 
probable  outcomes  is  Pi  (where  k>l),  then  the  observer’s  credibility 
in  recording  the  results  of  an  experiment  having  k'  equally  probable 
outcomes  is 

1_  _  1 

1-- 

k 

Next  let  us  consider  cases  where  the  k  possible  results  are 
not  all  equally  likely.  Take  the  classical  problem  of  a  bowl  con¬ 
taining  1,000  balls  999  of  which  are  black  and  the  remaining  one 

white.  Suppose  an  observer  whose  personal  accuracy  is  P  —  —  , 

and  whose  personal  inaccuracy  is  1  —  P  —  ^ ,  records  drawings  as 

before.  Suppose,  also,  that  he  knows  the  bowl  contains  only 
black  balls  and  white  balls  but  is  ignorant  of  their  relative  num¬ 
bers;  suppose,  in  fact,  all  of  the  assumptions  of  Postulate  1  hold. 
Then,  by  reason  of  his  personal  accuracy  he  will  record  the  cor¬ 
rect  color  a  times  in  N  and  will  record  one  of  the  two  colors  at 
random  /8  times  in  N.  Suppose  1,000  N  drawings  are  made. 
Then  of  the  999  N  times  that  black  is  drawn  he  will  record  black 

Q 

999o  times  by  reason  of  his  personal  accuracy  and  999  —  times 

2 

by  chance.  Also,  of  the  N  times  white  is  drawn  he  will  record 
o 

black  — times  by  chance.  Hence  he  will  record  black  999a -1- 500/8 
2  o 

times  and  of  those  he  will  record  black  correctly  999a-}~999  — 

2 

times.  Hence,  since  the  probability  that  black  was  drawn  if  the 
witness  records  black  is  the  ratio  of  the  number  of  times  he 
records  black  correctly  to  the  number  of  times  he  records  black, 
this  probability  is 

./3 


999a -I- 999' 


_ 999-h999P 

999a-t-500/8  “  l,000-f-998P 
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which  is,  by  definitioti  of  “  credibility,”  the  observer’s  credibility 
in  recording  this  result  of  this  experiment;  and  the  probability 
that  he  is  in  error  when  he  records  black  is 


1-P»- 


2 

999a+500/8 


1-P  . 

1,000+998P 


Also,  his  credibility  in  recording  white  (the  probability  that 
white  was  drawn  if  he  so  attests)  and  his  incredibility  in  recording 
white  (the  probability  that  white  was  not  drawn  if  he  records 
white)  are,  resfjectively. 


and 


Pw- 


1-P*- 


a-fr)00)8 

999^ 

2 


a+500)8 


1  +  P 

1,000-998P 


999  -999P 
1,000-998P  ’ 


It  may  be  noted  here  (as  other  results  have  indicated,  although 
there  was  once  wide  divergence  of  opinion)  how  largely  the  d 
priori  probability  of  the  occurrence  of  an  event  affects  an  ob¬ 
server’s  credibility.  The  above  results  are  not,  however,  in 
accord  with  any  of  the  solutions  of  this  problem  the  author  has 
been  able  to  find  in  the  literature.  Laplace,*  for  example,  con¬ 
cludes  that  if  the  ”  witness  deceives  one  time  in  ten  ”  the  pwob- 

9 

ability  that  the  white  ball  was  drawn  if  he  so  attests  is  - . 

1008 

But  investigation  of  preceding  discussions  shows  that  by  the 
statement  the  "  witness  deceives  one  time  in  ten  ”  Laplace 

9 

meant  neither  that  the  “  credibility  "  of  the  witnessis  —  nor 

9 

that  his  “  personal  accuracy  ”  ,  in  the  sense  these  terms 

have  been  here  employed.  In  his  discussion  of  the  drawing  of  a 
ball  from  an  vum  containing  a  thousand  differently  numbered 
balls,  he  concludes  that  the  probability  that  a  given  ball  was 

*  Laplace,  ‘‘Philosophical  on  Probabilities,"  pp.  109-117  (English 

translation  of  sixth  edition,  by  Truscott  &  Emory,  Wiley  8c  Sons,  1902). 
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drawn  if  the  witness  so  attests  is  the  veracity  of  the  witness 
itself,  which  would  seem  to  indicate  that  he  defines  veracity 
of  the  witness  ”  to  mean  what  has  here  been  called  his  “  credi¬ 
bility  but  he  exhibits  this  result  as  a  conclusion,  not  as  a 
definition.*  Furthermore,  while  no  such  explanation  is  explicitly 
given,  Laplace’s  reasoning  in  the  discussion  of  the  black  and 
white  ball  problem  just  discussed  leads  to  the  conclusion  that 
by  the  “  veracity  of  the  witness  ”  he  means  the  ratio  of  the 
number  of  times  the  witness  correctly  states  the  event  occurred 
to  the  number  of  times  the  event  actually  did  occur  (the  prob¬ 
ability  that  the  witness  said  the  event  occurred  if  it  did  occur), 
and  that  this  ratio  is  the  same  for  all  experiments.  Granted 
this  meaning  and  this  assumption  Laplace’s  result  is  correct; 
in  short,  starting  with  the  solution  of  one  of  the  two  problems 
which,  as  stated  in  the  introduction,  have  sometimes  been  con¬ 
fused,  Laplace  correctly  obtained  the  answer  to  the  other  one. 
Whether  or  not  the  asstunption  that  the  veracity  of  the  witness 
as  defined  by  implication  by  Laplace  is  the  same  for  all  experiments 
is  any  less  in  accord  with  fact  than  Postulate  1  of  the  present 
paper  is,  perhaps,  well  open  to  question.  Some  such  assumption 
would  seem  to  be  desirable  if  any  generalization  is  to  be  hoped 
for;  the  author  can  only  point  out  that  these  two  different  a.ssump- 
tions  are  not  consistent  one  with  the  other. 

Lacroix,*  in  obtaining  the  same  result  as  that  given  by  Laplace 
for  the  black  and  white  ball  problem,  would  seem  to  be  using  the 
same  definition  of  “\eracty  of  the  witness”  as  that  implied 
by  Laplace.  But  Lacrcix  exhibits  the  solution  of  this  problem 
as  an  illustration  of  the  principal  credited  to  Condcrcet  of  con¬ 
sidering  the  d  priori  probability  of  the  occurrence  of  an  event 
as  the  testimony  of  a  second  witness  and  using  the  result  obtained 
for  the  probability  of  the  occurrence  of  an  event  when  two  inde¬ 
pendent  witnesses  agree  that  it  occurred.  Now  it  is  this  result 

*  As  indicated  at  the  end  of  the  discussion  of  Theorem  2,  the  results  there 
obtained  are  not  in  accord  with  the  traditional  theory.  Laplace  concludes 
that  if  the  veracity  of  a  witness  is  less  than  the  d  pnori  probability  of  the 
occurrence  of  an  event,  his  testimony  decreases  the  probability  of  the  occur¬ 
rence  of  the  event.  The  difference  in  these  results  is  obviously  due  to  differ¬ 
ence  in  definition  of  the  phrase  “  veracity  of  the  witness.” 

*  Lacroix,  "  Calcul  des  Probability  ”  p.  226  and  pp.  230-232  (4me  Mition, 
Mallet-Bachelier,  Paris,  1864). 
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concerning  the  combined  testimony  of  two  witnesses  which  has 
been  pointed  to  in  particular  by  Keynes  as  a  "  demonstrably 
false "  conclusion  obtained  with  practical  universality  by  all 
writers  on  the  theory  of  testimony.  While  a  discussion  of  the 
justice  of  this  criticism  is  beyond  the  confines  of  this  first  paper 
it  may  at  least  be  stated  that  the  formula  referred  to  is  not 
correct,  in  general,  if  the  definition  of  veracity  credited  to 
Laplace  is  employed  in  its  derivation. 

In  conclusion  of  this  discussion  it  should  be  mentioned  that 
our  results  apparently  do  not  agree  with  Keynes.  Keynes  calls 
attention  to  a  method  of  regarding  a  "  witnesses’s  credibility 
not  absolutely,  but  with  reference  to  a  given  type  of  question,  ” 
proposed  by  W.  E.  Johnson.  Keynes’  statement  reads,  “  If  a 
represents  the  fact  of  i4’s  testimony  regarding  *,  then  we  may 
define  A’s  credibility  for  jc  as  a,  where  a  is  given  by  the  equation 

•  xlah=xlhA-o.^xlh.xlh', 

so  that  a\/xlh.xlh  measures  the  amount  by  which  A’s  assertion 
of  X  increases  its  probability.”  Since  x/h  and  x/h  are  the  d  priori 
probabilities  of  the  occurrence  and  non-occurrence  of  the  event, 
respectively,  the  latter  part  of  this  quoted  statement  would  not 
seem  consistent  with  the  explanation  on  page  181  that  a/aih 
“  is  the  probability  that  a  statement  is  true  of  which  we  know 
only  that  Xi  has  asserted  it,”  for  x/ah  would  thus  seem  to  mean 
both  the  probability  that  a  statement  is  true  of  which  we  know 
only  that  A  has  asserted  it  and  at  the  same  time  the  d  priori 
probability  of  the  occurrence  of  x  plus  “  the  amount  by  which 
A’s  assertion  of  x  increases  its  probability.”  Moreover,  as  prac¬ 
tically  no  other  explanation  than  that  outlined  is  given  no  clue 
is  given  as  to  why' this  “  definition  ”  seemed  desirable  or  as  to 
what  it  actually  signifies. 

In  continxiation  of  the  discussion  of  the  black  and  white  ball 
problem  consider  next  the  more  general  case  of  a  bowl  containing 
k  balls,  ki  of  which  are  marked  No.  1,  kt  marked  No.  2,  , 

and  kr  marked  No.  r,  with  .  ,  .  A-kr^^k.  Suppose 

kN  drawings  of  a  single  ball  as  before  (ball  replaced  after  each 
drawing).  Then,  in  the  long  run,  ball  No.  *  would  be  drawn  kiN 
times  in  kN  drawings.  If  the  observer’s  personal  accuracy  is 
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Cl  P 

P  and  his  personal  inaccuracy  is  1  —  P^—,  he  will  in  kN 
drawings  record  No.  t  correctly  ik,a  times  by  reason  of  his  personal 

Q 

accuracy  and  k,~  times  by  chance.  Also,  he  will  record  No.  t 

r 

incorrectly  ki-+k^-\-  . 

r  r 

Hence, 


+kr——k,^^‘{k—k,)—  times. 
r  r  r 


Theorem  5.  If  Postulate  1  holds  and  if  an  observer  whose  prob¬ 
able  personal  accuracy  is  P  records  the  results  of  an  experiment 
having  r  possible  results  of  which  the  d  priori  probabilities  are  pi. 
Pi,  pr,  respectively,  where  .  .  .  +p,—  l,  then, 

if  he  records  the  occurrence  of  the  tth  result,  the  probability  that  the 
tth  result  actually  occurred  is 


Pi 


Pi-^Pi 


If  and  r^k  this  result  reduces  to  that  of  Theorem  2. 

k 


It  is  to  be  noted  that  —  1)  may  be  either  positive  or  negative 
depending  on  the  problem,  but  that  (rp,— 1)P-|-1  will  always 
be  positive,  giving  Pi>Pi,  as  it  should.  Also,  the  larger  />,-  is 
the  smaller  the  munerator  of  the  fraction  and  the  larger  the 
denominator;  so  that,  the  larger  pi  is  the  smaller  is  the  percentage 
increase  of  probable  occturence  due  to  the  testimony  of  the 
witness. 

As  before,  we  may  solve  for  P  in  terms  of  Pj  and  p,-,  giving 


Theorem  6.  If  Postulate  1  holds  and  if  in  recording  the  results 
of  an  experiment  having  r  possible  outcomes  of  which  the  d  priori 
probabilities  are  pi,  pt,  ,  Pr,  the  credibility  of  a  given  wit- 

*  Here,  as  in  the  following  theorems,  it  is  assumed  pu  Pt,  etc.,  are  rational 
numbers;  that  the  theorem  applies  to  experiments  which  can  be  put  into 
one  to  one  correspondence  with  an  experiment  of  drawii^  balls  from  a  bowl, 
which  includes  practically  all  types  of  importance  in  which  it  could  be  hoped 
Postulate  1  bolds. 
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ness  in  recording  the  occurrence  of  the  ith  result  is  Pi,  then  his 
personal  accuracy  of  observation  is'*  '  ‘ 

•  p- _ _ 

Pi—Pi-^fpiO-  —  Pa 

Now  since  the  assumption  of  random  error  independent  of  the 
number  of  possible  outcomes  and  the  d  priori  probabilities  of 
those  outcomes  means  that  P  is  unique  for  a  given  observer  in 
all  experiments  where  Postulate  1  holds,  the  above  result  should 
be  the  same  not  only  for  all  values  of  i  but  for  all  experiments 
where  Postulate  1  holds. 

Thus  - — — — -  —  - — — — - .  This  gives 

(Pi- Pi)  +rpi(l  -  Pi)  (Pj-pj)+r’pj(l  -  Pj) 


Theorem  7.  If  Postulate  1  holds  and  if  in  recording  the  results 
of  an  experiment  having  r  possible  outcomes  the  probability  that  a 
given  result  of  d  priori  probability  pi  occurred  when  such  occurrence 
is  attested  to  by  a  given  observer  is  Pi,  and  the  probability  that  any 
other  result  of  the  same  or  different  experiment  having  r'  possible 
outcomes  (r'>=f  if  same  experiment)  of  d  priori  probability  pj 
occurred  when  the  same  observer  so  attests  is  Pj,  then 


Pi-Pi_ 

Pj-Pj 


or,  the  ratio  of  the  increases  in  probability  of  occurrence  due  to  the 
witness's  testimony  is  the  product  of  the  ratio  of  the  numbers  of 
possible  results,  the  ratio  of  the  d  priori  probabilities,  and  the  ratio 
of  the  probabilties  that  the  testimonies  are  in  error. 

This  result  offers  a  partial  check  on  the  validity  of  Postulate  1. 
If  the  accuracy  of  testimony  in  recording  the  occurrence  of  two 
or  more  events  can  be  determined  (the  observer’s  credibility  for 
each  of  the  events)  then  the  above  result  must  be  satisfied  if 
random  error  as  assumed  exists. 

Either  the  successive  application  of  Theorem  5  or  solution  of 
the  equation  of  Theorem  7  gives 
>  /'  ! 

:  Theorent.S.'  If  Postulate'!  holds,  and  if  in  recording  the  results 
of  an  experiment  having  r  possible  outcomes  the  probability  that  a 


THE  THEORY  OF  TESTIMONY 

given  result  of  d  priori  probability  pi  occurred  when  such  occurrence 
is  recorded  by  a  given  observer  is  Pi,  then  the  probability  that  any 
other  result  of  d  priori  probability  pj  of  the  same  or  different  experi¬ 
ment  having  r'  possible  outcomes  (r'=-r  if  the  experiments  are  the 
same)  occurred  when  such  occurrence  is  recorded  by  the  same  observer 
is 

Piir'-rpd^(r-/)pi  _ 


Piir'pj  -  rp,) + (f  -  r'pj)pi 


PiU-pi) 


Piipj-Pd+PAI-Pj) 


;  • 

■ 


if 


'  1 


. 

- 
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NOTES  ON  DYNAMICAL  SYSTEMS  NON-INTEGRABLE 
BY  SEPARATION  OF  VARIABLES  AND  ON  THE 
EXISTENCE  OF  “UNMECHANICAL”  ORBITS 
IN  THE  ATOM 
By  M.  Sandoval  Vallakta 

1.  There  has  been  some  speculation  lately  as  to  the  existence 
of  holonomic,  conservative,  reversible  dynamical  systems  whose 
equations  of  motion  cannot  be  integrated  by  a  separation  of 
variables  in  the  Hamilton- Jacobi  equation  and  a  good  deal  has 
been  written  about  “  unmechanical  ”  orbits  in  the  atom.  The 
purpose  of  this  note  is  twofold:  First,  two  examples  in  classical 
mechanics  are  given  showing  that,  either  by  constraining  a  mass- 
point  to  move  freely  in  a  given  type  of  coordinate  space,  or  else 
by  introducing  arbitrary  anisotropic  fields  of  force,  dynamical 
systems  which  are  not  integrable  by  separation  of  variables  can 
be  constructed.  The  question  as  to  the  physical  significance  of 
such  systems  is  left  for  the  present  entirely  untouched.  Second, 
an  attempt  is  made  to  show  that,  while  conclusions  as  to  the 
existence  of  unmechanical  orbits  in  atomic  systems,  drawn  from 
a  failure  to  obtain  correct  values  of  the  energy  terms  through 
the  calculus  of  perturbations  do  not  seem  to  be  wholly  justified, 
argiiments  of  a  more  general  character  based  on  the  theory  of 
relativity  point  out  that  in  fact  such  is  the  case:  tmmechanical 
orbits  do  exist  in  the  atom. 

2.  Examples  of  Dynamical  Systems  non-Integrable  by 
Separation  of  Variables.  We  consider  this  question  from  the 
standpoint  of  classical  dynamics.  Restricting  our  considerations 
for  the  sake  of  simplicity  to  systems  with  two  degrees  of  freedom, 
in  which  case  coordinate-space  reduces  to  a  surface,  Stackel  and 
Levi-Civita  have  shown*  that  the  only  types  of  the  first  funda¬ 
mental  form  ds'^a^jdxidxjH,  /“I,  2)  which  lead  to  an  expression 

1  Mathematische  Annalen,  Vol.  S9,  392,  1904.  Cf.  alao  the  author’s  “  Note 
on  the  Quantization  of  Non-Conditioned-Periodic  Systems  ’’  in  the  preceding 
number  of  the  Jour,  of  Math,  and  Phys. 
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for  the  kinetic  energy  T  in  which  the  variables  can  be  separated 
are: 

(1)  Plane  fundamental  form  referred  to  parametric  curves 
which  are  lines  of  translation. 

(2)  Fundamental  form  corresponding  to  a  surface  applicable 
on  a  surface  of  revolution,  for  which  aci*  const,  are  the  parallels. 

(3)  First  fundamental  form  of  Liouville’s  type 

ds'~  1 1/(«)+  V(t))  ](du*-\-dv*) 

which  for  t7(u)  or  V{v)  constant  may  reduce  to  (1)  or  (2). 

It  follows,  in  the  first  place,  that  the  Hamilton-Jacobi  equation 
of  a  point  moving  under  no  forces,  i.e.,  the  equation  determining 
the  geodesics  on  the  corresponding  surface,  is  integrable  by  separa¬ 
tion  of  variables  (by  quadratures)  when,  and  only  when,  the 
mass-point  moves  freely  upon  a  Liouville  surface,  upon  a  plane, 
or  upon  a  surface  of  revolution.  It  is  well  known  that  if  a  mass- 
point  moves  upon  any  one  of  these  surfaces  under  the  action  of  a 
field  of  force,  a  separation  of  variables  may  still  be  possible,  for 
example,  when  it  moves  subject  to  two  gravitational  centers.* 
But  in  any  case  the  variables  chosen  to  express  the  potential 
energy  must  be  such  as  to  give  a  fundamental  form  of  one  of  the 
three  types  above,  otherwise  the  kinetic  energy  is  made  non- 
separable.  Thus,  in  the  above  example,  the  elliptic  coordinates 
which  make  the  system  separable  give  a  linear  element  of 
Liouville  type 

ds*  “  (cosh*f  —  cos*!])  (df*-}-di7*). 

It  is  therefore  seen  that  the  form  of  the  linear  element  conditions 
the  separability  of  that  part  of  the  Hamiltonian  ftmction  which 
corresponds  to  the  kinetic  energy  and  in  turn  restricts  the  vari¬ 
ables  to  be  used  in  the  expression  for  the  potential  energy.  Hence 
the  conclusions;  (1)  The  potential  energy  can  be  expressed  only 
in  those  systems  of  variables  which  make  the  kinetic  energy 
separable  and,  (2)  the  kinetic  energy  is  separable  if,  and  only  if,  the 
mass  point  is  moving  upon  a  surface  which  admits  a  first  ftmda- 
mental  form  of  the  types  specified  above. 

*  Jacobi,  Voplestmgen  uber  D)mamik,  p.  190,  198.  Rdmer,  Berlin,  1884. 
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3.  Furthermore,  it  follows,  perfectly  in  general,  that  any  mass- 
point  which  moves  upon  a  surface  which  is  not  of  any  one  of  the 
three  types  specified  above  under  the  action  of  any  forces  whatsoever, 
constitutes  a  dynamical  system  which  is  not  integrable  by  separa¬ 
tion  of  variables.  Since  an  infinite  number  of  such  surfaces  are 
known  to  exist,  an  infinite  munber  of  non-separable  (non-con- 
ditioned-periodic)  systems  also  exist.* 

As  an  example  of  a  dynamical  system  which  is  made  non- 
separable  by  a  suitable  anisotropic  field  of  force,  take  the  case  of 
a  point  moving  on  a  Liouville  surface,  with  a  potential-energy 
function 

V  -  - 1/2  (Vi(«)«i(®) +ktfiiu)giiv)  ] 

ki,  ki  being  constants  {k\^k^  and  the /’s  and  g’s  arbitrary  func¬ 
tions  having  finite  continuous  first  and  second  derivatives.  The 
kinetic  energy  is 

r- 1/2  [(/(«)+ 


Hence  the  Hamilton  function  is 


1 

2lC/(«)+F(t>)] 


and  the  Hamilton-Jacobi  equation  is 

o'-a  -  [  U{un  V(t>)  ]  [kxfx{u)g,{vnk^fMgM  ] 

-2[t/(«)+F(t;)]£ 


E  being  the  energy  constant.  Owing  to  the  presence  of  the  two 
constants,  the  variables  cannot  be  separated  whatever  be  our 
arbitrary  functions,  as  is  seen  readily,  even  though  somewhat 
laboriously,  by  sifbstituting  in  the  Levi-Civita  equations  of 
condition.* 

*Por  a  discussion  of  the  conditions  under  which  a  surface  is  of  Liouville 
type,  see  for  example  Bianchi,  Lezioni  di  Geometria  diiferenziale,  p.  303, 
Pisa,  1922.  Criteria  for  determining  without  integration  whether  a  given 
surface  is  applicable  on  a  Liouville  surface  have  been  developed  by  Ricci, 
Lezioni  sulla  teoria  della  superhcie,  Chap.  VII.,  Padova,  1898.  The  above 
conclusion  can  be  reached  in  a  variety  of  ways,  see  for  example  Darboiuc, 
Lemons  sur  la  th<k>rie  g^n^le  des  surfaces,  Vol.  II,  p.  208,  Paris,  1889. 

*  See  reference  footnote  (1)  or  the  author’s  paper  quoted  therein. 
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4.  Unmechanical  orbits  in  the  atom.  In  a  recent  remarkable 
paper,  Bom  and  Heisenberg*  have  undertaken  a  systematic 
investigation  of  all  possible  types  of  quantized  paths  in  the 
excited  heliiun  atom  by  means  of  the  perturbation  method  of 
Bom  and  Pauli*  and  come  to  the  very  interesting  conclusion 
that  “  a  consecutive  quantum-theoretical  treatment  of  the  helium 
problem  leads  to  incorrect  values  for  the  energy-terms  ”  and 
further  that  “  obviously  there  are  but  two  ways  out  of  the  diffi¬ 
culty;  either  the  quantiun  conditions  are  false  —  or  else  the 
motion  of  the  electrons  in  the  stationary  states  is  not  governed 
by  the  equations  of  classical  mechanics.”  From  this  standpoint,  it 
is  equally  obvious,  as  they  point  out,  that  whichever  alternative 
is  chosen,  new  fundamental  difficulties  arise  for  the  understanding 
of  those  quantum-theoretical  results  which  have  been  confirmed 
by  experiment,  notably  the  Stark  effect  and  the  normal  Zeeman 
effect.  To  these  remarks  may  be  added  the  following;  (1)  No 
method  of  quantization  of  a  perturbed  motion  which  is  wholly 
free  from  objection  has  yet  been  devised  and  no  single  example 
of  a  successful  application  of  the  calculus  of  perturbations  to 
quantum-theoretical  atomic  problems  leading  to  positive  results 
has  yet  been  given.  To  be  sure,  the  calculus  of  perturbations  has 
been  used  to  disprove  previous  atomic  models,  as  in  the  well- 
known  paper  of  Kramers’  on  Kemble’s  helium  model,  to  quote 
but  a  single  instance.  In  a  more  general  way,  the  nature  of  the 
difficulties  involved  is  beautifully  illustrated  in  a  recent  note  of 
P,  Ehrenfest.*  This  consistent  failure  is  perhaps  what  has  led 
most  writers  to  conclude  the  existence  of  “  unmechanical  ” 
orbits  in  atomic  systems:  In  this  sense  the  ”  failure  of  classical 
mechanics  ”  is  a  proven  fact.  But  in  view  of  the  objections  which 
caq  be  made  to  any  of  the  proposed  methods  of  applying  the 
calculus  of  perturbations  to  the  quantization  of  atomic  systems, 

•  Zeitschrift  fur  Physik,  Vol.  16,  p.  229,  1923. 

•Zeitschrift  fur  Physik,  Vol.  10,  p.  137,  1^22. 

T  Zeitschrift  fur  Physik,  Vol.  13,  p.  312,  1923. 

*  Zeitschrift  fur  Plwsik,  Vol.  19,  p.  242,  1923,  cf.  also  N.  Bohr  Annalen  der 
Physik,  Vol.  71,  p.  277,  footnote,  1923.  It  may  be  noted  in  connection  with 
Ehrenfest's  note  and  the  author’s  paper  quoted  above  that  doubts  as  to  the  ■ 
sufficiency  of  Fermi’s  proof  that  a  normal  mechanical  system  is  quasi-ergodic 
have  been  expressed  by  W.  Urbanski,  Physikalische  Zeitschrift,  Vol.  25. 
p.  47,  1924. 
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such  concltisions  are  not  justified  except  on  plausibility  grounds. 
It  must  be  borne  in  mind  that  the  atom  with  more  than  one 
electron  is  a  perturbed  system  not  at  all  analogous  to  the  per¬ 
turbed  astronomical  system,  for  the  reason  that  the  presence  of 
commensurable  periodic  times  in  the  unperturbed  motion  is 
exceptional  in  the  astronomical  case  and  the  probability  for 
its  occurrence  may  be  taken  to  be  infinitely  small,  whereas  such 
cbmmensurabilities  must  occur  in  the  motion  of  electrons  in  the 
atom,  on  account  of  the  very  nature  of  the  quantum  conditions, 
which  demand  exact  rational  ratios  of  periodic  times  in  the 
unperturbed  orbits.* 

(2)  In  the  absence  of  any  p>roof  to  the  contrary,  it  can  hardly 
be  expected  that  the  quantization  of  a  dynamical  system  in 
variables  chosen  at  random  will  give  the  correct  values  of  the 
energj'-terms.  Whether  the  heliiun  atom  is  a  dynamical  system 
which  is  integrable  by  separation  of  variables  or  not,  we  do  not 
now  know;  but  even  if  it  were  shown  that  incorrect  values  of  the 
energ>'-terms  are  obtained  by  its  quantization  in  a  system  of 
separable  variables,  the  conclusion  need  not  be  that  the  helium 
atom  is  a  “  non-classic  ’’  mechanical  system  but  rather  that  our 
quantum  rules,  which,  as  is  well  known,  are  of  a  wholly  heuristic 
nature,  still  need  revision.  Difficulties  of  a  similar  nature  occiu" 
in  the  theory  of  the  complex  Zeeman  effect^®  but  in  view  of  the 
semi-empirical  natiue  of  this  theory,  no  conclusions  of  a  far- 
reaching  character  seem  to  be  justified.  It  should  be  strongly 
emphasized  that  the  above  remarks  are  not  intended  to  implicate 
that  an  atom  with  more  than  one  electron  is  a  classical  dynamic 
system  —  arguments  to  the  contrary  will  be  soon  brought  up  — 
but  rather  to  poin^  out  that,  from  the  standpoint  of  the  calotlus 
of  perturbations,  the  question  cannot  yet  be  as  definitely  answered 
as  seems  to  be  usually  supposed. 

5.  From  the  standpoint  of  the  Theory  of  Relativity,  the 
problem  of  the  existence  of  unmechanical  orbits  in  the  atom  can 

*Bom&  HeisenbcTR,  Zeitschrift  fur  Phytik,  Vol.  14,  p.  45,  1923;  cf.  also 
L.  Nordheiin,  ibid,  Vol.  17,  p.  316,  1923. 

Land4.  F^ysikalische  Mtschrift,  Vol.  24,  p.  441,  1923. 


NON-INTBGRABLB  DYNAMICAL  SYSTEMS 


179 


be  more  definitely  answered.  In  a  material  field'*  Hamilton’s 
equations  are  symmetrical  only  in  the  particular  case  of  a  static 
field,  as  clearly  brought  out  in  a  recent  paper  by  Mecke.“  On  the 
other  hand,  the  Lagrangian  equations  conserve  their  form,  as 
would  appear  obvious  a  priori  owing  to  their  derivation  directly 
from  the  (generalized)  Hamilton  principle. 

This  may  be  directly  shown  as  follows  (cf.  Mecke,  l.c.):  The 
total  action  is  the  sum  of  field  and  substance-action  of  electricity 
plus  the  substance-action  of  mass.**  The  substance-action  of 
electricity  is 

(SJ  »  -SdeS^,4xk 

where  is  the  electrodynamic  potential,  the  outer  integration  is 
over  all  substance-elements  and  the  inner  along  that  part  of  the 
world-line  described  within  the  world-region  considered  by  the 
substance-element  with  the  charge  de.  The  field  being  defined  by 
the  electromagnetic  tensor  Fa,, 

u  « 

*  ik  ^  * 

Xi 

its  action  is  in  the  same  notation,  by  the  Maxwell-Lorentz  equa¬ 
tions,  ^  • 

{Sf)-\SFa,F^dV. 

Lastly,  the  substance-action  of  mass  is 

(S J  -  SdmS >/  -  g„Ax„dx, . 

where  again  the  outer  integration  is  over  all  substance-elements, 
the  inner  along  that  piart  of  the  world-line  of  an  arbitrary  sub- 
stance-element  of  mass  dm  which  lies  within  the  world-region 
considered. 

The  total  action  in  a  material  field  is  therefore 
S  -  SdmjV — g„4x„dx,— 

A  material  field  is  one  obtained  W  the  superposition  of  an  electro¬ 
magnetic  on  a  massic  field.  Cf.  T.  Oe  Donder.  La  gravifique  einsteinienne, 
Ch.  VII,  p.  80,  Paris,  1921. 

KR.  Mecke,  Zeitschrift  fiir  Physik,  Vol.  21,  p.  26,  1924. 

K  H.  Weyl.  Raum,  Zeit,  Matene,  p.  196,  Berlm,  1923. 
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In  the  case  of  an  electron,  this  reduces  to: 


S  -  /(WaiC V* — g^^x^dx,+e<f>kU^ds  -  /L(x*,  u^ds 


where  u*> 


idx)\ 


ds 


is  the  “  velocity  ”  (Eddington)  —  or  more  prop¬ 


erly  perhaps  the  “  world  direction  k  ”  (Weyl).  The  Hamilton 
principle 

85-0 


yields  at  once  the  Lagrangian  equations: 


d 

ds 


(t-1,2,  3,  4) 


P,  —  — .  is  the  momentiun.  Further,  remembering  that 
du' 


it  is  readily  shown  that  (De  Donder,  l.c.) 

H(Pf, 


From  which  are  derived, 

dx,  _dHiP,,u^  _dH{P,,x,)  ^  P* 
ds  BP/,  BPi,  m<fi 

and  again  it  can  be  readily  shown,  as  done  by  Mecke  (l.c.),  that 
these  can  be  reduced  to  the  canonic  equations: 

dt  Bp,,  '  dt  Bq^  ’ 

only  if  the  field  is  static,  i.e.,  independent  of  the  time.  Hence  we 
obtain  the  important  conclusion:  From  the  standpoint  of  the 
theory  of  relativity,  unmechanical  orbits,  i.e.,  orbits  not  obeying 
the  Hamilton  canonic  equations,  and  hence  not  obtainable  through 
Hamilton-Jacobi’s  method,  may  exist  in  the  atom,  for  the  latter’s 
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field  is  in  general  a  non-static  material  field.**  A  theoretical  reason 
for  the  existence  of  such  orbits,  often  emphasized  by  Bohr  and 
others,  is,  therefore,  found.  There  is  a  possibility,  however,  that 
satisfactory  approximations  may  be  fotmd  through  the  method 
conceived  by  Smekal  and  discussed  by  the  author  in  a  previous 
paper  (l.c.,  footnote  1). 

The  above  conc'usion,  however,  is  to  a  certain  extent  weakened 
by  the  fact  that  the  quantum  conditions,  in  order  to  possess  any 
usefulness,  must  again  be  purely  heuristic.  Mecke  enunciates 
the  quantum  postulate  in  a  perfectly  general  form  as  follows: 
The  line-integral  of  the  substance-action  SLds  over  a  closed 
world-line  is  always  an  integral  multiple  of  the  element  of  action, 
Planck’s  h.  Now,  the  solution  of  our  four  Lagrangian  equations 
contains,  in  general,  eight  integration  constants,  of  which  four  are 
determined  by  the  “initial”  conditions,  while  four  remain  arbitrary. 
In  order  that  the  system  may  be  quantized,  four  quantum  con¬ 
ditions  are  thus  necessary.  For  this  purpose,  Mecke  assumes 
that  the  substance-action  can  be  split  up  by  separation  of  variables 
into  four  conditions 


f 


Ii,^SPi4xii^nJi  )k*«l,2,  3,  4 


where  P*  is  the  generalized  impulse,  P*— 


dL 


The  similarity  be¬ 


tween  this  and  Sommerfeld’s  well-known  assumption  is  obvious. 
Again  the  quantiun  conditions  are  seen  to  be  purely  heuristic, 
so  long  as  no  proof  of  the  existence  of  a  system  of  separable  varia¬ 
bles  is  available.  Besides,  Mecke’s  formulation  of  the  quantum 
conditions  imposes  a  restriction  on  the  choice  of  coordinates 
which  is  wholly  foreign  to  the  principle  of  relativity.  To  this  and 
other  related  questions,  reference  will  be  made  in  a  forthcoming 
paper. 

I*  The  material  field  of  the  hydit^en  atom  is,  at  least  approximately, 
static  and  has  spherical  symmetry.  This  point  will  be  fully  discussed  in  a 
forthcoming  paper.  Cf.  Mecke,  l.c.,  also  JafT6,  Annalen  der  Physik,  Vol.  67, 
p.  212,  1922. 
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NOTE  ON  A  PROPERTY  OF  RECTILINEAR  LINES  OF 
PRINCIPAL  STRESS 


By  Paul  Heymans 


Maxweir  showed  that  in  the  two  dimensional  stress  prob¬ 
lem,  for  elastic  isotropic  bodies,  obeying  the  law  of  linear  pro¬ 
portionality  between  stress  and  strain,  and  allowing  the  cubical 
dilatation  to  be  substituted  for  the  sum  of  the  three  principal  linear 
dilatations,  the  lines  of  equal  inclination  of  principal  stresses  and 
the  loci  of  the  points  of  equal  algebraic  difference  of  magnitudes 
of  the  principal  stresses  completely  determine  the  stress  distri¬ 
bution  and  should  suffice  to  yield  at  all  points  the  directions  and 
the  magnitudes  of  the  two  principal  stresses. 

The  temporary  double  refraction  due  to  stress,  observed  in 
transparent  bodies  optically  isotropic  in  the  unstressed  state, 
offers  a  means  for  obtaining  these  isoclinic  lines  and  the  points 
of  equal  algebraic  difference  of  the  principal  stresses. 

Attempts  to  make  these  optical  data  yield  the  separate  values 
of  the  principal  stresses  had  until  lately  remained  unsuccessful. 

In  the  photoelastic  method*,  the  isochromatic  lines  were  supple¬ 
mented  by  the  determination  of  the  stun  of  the  principal  stresses, 
which  in  the  two  dimensional  elastic  stress  problem  can  be  readily 
shown  to  be  {proportional  to  the  deformation  in  a  direction  normal 
to  the  plane  of  the  two  {)rincip>al  stresses. 

From  the  equations  of  equilibrium  of  a  curved  elementary 
rectangle  bounded  by  four  near-by  lines  of  {)rincif)al  stress,  derived 
by  Mesnager*,  in  'the  case  of  two-dimensional  stress  and  on  the 
assiunption  that  no  body  forces  exist,  L.  N.  G.  Filon*  developed 

IJ.  Clerk  Maxwell,  On  the  Equilibrium  of  Elastic  Solids.  Trans.  Royal 
Soc.  EdinburRh,  1880,  Vol.  XX,  Part  I. 

S  Paul  Heymans,  La  Photo-Elastknm^trie,  ses  principes,  ses  m^thodes  et 
ses  applications.  Bull.  Soc.  Beige  Ing.  et  Ind.,  II,  2,  1921. 

AIk,  Trans.  Am.  Soc.  Mech.  Eng.,  1922,  and  Tech  Engineering  News,  June, 
1922. 

SM.  Mesnager,  Equilibre  ^lastique  des  plaques  circulaires.  Annales  des 
Fonts  et  Chausw^,  1900^  IV. 
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a  method  of  graphical  integration  by  successive  steps,  allowing 
the  derivation  of  the  separate  values  of  the  principal  stresses 
throughout  the  stressed  body  from  the  isoclinic  and  isochromatic 
lines. 

These  equations  of  equilibrium  of  the  curved  elementary 
rectangle  are: 


d_p 

dsi  fh 

^  I  P-<1 

BSi  Pi 


-0 

-0 


(I) 


where  p  and  q  are  the  two  principal  stresses,  and  st  arcs  taken 
along  the  lines  of  principal  stress  corresponding  to  the  stress  p 
and  q  respectively,  pi  and  p*  the  radii  of  curvature  of  the  two 
lines  of  principal  stress*. 

The  definite  integrals  of  the  equations  (I)  give  the  following 
two  equations: 

Jo  Pj 

9“?.-  I  ^—^dst 

Jo  Pi 

where  po  and  qo  are  the  values  of  p  and  q  at  the  lower  limit  of  the 
interval  of  integration. 

In  equations  (II),  whenever  the  radius  of  curvature  of  one  of 
the  lines  of  principal  stress  becomes  infinite,  the  corresponding 
integral  vanishes.  Hence  the  two  following  propositions: 

1.  Throughout  any  elementary  surface  band  which  is  limited  by 
two  nearby  rectilinear  parallel  lines  of  principal  stress; 

2.  In  any  section  traversed  normally  or  obliquely  by  rectilinear 
parallel  lines  of  principal  stress; 

The  principal  stress  normal  to  the  latter  is  constant  in  direction 
and  in  magnitude. 


■  The  lines  of  principal  stress,  in  general  determined  by  the  intersection 
of  the  isostatic  surfaces,  can  be  readily  derived  analytically  or  graphically 
from  the  iaoclinic  lines,  for  the  two-dimensional  stress. 
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If  it  vanishes  at  any  point,  it  vanishes  throughout  the  surface  or 
the  section. 

These  propositions  lead,  in  many  problems  of  stress  distribu¬ 
tion,  to  valuable  a  priori  results. 

The  following  may  serve  as  an  illustrative  example: 

Consider  a  section  i4ii4,  of  a  plate  where  the  lines  of  orincipal 
stress  are  as  given  in  Fig.  1. 

Across  the  section  A\A„,  the  lines  of  principal  stress  are  parallel 
to  the  longitudinal  axis. 


At  either  point  Ai  or  A„  which  lies  on  the  free  botmdary,  the 
transverse  principal  stress  "9"  is  zero.  At  all  points  along  AiA„ 
the  radius  of  curvature  of  the  line  of  principal  stress  p  is  equal 
to  00 . 

Hence:  the  transverse  stress  "g”,  orthogonal  to  *'p",  is: 


i.e.,  zero  throughout  the  section. 


A  PROPERTY  OP  RECTILINEAR  LINES  OF  PRINCIPAL  STRESS  185 

Also:  across  all  sections  A\An,  defined  by  a  line  of  principal 
stress  “g”  parallel  to  AiA^,  the  stress  distribution  is  the  same  as 
across  the  primitive  section  AiA^. 

Contribution  Number  4, 

The  Research  Laboratory  of  Theoretical  Physics, 

Massachusetts  Institute  of  Technology, 

Cambridge,  Mass., 

March  19,  1924. 


NOTE  ON  THE  CURL 
By  W.  H.  Ingram 

The  usual  approach  to  a  definition  of  the  curl  in  textbooks  on 
vector  analysis  is  via  the  Hamiltonian  operator ' y .  A  better  way*, 
in  that  a  physical  interpretation  is  correlated  with  the  definition, 
is  as  follows;  Consider  the  vector  equation  of  motion  of  a  point 
P  of  a  non-rigid  body  carrying  along  with  it  a  coordinate  system 
with  origin  at  another  point  of  the  body  O.  The  motion  of  the 
point  P  at  a  particular  instant  is  given  by 

i;»i;<-|-a»Xr+y'  (1) 

where  Vt  is  the  translational  motion  of  the  origin  O,  o)  the  angular 
velocity  of  the  coordinate  system,  r  the  position-vector  OP  (the 
first  two  terms  of  the  right-hand  side  of  (1)  thus  giving  the  rigid- 
body  motion),  and  v'  the  motion  arising  purely  out  of  the  non¬ 
rigidity  of  the  body. 

When  r  is  an  infinitesimal,  the  velocity  of  the  point  P  is  also 
given  by 

,  p*y,+r.gradi;  (2) 

so  that 

i;'=«r*grad  y— wXr  .  (3) 

Now,  the  equation  (3)  expressed  in  analytics  exhibits  y'  as 
a  linear  vector  function  of  r  so  that  from  a  simple  property  of 
linear  operators*,  the  analysis  of  v'  into  a  symmetric  linear  vector 
function  and  a  second  term  (a  vector  product)  is  a  natural  step. 
The  symmetric  matrix  of  differential  coefficients  obtained  in  this 
way  represents  the  dilatation  of  y.  The  second  term,  from  the 
symmetry  of  its  components  is  recognizable  by  the  student  as  a 
vector  v/hich  is  obtained  in  some  way  from  t/.  He  is  thus  led 

^  The  latest  book  on  mathematical  physics,  whose  author  has  also  written 
a  Vector  Analysis,  contains  the  fundamental  error  of  using  the  curl  of  the 
velocity  vector  to  give  an  analytic  expression  of  angular  velocity  for  sub¬ 
stitution  into  fluid-body  equations. 

*See  Sec.  168  of  Heaviside's  Electromagnetic  Theory. 
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to  the  obvious  name  and  definition  of  the  curl  and  finds  incidentally 
that 

y-  ((curl  w)  Xr  ]  (4) 

where  <f)T  is  a,  linear  symmetric  vector  function  of  r. 

From  equations  (1)  and  (4)  it  is  seen  that  the  difference  in  the 
motion  of  a  non-rigid  body  to  that  of  a  rigid  body  is  made  up  of 
elastic-body  extensions  and  shears  given  by  <f>r  and  the  motion 
(§(ciu-l  w)  — o)]Xr  due  to  the  positional  variation  of  the  angular 
velocity. 


NOTE  ON  A  METHOD  OF  EVALUATING  THE  COMPLEX 
ROOTS  OF  A  QUARTIC  EQUATION 
By  W,  V.  Lvon 

The  numerical  solution  of  any  physical  problem  which  involves 
a  linear  differential  equation  with  constant  coefficients  depends 
upon  our  ability  to  solve  a  corresponding  algebraic  equation. 
It  often  happens  that  the  solution  of  the  differential  equation  is 
in  the  form  of  a  damped  sinusoid,  in  which  case  the  roots  of  the 
algebraic  equation  are  complex.  If  these  complex  rcwts  are  repre¬ 
sented  by  vectors,  a  relatively  simple  method  niiay  be  developed 
for  the  solution  of  a  fourth-degree  equation.  Consider  the  general 
fourth-degree  equation 

a-|-6x-|-cx*-|-dx*-f*«-0.  .  (1) 

The  variable  x  is  printed  in  Clarendon  type  to  indicate  that  it 
is  a  vector.  A  common  vector  notation  among  engineers  is 
x*x:/0.  Thus  (1)  may  be  written 

a+bx/Q  +cxy2e  +dx*/3e  +xyAe  «  0.  (2) 

The  horizontal  and  vertical  components  of  these  five  vectors 
with  respect  to  a  line  through  cxy20  must  be  zero,  and  thus  we 
may  write: 

cx*+(bx+dx*)  cos  O+ia+x*)  cos  20  =0  (3) 

and 

(bx—dx*)  sin  0  +(a— sin  20  *0.  (4) 

Since  sin  0  is  not  *  zero,  it  may  be  factored  from  equation  (4) 
giving: 

^  ,  bx—dx* 

cos  0  *  —  J -  •  (5) 

a—x* 

If  this  value  of  cos  0  is  substituted  in  eqxiation  (3)  it  becomes, 
on  writing  y  in  place  **: 

o*— a*c>'-|-(oW— o*)y*-|- {2ac—ad*—b*)y*-^{bd—a)y*^cy*+y*  =« 0.  (6) 
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Since  y  represents  the  square  of  the  magnitude  of  z  there  are 
but  two  values  in  which  we  are  interested.  They  may  be  consid<  red 
as  the  roots  of 

a  — my+y*=‘0  (7) 

in  which  m  is  yet  to  be  determined  from  the  coefficients  of  equa¬ 
tion  (6). 

Let  the  other  factor  of  (6)  be: 

a*+gy+hy*+ky*+y*=>‘0.  (8) 

Multiply  (7)  and  (8)  and  equate  the  coefficients  of  like  powers 
of  y  in  the  result  and  in  equation  (6).  This  process  gives  four 
equations  involving  the  four  unknown  coefficients  m,  g,  h,  and  k. 

ahn+ag  -=  —  o*c 
gm-\-a*  -^ah^abd—a} 
g-\-mh-\-ak^2ac—a*d—b' 
k-\-m  —  — c. 

If  all  but  m  are  eliminated  there  remains  the  condition  that: 

m*— cm*-H(W— 4a)m— od*— 6*-l-4ac  =  0.  (9) 

The  solution  for  y  from  equation  (7)  is: 

4a 

> - 2—- 

Since  y  is  a  real  positive  number  m  must  be  greater  than  2V a. 
The  method  of  solution  is  now  clear.  Find  the  one  real  positive 
root  of  Equation  (9)  which  is  greater  than  2V'a  by  any  method 
that  seems  desirable, —  the  “  pinch  method,”  for  example.  Sub¬ 
stitute  this  in  Equation  (7)  and  solve  for  y.  The  numerical  values 
of  X  are  the  square  roots  of  these  two  values  of  y.  For  each  value 
of  X  there  is  an  associated  angle  which  is  determined  by  Equation 
(5).  Letting  0i  and  G*  be  these  angles,  we  have  as  the  value  of 
the  roots  of  Equation  (1): 

xi  (cos  01  ±/ sin  Oi) 

and 

xt  (cos  01  ±y  sin  0i). 


There  follows  a  numerical  example: 

290-  18*+47**-6**+x«-0. 

The  auxiliary  cubic  is 

m*  -  47m*  -  1052m +43756  -  0. 

The  root  of  this  cubic  which  is  greater  than  2V290  is  50.75  (using 
a  20-inch  slide  rule). 

50.75  ±  V50.75*-4  X  290 


-44.20  or  6.65 

Xi— 6.65  xi  — 2.56 

^  .  -18+6X6.65* 

cos  01— —i - 6.65  —  0.494 

290-6.65* 

sin  01  —  0.870 

^  .  -18+6X2.56* „„ 

cos  0*  —  —4 - 2.56—  —0.111 

290  -  2.56* 

sin  0j  — .994 
.  -.  x-3.29±y  5.78 
or- -0.283 ±7  2.55 
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Introduction.  In  a  recent  work  Bohr*  has  outlined  a  theory 
of  atomic  structure  according  to  which  in  the  normal  state  of 
the  atom  the  electrons  are  divided  into  groups  corresponding  to  a 
classification  by  means  of  quantum  numbers.  One  of  the  principal 
features  of  this  classification  is  that  the  orbit  of  every  electron  is 
characterized  in  a  way  analogous  to  that  in  which  the  stationary 
states  of  a  particle  moving  in  a  central  field  of  force  are  fixed  by 
two  conditions,  which  may  be  written  in  the  form 

J~nh,  P>^kh  (1) 

where  h  is  Planck’s  constant,  while  n  and  k  are  two  integers,  the 
so-called  principal  quantiun  number  and  azimuthal  quantum 

1  This  memoir  was  submitted  in  partial  fulfillment  of  the  requirement  for 
the  degree  of  Doctor  of  Philosophy  from  the  Massachusetts  Institute  of 
Technology  in  April,  1924. 

s  N.  Bohr,  Three  essays  on  the  theory  of  spectra  and  atomic  constitution, 
Camb.  Univ.  Press,  1922;  cf.  also  N.  Bohr,  Ann.  d.  Phys.  71,  1923,  hereinafter 
r^erred  to  as  loc.  cit 
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number  respectively.  P  represents  the  angular  momentum  of 
the  electron  round  the  center  of  the  orbit  multiplied  by  2ir, 
while  J  may  be  defined  by  the  relation 

J-P^Sp4r  (2) 

where  r  is  the  length  of  the  radius  vector,  and  Pr  the  radial  mo- 
mentiun,  and  where  the  integral  has  to  be  taken  over  a  complete 
period  of  the  radial  motion. 

In  the  limiting  case  where  the  field  of  force  in  which  the  electron 
moves  differs  very  little  from  the  attraction  of  a  central  nucleus 
with  a  charge  re,  the  orbit  will  differ  very  little  from  a  slowly 
rotating  Kepler  ellipse,  the  major  axis  2a  and  parameter  2/ 
{lotus  rectum)  of  which  are  given  by  the  relations: 


2a- 

2»r*Te*m 

(3) 

k'h* 

2l~  . 

27r*Te*m 

(4) 

In  this  case  the  energy  W  necessary  to  remove  the  electron  to 
infinite  distance  will,  to  a  close  approximation,  depend  only  on  the 
principal  quantiun  number  and  will  be  given  by 

...  2Tr*T*e*m 

W  “  — • 
k»n* 

(5) 

This  type  of  orbit  occurs,  as  is  well  known,  in  the  stationary  states 
involved  in  the  emission  of  series  spectra  where  one  electron 
moves  during  its  whole  revolution  in  the  region  outside  the  other 
electrons,  and  where  accordingly  in  the  formulae  above  we  have 
to  introduce  for  t  the  total  number  of  unit  charges  in  the  atomic 
residue.  In  the  normal  state  of  the  atom  we  also  meet  with  such 
orbits  when  we  consider  inner  regions  where  the  attraction  of  the 
nucleus  outweighs  the  repulsion  of  the  other  electrons.  In  this 
case  the  orbital  dimensions  and  energy  will  be  given  approximately 
by  the  formulae  above  if  for  t  we  introduce  the  atomic  niunber  N. 
In  general,  however,  the  central  orbit  of  an  electron  in  the  atom 
will  differ  much  from  such  a  slowly  rotating  Keplerian  orbit,  and 
the  energy  will  depend  essentially  both  on  n  and  k.  In  a  large 
number  of  cases  the  central  orbit  described  by  the  electron  will 
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Still  exhibit  certain  simple  properties.  In  fact  the  orbit  can  often 
be  considered  as  a  sequence  of  loops,  each  coinciding  closely  with 
a  part  of  a  Keplerian  orbit  around  a  point  charge  which  may  be 
referred  to  as  the  effective  nuclear  charge  N*e.  This  charge  is 
equal  to  the  nuclear  charge  minus  the  charge  on  the  electrons 
which  move  in  orbits  of  smaller  dimensions,  and  which  to  a  first 
approximation  may  be  said  to  screen  each  a  unit  positive  charge 
on  the  nucleus.  These  outer  loops  are  linked  to  inner  loops  where 
the  electron  penetrates  into  the  region  of  the  orbits  of  the  inner 
electrons  where  the  screening  effect  of  these  electrons  is  consider¬ 
ably  diminished.  In  these  parts  the  orbits  will  deviate  essentially 
from  Keplerian  orbits,  and  in  particular  the  closest  distance  to 
which  the  electron  approaches  the  nucleus  will,  in  general,  be  much 
smaller  than  the  perihelion  distance  of  the  ellipse  of  which  the 
outer  loop  forms  a  part.  While  the  parameter  {latus  rectum)  of 
this  latter  ellipse  will  be  given  by  the  relation  (4)  by  putting 
T—  N*,  the  major  axis  of  the  ellipse,  as  well  as  the  energy  neces¬ 
sary  to  remove  the  electron  from  the  atom,  will  not  be  given  by 
the  formulae  (3)  and  (5),  if  we  set  t—  N*.  We  may,  however, 
introduce  an  effective  quantum  number  n*  for  the  orbit,  which  is 
defined  in  such  a  way  that  the  major  axis  and  work  under  considera¬ 
tion  are  given  approximately  by 


2a-  . 

(6) 

,,,  2ir*N*e*m 

yy  s  '  ■  ■ 

h'n** 

(7) 

Now  Bohr  has  shown  that  the  remarkable  periodicity  in  the 
properties  of  the  elements,  brought  to  light  by  the  periodic  table, 
may  be  accounted  for  by  the  circumstance  that  although  in  suc¬ 
cessive  periods  of  the  table  we  have  to  do  with  increasing  quantxun 
numbers  for  the  outermost  electrons  in  the  atom,  the  orbits  of 
these  electrons  will  nevertheless  be  characterized  by  effective 
quantum  numbers  which  differ  only  a  little  from  each  other.  A 
striking  example  of  this  circumstance  is  afforded  by  the  alkali 
metals,  which  form  the  first  natural  family  in  the  periodic  system 
and  for  the  neutral  atoms  of  which  the  following  constitution 
is  assumed: 
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□ 

□ 
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■ 
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AT  denotes  atomic  number;  the  various  typ«  of  orbits  are  indicated  in  the 
top  row,  while  the  numbers  in  the  table  indicate  the  number  of  orbits  of 
each  type. 


To  provide  a  better  understanding  of  the  preceding  table,  it 
will  be  well  for  us  to  consider  the  recent  Bohr  theory  of  atomic 
structure  for  a  moment  in  greater  detail  than  has  been  done  in 
the  introduction  just  given.  The  Bohr  conception  of  atomic 
constitution  is  that  of  the  successive,  capture  and  binding  of  the 
individual  electrons  in  the  field  of  force  about  the  nucleus.  During 
the  capture  each  individual  electron  passes  through  a  series  of 
stationary  states  emitting  radiation  and  finally  drops  into  a 
normal  orbit  —  its  final  resting  jilace  in  the  normal,  unexcited 
state  of  the  atom  —  characterized  by  the  quantmn  numbers  n 
and  k  previously  mentioned  (page  191).  A  review  of  the  working 
of  this  process  may  best  be  gained  by  an  examination  of  the 
complete  table  of  orbital  types  (Table  2)  of  which  Table  1  is  an 
excerpt. 

.  Without  going  into  too  great  detail,  we  shall  follow  the  build¬ 
ing  process  for  the  first  few  elements  of  the  periodic  system.  From 
the  foregoing,  it  is  clear  that  the  final,  normal  state  for  a  single 
electron  moving  in  the  field  of  force  due  to  a  nucleus  of  charge  e 
will  be  a  circular  orbit  whose  diameter  is  given  by  Equation  (3) 
if  we  make  the  substitution  n*  1,  and  t=  1.  This  orbit  will,  by 
definition,  be  a  li  orbit.  The  result,  of  course,  is  the  simple 
hydrogen  atom  first  discussed  by  Bohr*  in  1913.  Coming  next 

*N.  Bohr:  On  the  Constitution  of  Atoms  and  Molecules,  Phil.  Mag.  26 
1-25,  476-502,  857-875  (1913). 
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to  the  binding  of  the  second  electixm  when  the  nuclear  charge  is 
2e,  the  study  of  the  helhim  spectnun  (strictly  speaking,  the  so- 
called  parhelium  spectrum)  indicates  that  this  electron  will  also 
be  bound  in  a  li  orbit,  whose  plane,  however,  makes  an  angle  of 
60°  with  the  plane  of  the  electron  first  bound.  The  complete 
study  of  the  helium  atom  is  complicated  by  the  fact  that  in 
addition  to  the  ordinary  stable  helium  (parhelium)  there  exists  a 
metastable  modification  (as  shown  by  the  researches  of  Franck* 
and  his  colleagues),  the  so-called  orthohelium,  the  spark  spectrum 
of  which  indicates  that  its  second  electron  is  captured  in  an  orbit 

which  corresponds  to  an  energy  only  -  of  the  energy  of  binding  of 

6 

the  second  electron  in  the  normal  state.  Such  an  orbit  will,  on 
the  Bohr  theory,  be  a  2i  orbit.  The  normal  (parhelium)  state 
will,  however,  surely  contain  two  electrons  both  bound  in  li 
orbits. 

Bohr  now  assumes  that  in  the  formation  of  all  atoms  of  atomic 
number  greater  than  two  the  first  two  electrons  are  bound  in  li 
orbits  similar  to  those  in  heliiun,  though  more  firmly  held  of  course 
because  of  the  greater  nuclear  field.  The  capture  of  the  third 
electron  will  explain  the  structure  of  lithium,  the  first  of  the 
alkali  metals,  apd  the  method  of  its  binding  is  read  from  the 
lithium  arc  spectrum,  where  it  is  found  that  the  final  normal  orbit 
of  this  electron  must  be  a  2i  orbit,  since  binding  in  a  li  orbit 
would  be  wholly  unable  to  account  for  the  series  spectrum. 

It  is  unnecessary  to  follow  further  the  details  of  the  building 
process.  In  each  case  the  addition  of  an  electron  is  studied  from 
the  observation  of  the  spectrum  of  the  atom  thus  formed.  Where 
parentheses  enclose  a  niunber  in  the  table,  doubt  is  indicated  as 
to  the*  exactness  of  the  choice  of  orbit.  The  cases  of  Boron, 
Scandium  and  others,  for  example,  demand  further  spectroscopic 
evidence  before  the  uncertainty  may  be  removed  completely. 
The  main  outlines  of  the  table  must,  however,  in  the  light  of 
Bohr’s  fundamental  assumptions,  be  regarded  as  correct.  Exami¬ 
nation  shows  that  in  the  main  the  development  of  the  atom  takes 
place  in  the  building  up  of  the  outer  groups  of  electrons  as,  for 
*  Franck  and  Reiche:  ZS.  f.  Phys.  21,  635  (1920). 


ON  THE  ATOMIC  MODELS  OP  THE  ALKALI  METALS 


197 


example,  in  the  third  period  of  the  periodic  system  in  the  formation 
of  the  atoms  of  the  elements  from  Neon  to  Argon.  This  develop¬ 
ment  of  the  outer  groups  is  of  great  significance  from  the  stand¬ 
point  of  the  difference  in  the  series  spectra  of  the  successive  ele¬ 
ments  and  those  physical  properties  which  depend  essentially  on 
what  happens  at  the  periphery  of  the  atom*.  As  we  go  further 
down  the  periodic  table,  however,  another  type  of  development 
becomes  evident.  For  beginning  with  Scandium  (N»21),  we 
meet  a  building  up  of  the  inner  orbital  groups  while  that  of  the 
outer  groups  temporarily  ceases.  Bohr  thus  makes  clear  why  in 
this  part  of  the  table  we  first  encounter  successive  elements  with 
remarkably  similar  ordinary  physical  properties.  As  an  example, 
we  may  call  attention  to  the  famous  Iron  triad  of  ferromagnetic 
metals.  Other  such  groups  are  similarly  explained.  In  a  general 
way,  then,  it  has  been  possible  on  the  basis  of  the  Bohr  conception 
of  atomic  formation  to  give  an  interpretation  of  atomic  character¬ 
istics  in  general,  as  well  as  the  phenomena  of  spectral  line  emission 
and  absorption. 

It  is  highly  desirable,  however,  to  be  able  ultimately  to  attach 
quantitative  as  well  as  qualitative  significance  to  the  orbital  types 
present  in  the  various  atoms,  that  is,  to  determine,  with  suitable 
additional  and  as  far>as  possible  simple  assumptions,  the  actual 
dimensions  of  the  orbits  syinbolized  by  the  quantum  numbers  in 
the  table.  By  virtue  of  the  relatively  large  amount  of  data  now 
available  for  the  alkali  elements,  this  family  provides  a  very 
interesting  point  of  attack.  It  will  then  be  the  object  of  this  dis¬ 
sertation  to  calculate  on  the  basis  of  certain  simple  assumptions 
the  dimensions  of  the  various  orbits  jjresent  in  the  atoms  of  the 
alkali  elements,  and  where  possible  to  discuss  the  results  with 
reference  to  those  obtainable  from  other  sources. 

I.  Method  of  Calculation.  The  calculations  leading  to  the 
results  presented  in  this  paper  are  based  on  the  simplifying  assump¬ 
tion  that  each  electron  in  the  atom  will  influence  the  orbits  of 
the  others  as  a  continuous  distribution  of  electricity,  the  density 
of  which  is  uniform  over  every  spherical  surface  around  the 
nucleus  and  is  of  such  magnitude  that  the  total  charge  between 
■  See  A.  Sommerfeld,  Atombau  und  Spectrallinien,  3d  Ed.,  page  120  (T. 
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two  such  surfaces  is  equal  to  the  fraction  of  the  charge  of  the 
electron  corresponding  to  the  fraction  of  the  time  which  the 
electron  spends  between  these  surfaces  during  its  revolution.  The 
following  diagram  (Fig.  1)  will  serve  to  illustrate  the  asstunption 


just  stated.  The  elliptic  orbit  in  the  figure  is  considered,  as  far 
as  its  influence  on  other  orbits  is  concerned,  as  replaced  by  a 
series  of  spherical  shells,  with  radii  depending  on  the  time  dis¬ 
tribution  of  the  electron  in  the  orbit.  In  the  diagram  in  question 
each  shell  save  the  innermost  and  outermost  is  supposed  to  have 
a  charge  equivalent  to  e/%  where  e  is  the  charge  on  the  electron. 
The  innermost  and  outermost  shells  hav’e  a  charge  of  e/\%.  The 
radius  of  the  outermost  shell  is,  of  course,  equal  to  the  aphelial 
distance  of  the  electron  in  the  elliptic  orbit.  The  radius  of  the 
succeeding  one  is  equal  to  the  distance  of  the  electron  from  the 
nucleus  when  it  has  traveled  toward  the  nucleus  for  a  time  7/16 
where  7  is  the  period  of  revolution  of  the  electron  in  its  orbit. 
For  the  case  of  an  elliptic  orbit,  we  easily  determine  this  distance 
from  the  equation 

€  sin  u  (8) 
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where  a>»27r/r,  t  is  the  time,  €  is  the  eccentricity  of  the  ellipse, 
and  M  the  eccentric  anomaly.  When  <u  and  €  are  known,  u  may 
be  found  graphically  (the  equation  being  transcendental)  for  any 
value  of  I.  It  must  be  emphasized  here  that  all  this  holds  for 
elliptic  orbits  only,  and  serves  only  as  an  illustration.  For  the 
distribution  in  the  case  of  the  actual,  non-Keplerian  orbits  en¬ 
countered  in  our  work,  we  refer  to  the  discussion  below. 

In  the  special  case  where  the  orbits  are  circular  and  described 
by  the  same  quantum  numbers,  the  above  assumption  will  be  inter¬ 
preted  to  mean  that  the  mutual  screening  effect  of  each  such 
electron  is  taken  simply  to  be  e/2  charges.  This  is,  of  course,  the 
mean  value  of  the  effect  of  a  charge  e  immediately  inside  and 
immediately  outside  the  shell  on  which  it  moves. 

The  above  assumption  is  the  simplest  rational  one  at  present 
available  not  only  for  the  interaction  of  electrons  in  groups  char¬ 
acterized  by  different  quantum  numbers,  but  also  for  the  inter¬ 
play  of  electrons  moving  in  orbits  characterized  by  the  same 
qiiantum  number.  In  this  latter  case  any  attempt  to  introduce 
more  detailed  assumptions  regarding  the  relative  orientations  of 
the  orbits  might  be  at  present  of  very  doubtful  value.  Indeed 
we  should  have  to  consider  rotation  of  the  loops  of  the  orbits  and 
the  precession  of  the  .orbital  planes  as  well  as  the  phase  relations 
between  the  electrons  in  the  various  orbits  of  the  same  quantum 
number.  For  these  last  relations,  as  has  been  pointed  out  by 
Bohr,  we  cannot  assume  any  simple  kind  of  polygonal  or  poly¬ 
hedral  symmetry,  but  shall  have  to  consider  phase  relations  of  a 
more  complex  character.  In  their  effect  the  latter  may  not  differ 
greatly  from  the  above  assumption.  On  the  other  hand  it  must 
be  emphasized  that  our  assumption  in  its  summary  form  does 
not  provide  for  certain  effects  regarding  the  mutual  perturbations 
of  the  orbits  which  play  an  important  part  in  the  interjiretation 
of  optical  spectra.  These  effects,  having  to  do  with  the  complex 
structure  of  the  spectral  lines,  will,  however,  not  be  dealt  with 
in  this  work.  A  general  discussion  of  them  may  be  found  in  the 
paper  of  Bohr’s  first  mentioned.  We  may  note  here,  however,  that 
the  question  of  phase  relations  for  electrons  in  elliptic  orbits  has 
been  treated  to  some  extent  in  the  writings  of  several  authors. 
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For  example  Sommerfeld*  has  examined  the  case  in  which  the 
asstimption  is  made  that  all  the  electrons  in  a  given  sub-group 
move  so  as  to  visit  the  vicinity  of  the  nucleus  simultaneously. 
This  provides  what  might  be  called  a  pulsating  electron  system. 
Close  examination  shows,  however,  that  this  scheme  breaks  down 
in  any  attempted  explanation  of  X-ray  spectra.  Another  possible 
way  of  attacking  the  problem  and  probably  the  only  other  simple 
way  is  the  one  suggested  at  one  time  by  Bohr,  according  to  which 
the  electrons  in  a  given  sub-group  of  non-circular  orbits  attain 
their  perihelia  successively  at  equal  intervals  of  time.  Thus  in 
the  case  of  four  electrons  (the  four  2|  orbits  in  sodium,  for  example), 
the  electrons  will  visit  the  nucleus  at  successive  intervals  equal 
to  r/4  where  T  is  the  period  of  revolution  of  each  electron.  We 
may  represent  the  situation  schematically  in  the  following  dia¬ 
gram  (Fig.  2),  assuming  for  the  sake  of  simplicity  of  presentation 


that  the  orbits  are  all  in  the  same  plane,  with  the’.r  major  axes 
oriented  fjerpendicillarly  to  each  other,  and  neglecting  the  rotation 
effect.  While  the  principal  results  of  the  present  research  have 
been  obtained  without  consideration  of  phase  relations,  the 
structure  of  the  sodium  atom  has  been  worked  out  using  the 
hypothesis  suggested  immediately  above.  The  theory  and  results 
will  be  found  in  Section  X. 

The  matter  of  phase  relations  leads  one  further  to  discuss  at 
a  little  greater  length  the  question  of  the  orientation  of  the  orbital 
•A.  Sommerfeld,  loc.  cit.  page  612. 
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planes.  Bohr’  has  assumed  that  the  planes  of  the  four  2i  orbits 
in  the  carbon  atom  (a  veiy  stable  atom)  are  so  related  that  they 
are  normal  to  the  lines  joining  the  center  to  the  vertices  of  a 
regular  tetrahedron.  This  so-called  tetrahedral  symmetry  of  the 
2i  orbits  would,  however,  probably  have  to  be  modified  consider¬ 
ably  in  the  cases  of  neon  and  sodium  and  the  higher  alkali  atoms, 
due  to  the  distiu’bing  influence  of  the  2t  orbits.  The  rotation  of 
the  orbits  in  their  planes  and  the  precession  of  the  orbital  planes 
demanded  by  the  experimental  evidence  of  the  complex  structure 
of  spectral  lines  also  help  to  compficate  in  a  most  disconcerting 
way  any  attempt  to  introduce  a  simple  geometric  orientation  of 
these  planes.  While  work  on  this  point  has  not  been  attempted 
in  this  research,  such  a  consideration  will  probably  prove  highly 
desirable  and  yield  most  interesting  results.  (See  last  paragraph 
of  this  section.) 

In  the  calculation  of  the  orbital  dimensions  under  our  assumption 
the  following  general  method  based  on  the  quantum  theory  rela¬ 
tions  is  used.  Let  V  denote  the  potential  energy  of  the  electron 
and  T  its  kinetic  energy.  Then  if  pr  and-p^  denote  the  radial 
and  angular  momenta  of  the  electron  respectively,  we  have  the 
relation 


where  m  is  the  mass  of  the  electron  and  r  its  distance  from  the 
nucleus.  If  E  denotes  the  total  energy  of  the  electron  we  have 
accordingly 

or  , 

p,*-2m£-2mV- ^  .  (11) 

r* 

If  we  assume  a  central  field,  V  will  be  a  function  of  r  only  and 
will  remain  constant  during  the  motion.  In  the  stationary 
states  p^,  according  to  (1)  will  be  given  by 

P*~—  (12) 

2ir 

T  N.  Bohr,  Three  essays  on  the  theory  of  spectra  and  atomic  constitution. 
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where  k  is  the  angular  quantum  munber.  Substitution  of  these 
results  into  the  radial  quantiun  condition  yields  according  to 
(1)  and  (2) 


'2mE  —  2mV - dr^(n-~k)h  (13) 

47r*r* 


where  n  is  the  principal  quanttun  ntimber  and  the  integration  is 
conducted  over  a  complete  circuit  from  the  smaller  of  the  two 
roots  of  the  expression  tmder  the  radical  to  the  larger  and  back 
again.  For  convenience  we  shall  call  this  expression  Q. 

For  orbits  of  a  given  type  the  substitution  of  the  appropriate 
value  of  E  and  the  potential  energy  function  V  would  yield  upon 
integration  the  proper  integral  value  for  n—k.  In  the  actual 
problem  confronted,  however,  the  appropriate  E  and  the  course 
of  V  are  unknown  to  begin  with.  In  fact,  on  our  assiunption,  V 
will  depend  on  the  electron  orbits.  We  are  then  forced  to  proceed 
by  approximations.  For  the  latter  it  is  of  great  significance  to 
note  that  in  calculating  the  field  we  can  for  a  first  approximation 
use  Keplerian  ellipses  instead  of  the  actual  orbits.  The  reason  for 
this  is  to  be  found  in  the  fact  that  for  the  larger  part  of  each  period 
the  electrons  move  in  the  outer  loops  of  their  orbits  where  the 
motion  is  nearly  Keplerian.  For  the  same  reason  it  will  be  seen 
that  the  groups  of  orbits  of  larger  dimensions  will  have  but  little 
influence  on  the  orbits  of  smaller  dimensions.  The  necessary 
procedure  in  fixing  the  orbits  will  therefore  be  to  begin  with  the 
groups  of  lower  quantum  number  and  for  each  type  of  orbit  to 
take  for  a  first  approximation  what  seem  to  be  reasonable  values 
for  the  effecti\’e  nuclear  charge  and  for  the  effective  quantum 
number  corresponding  to  the  outer  orbital  loop.  This  will  then 
give  a  value  of  the  energy  E  and  the  dimensions  of  the  correspond¬ 
ing  Keplerian  ellipses  from  which  V  can  be  calculated  according 
to  our  assumption.  The  Q  function  may  then  be  plotted  as  a 
function  of  r  and  the  indicated  integration  carried  out.  The 
deviation  of  the  result  from  the  appropriate  integral  value  of 
n—kloT  the  type  of  orbit  in  question  will  then  indicate  the  direc¬ 
tion  in  which  the  preliminary  assumption  regarding  the  orbit 
was  wrong.  The  procedure  now  is  by  successive  approximations 
to  find  the  value  of  E  which  satisfies  (13)  and  then  after  calculating 


ON  THE  ATOMIC  MODELS  OP  THE  ALKALI  METALS  203 

the  corresponding  orbit  (which  will,  of  course,  be  a  non-Keplerian 
orbit)  to*  readjust  the  function  V  and  again  to  seek  a  value  for  E 
»tisfying  (13).  ’ 

It  will  be  worth  while  at  this  point  to  consider  rather  carefully 
the  fixation  of  the  orbits  satisfying'  these  conditions.  This  will 
involve  a  brief  discussion  ‘of  the  Hamiltonian  theory  of  varying' 
action*.  By  definition  the  action  of  a  particle  moving  under  the 
influence  of  a  pven  field  of  force, is  the  line  integral  of  the  mo¬ 
mentum  of  the  particle  taken  between'  the  limits  of  its  motion. 
Thus  if  mv  denotes  the  momentiun  of  the  particle  and  ro  and  r\ 
denote  the  limits  of  the  motion,  we  have 

A  -  f^mvdr.  (14) 

The  ordinary  use  of  this  quantity  is  connected  with  the  cele¬ 
brated  principle  of  “  least  action,”  according  to  which  if  a  particle 
moves  freely  or  tmder  forces  such  as  occur  in  nature  between 
any  two  points,  the  value  of^the  action  for  thq  actual  path  is  less 
than  that  along  any  other  conceivable  path.  More  correctly,  for 
the  actual  path,  we  have  8 A  *0,  i.e.,  the  action  is  stationary. 

For  our  present  problem,  however,  we  must  use  action  in  the 
sense  which  Hamilton  denoted  as  "  varying.”  Let  us  consider 
again  Equations  (9)  and  (10)  which  may  be  written 

T^hmv*  =  E-V.  (15)‘ 

If  in  the  variation  of  v  the  initial  velocity  of  the  particle  varies, 
then  E  must  vary,  and  the  general  expression  for  the  variation 
of  the  action  in  such  a  case,  where  also  we  assiune  that  the  initial 
and  final  coordinates  vary,  is  therefore 

8i4  =m(x8x+y8y-f-28z] 

— m[  (i)  o8Af  o-h  (y)  o8yo+  («)  0820] + /8£  (16) 

’  dx 

where  ^  subscript  zero  indicates 

the  initial  state.  Without  loss  of  generality  as  far  as  our  work 

•  See  Tait  and  Steele,  Dynamics  of  a  P^ide,  SwentH  Edition,  page  275  ff. 
Also  A.  Sommerfeld;  lc)c.  cit.  page  674  ff. 
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is  concerned,  we  may  consider  8*o“Syo“8zo*0  and  have  simply 
8i4  iSe.  (17) 


Now  if  A  could  be  found  as  a  function  of  x,  y,  z  {i.e.,  the  final 
coordinates)  and  E,  the  first  and  second  integrals  of  the  motion 
would  obviously  take  the  form 


dA 

—  “mac, 
dx 


together  with 


BE 


(18) 


(19) 


The  determination  of  the  motion  in  a  given  case  then  reduces 
to  the  solution  of  the  partial  differential  equation 


Let  us  supp>ose  that  we  have  a  solution  of  this  equation  in  the 
form  A  “ fix,  y,  z,  a,  b,  E)  where  a  and  b  are  two  integration 
constants  or  parameters.  Then  it  can  be  shown  that  the  geometri¬ 
cal  equation  of  the  orbit  of  the  particle  will  be  given  in  the  form 


(21) 


while  the  time  equation  of  the  orbit  will  be  given  by 


dE 


(22) 


where  Cu  Ct,  and  C»  are  three  additional  constants. 

We  now  apply  these  results  to  the  special  case  at  hand.  Since 
we  assume  the  field  to  be  central,  the  Differential  Equation  (20) 
will  become  in  polar  coordinates  r,  <f> 


2miE-  V). 


(23) 
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The  solution  obtained  by  “  separation  of  the  variables  ”  is  in  the 
form 

*  * 

—  —  constant— a 

Hence  we  have  at  once 

A-‘a<ft+ Jyj 2m{E-  V)-^ 

From  Equations  (21)  and  (22)  we  have  for  the  geometrical  equa¬ 
tion  of  the  orbit 


(24) 


(25) 


dr 


■c, 


r*\l2m{E-V)-- 
r* 


and  for  the  time  equation  of  the  orbit 
dA  ^  f  mdr 

^“7 


(26) 


(27) 


2m(E-V)-^ 


It  will  be  noted  that  the  expression  under  the  radical  in  (26) 
and  (27)  is  identical  with  Q  previously  defined  in  Equation  (13), 


d<f> 


kh 

—  —  under  the  assumption  of  a  central  field. 
27r 

To  find,  then,  the  actual  orbit  or  rather  the  second  approximation 
to  the  orbit,  in  any  given  case  we  have  only  to  take  that  Q  which 
when  used  in  Equation  (13)  gave  good  quantization,  and  use  it 
to  evaluate  the  integrals  in  (26)  and  (27).  Thus  from  (27)  we 
deduce  at  once  the  new  spherical  distribution  corresponding  to 
the  second  approximation  to  the  orbit.  For  it  is  seen  that  Equa¬ 
tion  (27)  is  the  generalized  expression  of  which  Equation  (8)  is  a 
special  case.  We  may  also  determine  at  the  same  time  the  frac¬ 
tion  of  its  period  which  the  electron  moving  in  this  new  and 
more  nearly  correct  orbit  spends  inside  any  shell  of  circular  orbits. 
As  has  been  indicated  above,  the  procedure  then  is  to  use  this 
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second  approximation  to  recalculate  V  and  Q  and  again  to  com* 
pute  the  quantum  integral  (13),  working  by  successive  approxi¬ 
mations  until  we  have  an  orbit  which  is  not  only  quantized  (i.e., 
satisfies  (13)  )  but  which  Is  also  consistent  in  that  it  yields  on 
analysis  by  our  assvunptions  the  same  ^eld  values  and  the  same 
Q  by  which  it  was  quantized.  It  might  be  suspected  at  first  that 
this  process  of  successive  approximations  would  be  extremely 
tedious.  It  is  found,  however,  that  the  influence  of  the  shape  of 
the  orbit  on  the  course  of  V  and  hence  of  'Q  is  relatively  small 
when  once  we  have  an  approximately  quantized  orbit,  and  so 
in  general,  two  or  three  approximations  are  completely  sufficient 
to  yield  consistent,  quantized  orbits. 

It  should  be  noted  here  that  in  the  evaluation  of  the  integral 
in  (27)  we  make  use  of  the  fact  previously  emphasized  that  in 
both  the  extreme  inner  and  extreme  outer  piarts  of  the  orbit,  the 
motion  is  nearly  Keplerian.  Therefore  from  r*,-,  to  r„„-|-'>7, 
and  from  to  (where  rf  and  17'  are  small  relative 

to  we  calculate  the  integral  in  '(27)  using  the  expression  (8). 
This  is  done  to  avoid  the  graphical  integration  up  to  an  infinite 
discontinuity,  since  the  integration  in  (27)  must  be  carried  out 
between  the  two  roots  of  Q.  , 

Although  it  is  the  main  object  of  this  research  to  calculate 
only  the  dimensions  {i.e.,  aphelial  distances)  of  the  orbits  of  the 
various  types  present  in  the  atoms  of  the  alkali  metals,  it  is 
clear  that  the  Equation  (26)  yields  us  the  eqtiation  in  polar  coordi¬ 
nates  of  each  orbit  considered.  In  Section  VIII  there  ^nll  be 
found  drawings  of  the  orbits  obtained  in  this  way,  with  explana¬ 
tory  material. 

At  this  point  reference  should  be  made  to  the  interesting  work 
of  Fues*,  who  has  shown  in  the  case  of  the  sodium  atom  how  it 
is  piossible  to  derive  the  energies  necessary  to  remove  the  various 
electrons  in  the  atom  as  they  are  given  by  the  experimental 
results  in  optical  and  X-ray  spectra  by  assuming  a  suitable 
central  field  in  which  the  electrons  move.  His  work  is  thus  largely 
empirical  in  natxire,  differing  therein  from  that  of  the  present 
research,  for  the  latter  attempts  to  account  for  the  intra-atomic 
fields  of  force  by  a  direct  consideration  of  the  orbits  of  the  elec- 
*  E.  Fues,  ZS.  f.  Phys.  11,  364,  1922;  12,  1,  1922;  13,  211,  1923. 
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tTons  to  which  this^eld  is  due.  Other  interesting  work  in  the 
same  field  is  that  done  by  D.  R.  Hartree**,  whose  investigations 
to  some  extent  parallel  those  of  Fues,  in  that  he  has  calculated 
the  orbits  in  the  atoms  of  sodium  and  potassitun  directly  from 
the  energy  vahies  obtained  from  analysis  of  their  spectra.  As 
in  the  case  of  Fues’s  work,  that  of  Hartree  is  essentially  the  inverse 
process  of  the  one  used  in  the  present  research.  In  his  discussion, 
however,  he  takes  up  the  question  of  orbital  plane  orientation 
and  makes  an  interesting  application  of  his  results  to  data  on 
X-ray  scattering  experiments.  In  Section  VII  of  this  dissertation, 
comparison  is  made  of  his  results  with  those  of  the  present  research. 
We  may  perhaps  take  this  opportxmity  to  mention  also  the  investi¬ 
gation  of  Van  Urk“  who  has  extended  the  preliminary  work  of 
Schr6dinger“  on  the  calculation  of  the  effective  qiianttun  numbers 
of  non-circular  outer  electron  orbits  which  penetrate  inner  shells. 
This  latter  work,  however,  pays  no  attention  to  the  dynamical 
character  of  the  interplay  of  the  electronic  orbits  of  the  inner  as 
well  as  the  outer  groups,  and  therefore  the  resiilts  obtained,  while 
interesting,  are  of  somewhat  formal  nature. 

II.  The  Lithium  Atom  (V»3).  The  discussion  of  the  lithium 
atom  by  the  present  method  is  very  simple.  For  the  group  of 
li  orbits  the  mutual  screening  effect  will  on  our  assumption  be 
0.5  units“  and  the  effective  nuclear  charge  is  consequently 
3 —0.5  =  2.5  units.  The  radius  of  these  orbits  is  therefore  0.40  oo 
where  Oo  is  the  radius  of  the  first  quantum  orbit  in  hydrogen,  and 
equals  0.532X10“*  cm.  We  next  note  that  the  electron  in  the 
2i  orbit  will,  on  our  assumption,  perform  its  motion  wholly  out¬ 
side  the  li  orbit.  Indeed  the  perihelion  distance  for  a  2\  orbit 
in  a  field  of  unit  charge  will  be  0.54  oo  or  greater  than  the  radius 
of  the  li  orbits.  This  means  that  on  our  assumption  the  outer  orbit 
will  be  a  simple  Keplerian  ellipse  with  effective  quantum  number  2. 
The  actual  effective  quantum  number  for  this  orbit  as  given  by 

D.  R.  Hartree,  Proc.  Camb.  Phil.  Soc.,  Vol.  XXI,  part  6  (1923);  see  also: 
Phil.  Mag.  EXecember,  1923. 

»»  A.  Th.  van  Urk,  ZS.  f.  Phys.,  13,  268,  1923. 

«I.  SchrOdinger,  ZS.  f.  Phys.  4,  347,  1921. 

**The  unit  charge  is,  of  course,  the  charge  e,  and  will  hereafter  be  so 
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the  spectral  term“  is,  however,  1.59.  This  s^sult  shows  at  once 
the  limitations  of  our  method  of  procedure.  Our  assumption  in 
fact  here  leads  to  the  result  that  the  arc  spectrum  of  lithium 
should  not  differ  from  the  hydrogen  spectrum.  In  this  connection 
reference  may  be  made  to  the  above-mentioned  paper  by  Bohr 
in  which  it  is  pointed  out  that  the  deviation  of  the  effective  qtian- 
tum  number  of  the  2i  orbit  in  lithium  from  2  is  due  largely  if 
not  entirely  to  the  polarization  induced  in  the  inner  configuration 
by  the  outer  electron.  This  effect  will  be  neglected  in  the  calcu¬ 
lations  leading  to  the  principal  results  of  this  research.  It  is  of 
such  importance,  however,  that  it  merits  some  further  attention, 
and  therefore  a  preliminary  investigation  of  it  for  the  case  of 
the  atoms  of  lithium  and  soditun  has  been  carried  out.  This 
will  be  found  with  accompanying  calculations  in  Section  X. 
It  will  there  be  seen  that  in  a  very  simple  way  we  can  account 
for  the  above  noted  discrepancy  between  our  value  of  n*  and 
that  given  by  the  spectral  term. 

Our  interest  at  this  point  in  the  lithium  atom  is  simply  to 
facilitate  comparison  with  the  resiilts  obtained  in  the  case  of 
the  other  alkali  n:etals  on  the  same  general  asstunption,  i.e.,  that 
enunciated  in  Section  I. 

III.  The  Sodium  Atom  (iV»ll).  In  the  case  of  sodium  the 
fact  that  the  inner  orbits  are  almost  wholly  independent  of  the 
outer  ones  makes  it  possible  to  fix  at  once  the  1|  orbits  with  a 
considerable  degree  of  approximation.  Assuming  a  muttial  screen¬ 
ing  effect  of  0.5  unit,  we  obtain  for  the  radius  of  these  orbits 
ao/10.5“  0.095ao. 

In  considering  next  the  groups  of  2-quantum  orbits  the  first 
problem  concerns  the  relative  positions  of  the  2i  and  2t  orbits. 

M  It  will  be  recall^  •  (see  N.  Bohr,  loc.  cit.,  page  241)  that  the  Rydberjj 
spectral  series  formula  may  be  written  in  the  form 

_ K_ 

“  (»•)*  (»'•)• 

where  r  is  the  frequency  of  the  radiation  emitted  in  the  transition  from  the 
state  or  orbit  of  effective  quantum  number  n*  to  that  of  effective  Quantum 
number  a'*.  K  is  the  so-called  Rydberx  constant « l.()9X  10®cm.-l.  The  two 
quantities  /f/{«*)’and  #r/(«'*)’ are  called  “spectral  terms,”  and  it  is  from 
mem  that  the  experimental  values  of  the  effective  quantum  'numbers  are 
obtained. 
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If  we  were  to  assume  at  first  that  the  2i  orbits  lay  completely 
inside  the  2t  orbits  since  the  mutual  screening  of  the  electrons 
in  the  latter  is  taken  as  1.5  units,  this  would  mean  that  these 
electrons  would  move  in  a  field  corresponding  to  an  effective 
nuclear  charge  of  11  — 2— 4— 1.5 —  3.5  units.  The  corresponding 
orbits  would  thus  have  a  radius  of  4ao/3.5—  1.15ao.  This  radius, 
however,  is,  if  at  all,  only  a  little  larger  than  the  aphelial  distances 
of  the  2i  orbits  calculated  by  neglecting  the  presence  of  the  2t 
orbits.  In  fact  a  rough  calculation  on  this  assumption  gives  a 
value  of  the  aphelial  distance  for  the  2i  orbits  about  equal  to 
l.Ooo.  In  such  a  case  it  is  clear  that  the  polarization  induced  in 
the  inner  configuration  by  the  2t  orbit  electrons  and  neglected 
in  our  estimation  would  bring  the  latter  into  the  region  of  the 
2i  orbits.  This,  however,  changes  completely  the  basis  for  our 
considerations,  as  the  only  equilibritun  configuration  of  the  2i 
orbits  in  this  region  will  practically  coincide  with  that  calculated 
by  neglect  of  the  presence  of  the  2i  orbits.  This  would  mean  that 
the  2s  orbits  would  be  in  a  field  corresponding  to  an  effective 
nuclear  charge  of  11-2—1.5  —  7.5  units,  which  gives  a  radius  of 
0.53ao.  The  2i  electrons  will  during  the  greater  part  of  each 
revolution  move  in  a  field,  which  apart  from  their  mutual  screening 
will  correspond  to  a. nuclear  charge  of  5  units.  Since  a  2i  orbit 
under  such  a  field  would  have  a  perihelion  distance  of  about 
0. 1  lao,  we  see  that  the  actual  2|  orbits  even  with  neglect  of  any 
polarizing  effect  will  penetrate  into  the  region  of  the  2t  orbits.  A 
closer  consideration  shows,  indeed,  that  they  actually  penetrate 
into  the  region  of  the  li  orbits  and  approach  the  nucleus  to  a 
distance  of  very  nearly  0.05ao.  The  time  during  which  the  2| 
electrons  remain  in  the  latter  region  is,  however,  so  short  that 
they  will  influence  the  li  and  2s  electrons  only  very  slightly. 
Even  within  the  region  of  the  2s  orbits, 'the  2i  electrons,  as  a 
rough  calculation  shows,  will  remain  each  only  about  7/10 
where  7  is  the  time  of  one  revolution;  their  screening  effect  on 
the  2s  orbits  may  therefore  be  estimated  to  a  first  approximation 
as  0.5  unit,  making  the  effective  nuclear  charge  to  which  the 
2s  orbits  are  exposed  equal  to  7  units  instead  of  7.5  units.  This 
will  give  a  shell  radius  slightly  greater  than  that  indicated  above 
and  equal  to  0.57ao.  It  is  to  be  noted  that  this  assumption  of  the 
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screening  of  the  penetrating  2i  electrons  is  only  for  a  first  approxi¬ 
mation.  As  soon  as  an  approximation  to  the  correctly  quantized 
2i  orbit  is  obtained,  it  is  easy  to  determine  exactly  how  much 
time  the  electron  in  such  an  orbit  will  spend  inside  a  shell  of 
radius  0.57  Oo.  Any  necessary  correction  will  then  be  made  in 
the  radius  of  the  shell  in  making  the  next  approximation  to  the 
2i  orbit.  It  may  be  mentioned  here,  however,  that  such  correc¬ 
tions  will  in  general  be  very  small. 

To  come  to  the  specific  discussion  of  the  2i  orbits,  our  assump¬ 
tion  leads  to  a  mutual  screening  effect  of  3  units  for  the  electron 
in  the  extreme  outer  part  of  such  an  orbit,  and  hence  to  an  effec¬ 
tive  nuclear  charge  of  2  units  for  this  part.  In  accordance  with 
the  method  described  in  Section  I,  we  have  next  to  assume  what 
appears,  by  previous  rough  calculation,  to  be  a  reasonable  value 
of  the  effective  quantum  number.  We  begin  with  «•-«  1.24.  The 
total  energy  of  the  electron  in  the  elliptic  orbit  corresponding 
to  this  choice  is  then  fixed  at  £—  —  1.3(k*/oo,  from  the  equation 
£  —  —  N**e*/2aoH**,  which  is  derived  by  a  simple  transforma¬ 
tion  from  Equation  (7).  The  dimensions  of  the  orbits  are  also 
fixed  according  to  (3)  and  (4).  Spherical  distributions  are  now 
found  for  each  of  the  four  electrons  in  accordance  with  our 
assumption.  The  potential  energy  V  of  any  single  2i  electron  at 
a  distance  r  from  the  nucleus  is  then  calculated  by  finding  the 
potential  due  to  the  distribution  of  the  other  three  2|  elec¬ 
trons,  and  that  due  to  the  inner  groups  of  li  and  2i  orbits, 
already  previously  disposed  of  (using  0.57  for  the  radius  of  the  2t 
shell).  In  this  way  Q  is  determined  and  may  be  plotted  as  a 
function  of  r.  Graphical  integration  then  leads  to  a  value  of 
«  — 1.06  instead  of  1.00.  It  is  evident  that  the  orbit  as  chosen 
is  too  large.  Another  trial  is  made,  starting  with  n— 1.21  and 
hence  £—  —  1.37«*/ao.  ’  This  yields  n—Ar  — 0.985  or  fairly  near  to 
correct  quantization.  This  corresponds  to  an  aphelial  distance  of 
1.14ao  for  the  2|  orbit. 
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The  following  table  (Table  3)  gives  the  values  of  V  as  a  function 
of  r  for  this  case: 

TABLE  3 


r 

1  V 

.1 

77. d8 

.2 

35. 59 

.3 

18.90 

.4 

11. .56 

.5 

7.17 

.6 

4.70 

.8 

2.99 

1.0  • 

2.10 

1.14 

1.75 

In  this  and  all  following  tables  r  is  expressed  in  multiples  of  Oo 
and  V  in  multiples  of  e*/ao.  The  values  of  V  are,  of  course,  all 
negative,  though  for  the  sake  of  simplicity  their  absolute  values 
only  are  recorded  in  the  table. 

Since  we  now  know  the  field  rather  accurately  from  point  to 
point,  we  can  at  once  compute  the  real  orbit  point  by  point  and 
determine  the  distribution  of  the  charge  over  this  orbit  instead 
of  the  previous  approximate  elliptic  orbit.  At  the  same  time  we 
«  can  determine  what  portion  of  the  time  the  2i  electrons  remain 

,  inside  the  2i  shell.  In  the  case  above,  it  is  found  that  each  one 

spends  O.IST  inside  instead  of  0.1  T  as  was  asstuned  in  the  first 
approximation.  This  will  put  the  2]  shell  at  0.59ao.  Using  the 
new  distribution  and  the  new  value  of  the  2t  shell,  n  —  k  is  again 
calculated,  with  the  result  that  correct  quantization  within  the 
limits  of  accuracy  of  the  graphical  integration  is  attained,  and 
the  coiuse  of  U  as  a  function  of  r  duplicates  that  given  in  Table  3, 
thus  proving  that  the  orbit  is  not  only  quantized  but  consistent 
in  the  sense  explained  in  Section  I.  We  may  therefore  set  the 
energy  of  the  2i  orbit  at  —  1.37e*/oo  and  its  l.lSoo- 

In  considering  next  the  3i  orbit  we  meet  a  sharp  contrast  to 
the  case  of  lithium,  for  here  the  outer  electron  will  penetrate 
into  the  inner  region.  For  if,  indeed,  it  moved  wholly  outside 
the  rest  of  the  atom  under  a  field  corresponding  to  an  effective 
nuclear  charge  of  1  unit,  its  perihelion  distance  would  still  be 
0.51ao.  Table  4  gives  the  course  of  the  potential  energy  function 
V  for  the  3i  orbit.  It  will  be  noted  that  the  tabulation  extends 
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only  to  1.2ao,  since  for  values  of  r>1.15ao,  by  our  assumption, 
V  is  simply  «*/r.  This  procedure  will  likewise  be  adopted,  for 
the  sake  of  conserving  space,  for  all  following  tables  where  similar 
circumstances  occur. 


TABLE  4 


r 

y 

.05 

182.64 

.10 

76.22 

.20 

32  Al 

.30 

17.89 

.40 

10.60 

.50 

6.37 

.60 

3.73 

.80 

2.04 

1.00 

1.17 

1.20 

.83 

In  calculating  the  aphelial  distance  for  the  actual  orbit,  the 
problem  is  simpler  than  in  the  other  cases,  since  there  is  but  one 
electron.  We  estimate  first  n**2;  the  outer  field  being  known 
to  be  1  unit,  we  are  able  at  once  to  calculate  the  Q  function  for 
the  3i  electron.  Integration  yields  n— ^=1.88  instead  of  2.  A 
second  approximation,  using  n*  =  2.10,  yields  exact  quantization, 
and  therefore  this  is  the  value  of  the  effective  quantum  number 
of  the  3i  orbit  on  the  basis  of  our  assumption.  The  experimental 
value  for  this  quantity  is  1.63,  emphasizing  again  the  inability 
of  the  present  method  to  attain  to  correct  absolute  results  for 
the  effective  quantum  numbers.  As  in  the  case  of  lithiiun,  however, 
we  may  refer  to  the  importance  of  a  consideration  of  the  polari¬ 
zation  effect  in  removing  this  discrepancy  (see  Section  X). 

IV.  The  Potassium  Atom  (AT**  19).  We  shall  now  indicate 
briefly  the  application  of  the  method  outlined  to  the  case  of  the 
orbits  in  the  potassium  atom. 

As  in  the  case  of  sodium  we  are  able  on  our  assumption  to 
fix  at  once  the  li  orbits  in  potassivun.  Assuming  as  before  a 
mutual  screening  effect  of  0.5  unit  we  obtain  for  the  radius  of 
these  orbits,  ao/18.5  =  0.054ao. 

In  considering  next  the  group  of  2-quantiun  orbits,  we  have 
first  to  fix  the  2f  orbits.  In  accordance  with  our  assumption,  the 
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mutiial  screening  effect  of  the  2t  orbits  will  be  1.5  units.  Esti¬ 
mating  for  a  first  approximation  that  each  of  the  2i  electrons 
penetrates  inside  the  2s  orbits  for  approximately  1/10  of  its  period 
of  revolution,  we  shall  have  an  additional  screening  of  0.4  imit. 
(We  here  neglect  the  small  penetration  effect  of  the  outer  groups, 
the  3-quantum  orbits,  etc.,  in  conformity  with  our  general  assump¬ 
tion.)  This  will  make  the  effective  charge  on  the  2s  electrons 
17— 1.5— ,4«15.1  units  and  the  radius  will  be  o*4ao/15.1* 
0.265ao.  As  in  the  corresponding  case  in  sodium,  the  above  is 
only  a  first  approximation  to  be  corrected  as  soon  as  the  approxi¬ 
mate  form  of  the  2i  orbit  is  obtained. 

The  next  step  is  the  fixation  of  the  aphelia  of  the  2i  orbits. 
The  method  employed  is  identical  with  that  used  in  the  case  of 
the  2i  orbits  in  sodium.  First  a  value  is  assumed  for  the  energy 
of  the  orbit  which  seems  likely  to  give  the  desired  fit,  and  the 
usual  distribution  is  made.  On  the  quantum  integral  coming  out 
to  be  very  close  to  unity,  the  complete  orbit  is  calculated  from 
point  to  point  by  means  of  the  field  values  obtained  in  the  first 
approximation.  Quantization  again  resulting  we  finally  have  the 
orbit  fixed  on  our  assumption.  In  this  way  it  is  found  that  the 
electron  in  the  actual  2i  orbit  penetrates  within  the  2i  orbits 
0.19  of  its  period  of  revolution,  and  hence  the  size  of  the  2t  shell 
stands  corrected  at  4ao/14.74  —  0.271ao.  The  final  value  of  the  2i 
orbit  comes  out  to  be  that  with  energy  £  =  —  18e*/ao  and  = 
0.50ao.  For  purpose  of  reference  we  insert  below  the  table  of 
the  values  of  V  for  the  2i  orbit  (Table  5). 


TABLE  5 


r 

V 

.05 

310.85 

.10 

145.72 

.20 

61.82 

.30 

35.49 

.40 

25.57 

.50 

20.00 

We  next  investigate  the  3i  and  3*  orbits.  The  first  question 
arising  here  is:  which  of  the  two  groups  has  its  aphelia  outside 
the  other?  We  might  at  first  expect  that  since  the  3i  orbits  are 
more  eccentric  than  the  3*  orbits  they  would  have  greater  aphelia 
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than  the  3*  orbits.  But  if  we  assume  in  conformity  with  this 
expectation  values  for  the  energy  and  aphelia  of  these  two  sub¬ 
groups  of  orbits,  even  very  rough  calculations  of  the  resulting 
quantum  integrals  show  at  once  that  the  value  for  n—k  on  this 
assumption  will  be  entirely  too  large  for  the  3i  orbit  and  entirely 
too  small  for  the  3t  orbit.  Since  the  inner  field  on  the  3i  and  3t 
orbits  depends  more  on  the  nuclear  charge  and  the  screening  of 
the  2-quantum  orbits  than  on  the  3i  and  3s  orbits  themselves,  it  is 
clear  that  proper  quantization  of  the  3i  and  3t  orbits  can  only  be 
attained  by  taking  a  larger  aphelial  distance  for  the  latter  and  a 
smaller  aphelial  distance  for  the  former.  If  this  is  done  it  is  found 
that  correct  quantization  is  very  nearly  attained  for  a  3|  orbit  of 
energy  £■=  —  1.2Jk*/ao  and  r*.,*  l.SOoo  and  a  3s  orbit  of  energy 
E»  —  0.49e*/ao  and  r*,*,  —  2.30ao.  The  fields  on  the  3i  and  3s  orbits 
now  being  found,  the  more  exact  orbits  are  computed  point  by 
point  as  in  the  case  of  the  2t  orbits  discussed  above. '  New  dis¬ 
tributions  for  the  3i  and  3s  groups  are  then  obtained  and  a  second 
approximation  to  the  quantum  integrals  is  evaluated.  This 
process  of  approximations  is  continued  until  there  are  obtained 
orbits  not  only  correctly  quantized  but  so  adjusted  that  when  the 
electrons  are  distributed  in  them  according  to  our  assumption  the 
values  of  the  field  suffer  no  change.  The  following  table  (Table  6) 
gives  the  energies  and  field  values  for  the  orbits  finally  obtained: 


TABLE  6 


OrbU  \ 

3, 

E 

1.30 

1  .404 

r 

V 

.05 

304.1 

304.1 

0  1 

135  53 

135.01  ■ 

0  2 

52  74 

52.51 

0.3 

27  50 

27.30 

0.4 

IK. 01 

17. K1 

0  5 

12.05 

12.76 

0  6 

10.11 

0.01 

O.H 

6.56 

6  37 

10 

4.51 

4.34 

12 

3. IK 

3.04 

15 

1.06 

1.87 

1.7 

1.40 

1.41 

2  0 

1.06 

2.2 

.01 
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The  values  of  the  aphelia  corresponding  to  the  correctly  quan¬ 
tized  3i  and  3i  orbits  are  for  3j,  r**,— 1.70  Oo;  for  3*.  r*«,“2.20ao. 
The  dimension  of  the  potassium  ion  is  thus  fixed  by  our  method 
at  2.20ao. 

The  following  table  (Table  7)  gives  the  values  of  the  field  on 
the  4i  electron  on  our  assumption. 

Using  these  values,  we  get  correct  quantization  for  a  4i  orbit 
with  energy  £  >=  —  0. 108^/ao  corresponding  to  a  value  of  n*  of  2. 15. 
It  is  seen  that  as  in  soditun  this  value  is  essentially  higher  than 
that__(n*  *  1.80)  obtained  from  the  sp^trum.  At  the  same  time 
it  will  be  seen  that  the  result  presents  an  interesting  illustration 
of  the  slow  increase  in  the  effective  quantiun  number  of  the  outer 
orbits  as  we  pass  from  one  alkali  to  another  in  spite  of  the  increase 
of  one  unit  in  the  principal  quantum  ntunber. 


TABLE  7 


r 

V 

.  0  1 

134. lU 

0.2 

51.09 

0.3 

20.58 

0  4 

17  15 

0  5 

12.12 

‘  Ott 

9.30 

(J.8 

5.78 

1.0 

3.77 

15 

I.:i5 

2.0 

0.58 

2  5 

0.400 

3.0 

0  333 

3.5 

0  280 

4.0 

0.25 

4  5 

0.220 

5  0 

0  200 

0  0 

0.107 

7.0 

0  143 

S.O 

0  125 

V.  The  Rubidium  Atom  We  are  able  to  fix  at 

once  the  li  orbits  on  our  assumption,  their  radius  proving  to  be 
ao/36.5  *  .027ao. 

When  we  consider  next  the  2-quanttun  orbits,  if  we  estimate, 
for  a  first  approximation  that  each  of  the  2i  electrons  penetrates 
inside  the  2t  orbits  for  0.2  of  its  period  of  revolution,  we  fix  the 
effective  charge  on  the  2]  electrons  at  35— 1.5— 0.8  =» 32.7  units. 
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The  radiiis  will  therefore  be  4ao/32.7*-0.122ao.  The  2i  orbits  are 
compmted  as  in  the  case  of  potassium  and  sodium,  and  it  is  found 
that  each  of  the  2|  electrons  actually  penetrates  the  2t  orbits  for 
0.24  of  its  period.  Hence  the  2t  radius  must  be  corrected  to  0. 123ao. 
The  correct  2i  orbit  on  out  assumption  proves  to  be  that  with 
energy  —  117.5e*/oo  and  r^y^Q.TSan.  The  following  table 
(Table  8)  gives  the  course  of  V  for  this  group  of  orbits: 


TABLE  8 


r 

V 

.02 

1714.00 

.04 

817.70 

.05 

643.00 

.10 

297.40 

.20 

140  30 

Coming  next  to  a  consideration  of  the  3-quantiun  orbits,  we 
meet  with  a  new  feature,  viz.,  the  fixation  of  the  3«  orbits.  The 
problem  arising  here  is:  will  the  3|  orbits  lie  inside  or  outside  the 
aphelia  of  the  3i  and  3i  orbits?  To  answer  this  question,  let  us 
first  assiune  that  the  3i  shell  lies  wholly  outside  the  3j  and  3t 
orbits.  A  short  calculation  then  shows  that  on  this  assumption 
the  radius  of  the  3»  orbits  will  be  very  nearly  0.75ao.  But  we  next 
find  that  if  we  compute  approximately  the  3i  and  3t  orbits  on 
the  assumption  that  the  3»  orbits  lie  inside  their  aphelia,  we  get 
a  result  differing  very  little  from  the  value  above,  leading  us, 
therefore,  to  expect  a  much  larger  value  for  the  3i  and  3i  aphelia 
if  we  had  assumed  the  3i  orbits  to  be  outside  where  they  would 
have  a  smaller  screening  effect.  The  conclusion  is  clear  that  the 
3 1  orbits  on  our  assumption  can  be  fixed  only  inside  the  aphelia 
of  the  3i  and  3j  orbits.  We  are,  therefore,  led  to  take  for  a  first 
approximation  to  the  effective  charge  on  the  3a  orbits  37—10— 
2.5—2.4  =  22.1  units  where  the  10  charges  represent  the  total 
screening  of  the  1-  and  2-quantiun  groups,  the  2.5  charges  the 
mutual  screening  of  the  3  a  orbits,  and  the  2.4  the  screening  due 
to  the  penetration  of  the  3i  and  3i  orbits  (assuming  for  a  first 
approximation  that  each  of  these  spends  0.2  of  its  period  inside 
the  3a  shell).  This  makes  the  radius  of  the  3a  orbits  equal  to 
9/22.1ao-0.407ao. 

The  fixation  of  the  3i  and  3i  orbits  involves  no  new  difficulties 
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The  corresponding  aphelial  distances  are*  for  the  4i  orbit, 
2.04ao;  for  the  4j  orbit,  2.74ao. 

The  dimension  of  the  rubidiiun  ion  is  thus  fixed  on  our  assump¬ 
tion  at  2.74ao. 

The  fixation  of  the  5i  orbit  is  similar  in  every  way  to  the  fixa¬ 
tion  of  the  4i  orbit  in  potassiiun  and  the  3i  orbit  in  sodium.  It 
will  not  be  necessary  therefore  to  go  into  details,  but  merely  to 
state  that  we  get  correct  quantization  for  a  5i‘  orbit  with  energy 
£=  —  0.103^/ao  corresponding  to  an  effective  quantum  number 
of  2.20. 

Table  11  gives  V  as  a  function  of  r  for  the  5i  orbit. 


TABLE  11 


r 

I' 

.02 

1004.1 

.(W 

1019  4 

.05 

572.8 

.10 

240.2 

.20 

,  90.04 

..W 

40  32 

.40 

25  95 

.50 

16  65 

.ttO 

11.39 

.80 

•  6  69 

l.(N) 

4.60 

1.20 

3.27 

1.50 

1.96 

1  80 

1.18 

2.00 

.84 

2.50 

.46 

VI.  The  Caesium  Atom  (V*=65).  The  Ij  orbits  are  fixed  at 
once  on  our  assumption  with  a  radius  of  ao/54.5»0.018ao. 

In  considering  next  the  2-quantimi  orbits,  the  effective  charge 
on  the  2i  orbits  is  taken  to  a  first  approximation  as  53  — 1.5— 0.8  = 
50.7  units  (assuming  that  each  of  the  2i  electrons  penetrates 
inside  the  2t  orbits  for  0.2  of  its  period).  This  fixes  the  radius  of 
the  2j  orbits  at  0.079ao.  Proceeding  in  the  usual  way,  we  arrive 
at  the  correctly  quantized  2i  orbit  with  r„a»“0.163ao  and  energy 
£=  —  204.5e*/oo.  From  the  overwhelming  influence  of  the 
nucleus,  it  is  clear  that  this  orbit  is  practically  a  Keplerian  orbit 
with  effective  quantiun  number  2  equal  to  the  principal  quantum 
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number.  Therefore  a  table  of  the  course  of  the  V  function  is 
omitted. 

The  fixation  of  the  3 -quantum  orbits  is  carried  out  as  in  the 
case  of  rubidium;  hence  it  will  not  be  discussed  in  detail.  The 
final  values  are  as  follows:  3i  orbit,  £—  —  69.9e*/oo,  »’,^,»0.39ao; 
3t  orbit,  — 57.5e*/oo,  r*a,«0.40ao;  3|  orbit,  radius =0.224ao. 

The  following  table  (Table  12)  gives  the  values  of  V  for  these 
orbits: 


TABLE  12 


Orbit 

3. 

3. 

E 

60.9 

57.5 

f 

V 

.05 

806. 

896. 

.10 

391. 

390.4 

.20 

161.8 

161.3 

.30 

98.1 

97.9 

.40 

70.3 

70.2 

The  only  new  problem  arising  in  connection  with  the  4-quantum 
orbits  is  that  of  the  4|  orbits.  The  first  approximation  here  is 
conducted  more  easily  if  we  note  that,  unlike  the  4i  and  4|  orbits, 
the  4|  orbits  do  not  penetrate  into  the  region  of  the  1-  and  2-quan¬ 
tum  orbits  (see  Bohr,  loc.  cit.,  page  262).  The  following  table 
gives  the  field  values  for  the  4-quantimi  orbits  at  various  distances 
from  the  nucleus: 


TABLE  13 


OrbU 

4, 

4, 

4, 

E 

10.41 

8.3 

5.28 

r  1 

355.70 

355  64 

355  25 

132.02 

131.96 

131.81 

0.3 

70.98 

70  92 

70.77 

0.4 

44.81 

44.76 

44.60 

0.5 

32.45 

32.40 

32  27 

0.6 

24  39 

24.36 

24  24 

0.8 

14.88 

14.86 

14.78 

1.0 

10.29 

10.29 

10.25 

1.1 

9  14 

The  corresponding  aphelial  distances  are:  for  4i  orbit, 
0.98ao;  for  4i  orbit,  l.OOan;  for  4|  orbit,  1.16on. 
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It  is  unnecessary  to  enter  into  the  details  of  the  quantiza¬ 
tion  of  the  5-quantuin  orbits.  The  final  values  are:  for  5j, 
£— —0.925^ /oo,  r^g^2.50ao',  for  5i  orbit,  £  — 0.415«*/ao,  r**,* 
3.40ao.  Table  14  gives  the  course  of  V  for  the  6i  and  5t  orbits.  - 


TABLE  14 


Orbit 

5. 

5, 

E 

0.925 

0.415 

f 

1  ■  V 

.10 

346.70 

346.67 

.20 

125.57 

125.45 

.30 

65.38 

65.25 

.40 

39.65 

39.52 

.50 

27.54 

27.42 

.60 

19.63 

19.51 

.«0 

10.42 

10  29 

1.00 

6.06 

5.94 

1.20 

4.33 

4.21 

1.50 

2.99 

2.88 

1.80 

2  12 

2.01 

2.00 

1.76 

1.61 

2.50 

1.04 

.98 

3.00 

.72 

It  is  thus  seen  that  on  our  assumption  the  dimension  of  the 
caesitun  ion  is  3.40ao. 

A  discussion  of  the  6i  orbit  shows  that  the  energy  of  this  orbit 
when  correctly  quantized  is  given  by  £*  —  0.0945e*/ao,  correspond¬ 
ing  to  an  effective  quantum  number  2.31.  Table  15  gives  V  for 
the  6i  electron  orbit. 


1 


TABLE  15 
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VII.  Summary  of  Sections  I-VI  with  Discussion  of  Results. 

The  object  of  this  paper  has  been  to  derive  on  a  certain  simple 
assumption  the  magnitude  of  the  aphelial  distances  of  the  various 
types  of  orbits  in  the  Bohr  models  of  the  alkali  metals.  In  the 
carrying  out  of  this  work  we  are  also  naturally  led  to  values  for 
the  effective  quantum  numbers  for  the  outermost  orbits  in  this 
family.  On  the  Bohr  theory,  as  has  been  noted  in  the  introduction, 
these  effective  quantum  numbers  are  identical  with  the  square 
roots  of  the  denominators  of  the  first  spectral  terms  in  the  sharp 
series  of  the  arc  spectra  of  these  elements  (see  Bohr,  loc.  cit. 
page  264;  see  also  Note  14  of  this  dissertation).  The  comparison 
between  the  results  of  the  present  paper  and  the  spectroscopic¬ 
ally  determined  values  may  be  summarized  in  the  following 
table.  The  values  of  n*  observed  from  the  series  terms  are 
taken  from  Fowler^*. 


TABLE  16 


tMment 

a*  Calc. 

a*  Obs 

Lithium 

2.00 

1.59 

Sodium 

2.10 

1  63 

Potassium 

2  15 

1.77 

Rubidium 

5 

2  20 

1  81 

Caesium 

6 

2  31 

•  1.87 

While  there  is  no  absolute  agreement  between  the  experimental 
values  and  those  deduced  in  this  paper,  there  must  be  noted  the 
significant  fact  that  while  the  principal  quantiun  number  n  of 
the  outermost  orbit  increases  by  unity  as  we  pass  from  each 
alkali  metal  to  that  next  succeeding,  the  effective  quantum 
numbers,  like  those  obtained  from  the  series  terms,  increase  very 
slowly,  remaining  continually  in  the  vicinity  of  two.  As  has  been 
pointed  out  by  Bohr'*,  there  lies  in  this  circumstance  an  instructive 
example  of  the  explanation  of  the  periodicity  in  the  properties  of 
the  elements  with  increasing  atomic  number.  In  connection  with 
the  discrepancy  between  the  observed  values  and  the  calculated 
values  of  n*,  we  may  recall  that  the  deviation  in  the  case  of 
lithium  may  be  largely  explained  by  taking  into  account  the 
polarization  of  the  inner  configuration  by  the  outermost  electron. 

Report  on  Series  in  Line  Spectra,  Phys.  Soc.  of  London,  1922. 

Loc.  cit.  page  285. 
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As  has  already  been  mentioned,  a  calculation  of  the  induced 
polarization  and  its  effect  on  the  value  of  n*  has  been  carried  out 
for  lithitun  and  sodium  in  Section  X.  It  is  there  found 
that  the  discrepancy  between  our  values  of  n*  and  the  observed 
values  may  be  removed  completely. 

More  important  and  significant  than  the  effective  quantum 
numbers,  however,  are  the  results  obtained  for  the  dimensions 
of  the  various  types  of  orbits  in  the  normal  alkali  atoms.  These 
values  are  siunmarized  briefly  in  the  following  table: 


•  TABLE  17 


Etement  \ 

1  b 

2, 

2< 

3, 

Lithium 

.40 

7.46 

Sodium 

.095 

1.15 

.59 

8  34 

Potassium 

.054 

0  50 

.27 

1.70 

2.20 

Rubidium 

0.23 

.12 

0.69 

0.71 

Caesiu'n 

0  16 

079 

0  39 

0.40 

tJement 

1  b  1 

<♦1 

5, 

5, 

6, 

Potassium 

Rubidium 

Cnesiiim 

m 

2.74 

1.00 

1.16 

9.26 

2  50 

3.40 

10.21 

The  values  here  given  are  the  aphelial  distances  or  of 
the  types  of  orbits  noted  in  the  top  row,  and  are  all  multiples  of 
Oo.  From  the  above  discussion  on  the  effective  quantum  numbers 
it  is  clear  that  the  values  for  the  r**,  of  the  outermost  orbits, 
i.e.,  the  dimensions  of  the  atoms  in  the  normal  state,  are  much 
too  large.  Even  here,  however,  it  is  s’gnificant  to  note,  they  all 
remain  in  the  region  between  7.5ao  and  lO.OOao.  The  values  for 
the  inner  orbits  may  be  looked  upon  with  more  confidence,  though 
naturally  they  lyiust  be  judged  wholly  on  the  fundamental  assump¬ 
tion  used  in  obtaining  them.  It  will  be  of  interest  at  this  point 
to  compare  the  results  of  the  above-mentioned  work  of  Hartree 
(see  Section  I)  with  those  just  tabulated.  Hartree  calculates 
for  the  orbits  in  sodium  and  potassium  only  (in  the  alkali  family), 
and  his  values  are  given  in  the  following  table  (Table  18),  the 
arrangement  of  which  piarallels  that  of  Table  17: 
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When  we  consider  the  fundamental  difference  in  method,  the 
agreement  between  the  two  tables  is  very  satisfactory.  The 
essential  discrepancy  appears  in  the  3|  orbit  in  potassium.  In 
the  discussion  of  his  results,  Hartree  admits  uncertainty  about 
just  this  value.  From  the  standpoint  of  the  present  research 
ther^  seems  no  doubt  that  the  3*  orbits  have  aphelia  lying  outside 
those  of  the  3i  orbits.  Indeed,  our  results  in  general  indicate  the 
general  rule  that  for  any  two  types  of  orbits  n*  and  n*-  (n^k^k') 
it  k>k'  the  orbit  n*  will  have  a  greater  aphelion  than  n*>.  This 
point  will  bear  further  investigation  since  it  should  enter  into  a 
consideration  of  the  spark  spectra  of  the  alkali  metals  where  we 
encounter  transitions  between  orbits  of  the  kind  mentioned. 

A  comparison  of  the  dimensions  of  the  alkali  ions  as  calculated 
on  our  assvimption  with  those  calculated  in  other  ways  will  be 
instructive.  The  following  table  contains  the  values  of  the  radii 
of  the  positive  ions  of  the  alkali  metals  as  computed  by  Grimm^^ 
on  the  basis  of  crystal  structure,  and  by  Land^‘*  also  on  crystal 
structure  data,  together  with  the  values  obtained  in  the  present 
research: 


TABLE  19 


FJement 

Grimm 

Landi 

Present 

Research 

Sodium 

0.98 

2  05 

1.15 

Potassium 

1  51 

2  69 

2  ‘20 

Rubidium 

1  73 

2.84 

2.74 

Caesium 

2  01 

3.40 

3.40 

As  above  the  values  of  the  ionic  radii  are  in  multiples  of  oo 
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The  better  to  facilitate  comparison,  the  three  sets  of  values  are 
plotted  to  the  same  scale  in  the  following  graph  (Fig.  3); 


In  the  figure  the  abscissae  are  atomic  numbers,  the  ordinates 
are  ionic  radii  in  multiples  of  oo.  Curve  I  refers  to  Grimm’s 
values;  Curve  II  to  those  of  the  present  paper;  Curve  III  to 
Land<?’s  values.  It  is  to  be  observed  that  the  absolute  agreement 
between  any  two  of  the  three  sets  is  poor,  save  that  Land^’s 
values  for  rubidium  and  caesiiun  agree  rather  well  with  those 
of  the  present  paper,  while  Grimm’s  value  for  sodium  agrees  fairly 
well  with  our  value.  More  important,  however,  is  the  agreement 
in  trend  between  the  three  curves.  If  we  denote  the  ionic  radii 
by  etc-t  then  Grimm  deduced  from  his  work  the  fol¬ 

lowing  inequality  law,  holding  generally  for  the  ionic  radii  in 
any  given  family  of  elements  (but  here  applied  only  to  the  case 
of  the  alkali  ions) : 

RNm>  Rct~  ^Rb>  RRb~  ^K- 

This  inequality  is  readily  observable  in  the  figure  as  well  for 
the  results  of  the  present  paper  as  for  those  of  Grimm  and  Landd. 
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This  fundamental  agreement  is  of  great  interest  because  of  the 
wide  applicability  of  the  Grimm  law.  As  is  well  known,  this 
inequality  is  observed  not  only  in  the  measurements  of  the  grating 
constants  of  many  crystals  (whence  the  law  in  its  above  form  was 
first  enunciated),  but  also  for  many  other  physical  properties  of 
families  of  elements,  notably,  the  melting  point,  boiling  point, 
atomic  refraction,  atomic  dispersion,  atomic  susceptibility,  volume 
in  the  liquid  state,  etc. 

In  making  any  detailed  comparison  of  thfe  results  of  Grimm  and 
Landd  with  those  of  the  present  research,  it  must  be  constantly 
borne  in  mind,  of  course,  that  the  quantity  representing  the  size 
of  the  alkali  ion  from  the  point  of  view  of  this  work  is  the  aphelial 
distance  of  the  greatest  orbit  present  in  the  unexcited  ion,where- 
as  in  the  results  of  the  above-mentioned  authors  this  quantity  is 
taken  to  be  some  function  of  the  grating  space  in  crystals  of  alkali 
salts.  Thus  Landd  assiunes  that  the  grating  space,  i.e.,  the  distance 
between  two  oppositely  charged  neighboring  ions  in  a  crystal, 
is  equal  to  the  sum  of  the  radii  of  the  spheres  of  action  of  the  two 
ions;  hence  from  an  empirical  knowledge  of  these  grating  space 
constants  coupled  with  an  estimate  of  the  radius  of  the  action 
sphere  of  one  of  the  ions  in  question  (in  Land^’s  paper,  iodine 
in  the  salt,  lithium  iodide),  the  action  spheres  of  the  various  ions 
may  be  computed.  The  radii  of  these  spheres  are  then  taken  as 
a  measure  of  the  radii  of  the  ions**,  Land^’s  hypothesis  is  not,  of 
course,  exact,  assuming  as  it  does  that  the  ions  are  so  closely 
packed  in  a  crystal  that  their  action  spheres  are  in  contact.  From 
a  comparison  of  his  values  of  the  radii  with  ours,  it  would  seem 
that  for  the  lighter  alkalies  the  ions  are  not  close  packed,  while 
the  good  agreement  for  the  case  of  the  heavier  alkalies  indicates 
that  the  latter  ions  are  close  packed. 

Coming  next  to  a  consideration  of  Grimm’s  method  we  note 
that  he  takes  as  a  measure  of  the  radius  of  the  ion,  at  least  in  the 
case  of  deformable  ions,  a  quantity  measuring  the  intensity  of 
the  repulsion  of  two  neighboring  ions  of  the  same  sign.  A  com¬ 
parison  between  his  values  and  ours  indicates  that  for  the  heavier 

I*  It  should  be  noted  here  that  the  values  attributed  to  Land^  in  Table  19 
are  not  those  to  be  found  in  his  paper  above  cited,  but  are  the  corrected  values 
calculated  by  Davey  (Phys.  Rev.  September,  19iW,  p.  211)  from  newer  and 
more  accurate  values  of  the  grating  constants. 
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alkalies  this  repulsion  is  abnormally  small  and  no  longer  gives  a 
true  measure  of  the  dimensions  of  the  outer  orbits  in  the  ion. 
This  is  what  we  might  expect  since  for  ions  with  larger  orbits 
the  latter  would  overlap  those  of  neighboring  similar  ions  and 
by  their  interplay  produce  a  weakening  of  the  repulsion  normally 
to  be  expected. 

From  this  discussion  it  is  evident  that  our  results  are  not 
inconsistent  with  the  points  of  view  of  Grimm  and  Land(5. 

It  lies  far  outside  the  scope  of  the  present  research  to  analyze 
the  great  mass  of  work  that  has  been  done  in  recent  years  on 
the  estimation  of  atomic  and  ionic  radii  from  various  points  of 
view.  Good  surveys  of  this  field  are  to  be  found  in  the  articles 
of  Davey**  and  Lorenz*^,  who  go  fairly  exhaustively  into  the  liter¬ 
ature  of  the  subject.  In  particular,  Lorenz  calls  attention  to  the 
above-noted  distinction  between  the  ionic  radius  as  obtained  on 
the  close  packing  idea  and  that  based  on  the  dimensions  of  the 
electron  orbits  in  the  ion.  In  this  connection  it  is  of  importance 
to  note  that  in  a  more  recent  paper  Landd“  has  attacked  the 
ionic  radius  problem  from  the  standpoint  of  the  application  of  the 
quantum  theory  to  the  crystal  grating,  and  considers  the  outer 
eight  electrons  in  the  sodium  ion  as  moving  in  elliptic  orbits 
arranged  in  cubical  syTnmetry  {i.e.,  revolving  about  the  comers 
of  a  cube).  In  this  way  he  deduces  for  the  dimension  of  the  sodium 
ion  the  value  l.Hoo,  in  almost  exact  agreement  with  the  value 
obtained  in  the  present  research  {i.e.,  1.15ao).  So  far  as  the 
knowledge  of  the  author  goes,  Landd  has  not  applied  his  new 
method  to  the  other  alkali  metals,  thus  unfortunately  precluding 
further  comparison. 


VIII.  Diagrams  of  the  Orbits.  In  this  section  are  presented 
drawings  of  the  various  orbits  in  the  ions  of  the  alkali  metals, 
obtained  by  the  use  of  Equation  (26).  The  scale  used  is  noted  on 
each  page,  and  for  the  sake  of  simplicity  of  presentation  one  only 
of  each  type  of  orbit  is  drawn. 


•®W.  P.  Dav^,  Phys.  Rev.  September,  1923,  p.  211 
«  R.  Ijorenz,  ZS.  f.  Phys.,  «,  271,  1921. 

“A.  Land^,  ZS.  f.  Phys.,  2,  3S0,  1920. 
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Caesium 

The  following  comment  may  be  of  help  in  the  interpretation 
of  the  preceding  sketches.  To  simplify  the  figures  the  circle 
representing  the  li  orbits  has  been  omitted  for  al  atoms  subse¬ 
quent  to  sodium.  The  same  is  true  of  the  2i,  3i  and  3*  orbits  in 
caesium.  To  prevent  needless  complexity  no  attempt  has  been 
made  to  indicate  the  penetration  of  the  inner  groups  of  orbits, 
the  perihelia  of  the  outer  orbits  only  being  indicated.  In  the 
case  of  the  latter  the  inner  loops  are  extended  to  show  the  extent 
of  rotation  of  the  orbit. 

The  following  table  (Table  20)  may  be  of  interest  in  connection 
with  the  rotation  of  the  orbits.  This  gives  the  values  of  G,  the 
half-angle  of  rotation  of  the  major  axis  of  each  orbit  for  one 
revolution  (where  by  major  axis  is  here  meant  the  radius  vector 
containing  the  aphelion).  The  values  of  G  are  given  in  radians. 

TABLE  20 


Sodium 

Potassium 

Rubidium 

Caesium 
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For  any  given  type  of  orbit  it  is  of  interest  to  note  the  pro¬ 
gressive  decrease  in  G  from  the  light  alkalies  to  the  heavier,  indi¬ 
cating  for  the  inner  grouijs  of  orbits  the  steady  iirogression  to 
orbits  more  nearly  Keplerian  in  character.  This  circumstance 
has  already  been  alluded  to  in  the  Introduction  (see  i)age  192) 
and  Section  III. 

IX.  Fixed  Phase  Relations  in  the  Sodium  Atom.  In  Section  I, 
reference  was  made  to  the  question  of  the  phase  relations  exi.st- 
ing  among  the  electrons  in  a  given  group  of  non-circular  orbits, 
and  a  .simple  hyjx)thesis  for  accounting  for  this  was  men¬ 
tioned.  It  is  here  projiosed  to  utilize  this  hypothesis  to  calcu¬ 
late  the  2i  orbits  in  the  sodium  atom  and  hence  the  dimen.sions 
of  the  srxiium  ion.  Our  fundamental  assumption  here  is  that 
the  electnms  in  the  2i  c>rbits  attain  their  {xirihelia  succes.sively  at 
equal  intervals  of  time,  i.e.,  7/4.  where  7  is  the  jjeriod  of 
revolution  of  the  electron. 

We  Ixjgin  by  noting  that  the  radii  of  the  li  orbits  will  be 
unaffected  by  this  change  in  assiunption,  i.e.,  the  value  will 
remain  at  0.09.5  Oo  (see  Section  III).  Moreover,  for  the  first 
approximation,  we  assume  that  the  2j  orbits  have  the  same 
radii  as  previously  computed  in  Section  III,  i.e.,  0..59ao-  In 
calculating  the  2i  orbits,  our  main  ijrocedure  is  much  the  same  as 
before,  that  is,  to  assume  as  a  first  approximation  a  Keplerian 
orbit,  make  the  spherical  distribution,  calculate  the  field  function 
V  and  evaluate  the  integral  (13),  conducting  successive  approxi¬ 
mations  until  a  fit  is  obtained.  The  es.scntial  difference  ap|x;ars 
in  the  computation  of  V.  We  have  here  to  account  for  the  relative 
distances  from  the  nucleus  of  the  four  electrons  during  each 
revolution.  We  shall  asstune  that  each  electron,  as  far  as  its 
influence  at  any  'rru)ment  on  the  other  electrons  is  concerned,  is 
replaced  by  the  uniformly  charged  spherical  surface  through 
which  it  is  ]>assing  at  that  moment.  If  we  keep  this  idea  and 
Fig.  2  in  mind,  it  is  easy  to  construct  the  following  table 
(Table  21)  of  screening  potentials  from  which  V  may  be  ftnind 
as  a  function  of  r**; 

t*  7hc  assumption  of  a  central  field  is  still  retained. 
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TABLE  21 


Interval 

I's  Mrreentng  Potential 

'max  ^  'T/1« 

Wir 

^T/i6  ^  '’zr/ia 

ZPif 

''ar/i#  ''ar/i# 

'  2e*/r 

'’sr/ia  ^  '■4r/i« 

2^*,  f 

''4r/i#  ^  '’sr/ia 

P/r  +Plri+e‘irt 

’’sr/i#  ^  ''ar/i# 

t*/r  +e*/rt+t*/r» 

''ar/i#  '’JT/io 

P/r,+e*/r,+e*/rt 

^7r/l«  ^  'mim 

The  table  gives  the  values  of  V„  the  mutual  screening  |X)tential 
of  the  2i  electrons  for  the  interx^als  noted  in  the  left-hand  column. 
These  intervals  run  from  to  through  intermediate 
values  of  r  corresponding  to  a  time  interval  of  T/IG.  In  the 
expression  for  V,  we  shall  understand  by  r  the  jiarticular  value 
of  the  distance  from  the  nucleus  for  which  V  is  desired.  By  ri, 
ri,  ft,  fi,  r»  and  f»  we  shall  mean  the  corresponding  values  of  r  for 
the  time  intervals  (0,  T/Ui),  (T/IG,  27/16),  (27/16,  37/16), 
(37/16,  47/16),  (47/16,  57/16),  (57/16,  67/16),  respectively. 
These  values  are  obtained  directly  from  a  study  of  Figure  2  and 
our  usual  distribution  method  (see  (27.) 

Table  22  gives  the  course  of  V  for  the  final  consistent,  quantized 
orbit  obtained  on  the  above  assumptions.  This  orbit  proves  to 
be  that  with  energy  £*  — 1.50c* /oo  and  l.Oloo.  The  cal¬ 
culation  of  the  complete  orbit  shows  that  each  2t  electron  remains 

TABLE  22 


r 

V 

.10 

79.90 

.20 

.'15.10 

20  ()0 

.40 

12. ‘20 

..V) 

7. HO 

.00 

5.00 

.HO 

2.90 

LOO 

1(19 

inside  the  2i  shell  0.177,  and  hence  the  effective  nuclear  charge 
on  the  2i  electrons  is  6.82  units,  placing  their  radii  at  0.586aa, 
or  not  very  different  from  the  value  obtained  by  the  work  of 
Section  III.  The  aphelion  of  the  2i  orbit  calculated  as  above 
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comes  out  to  be  about  15  per  cent  smaller  than  that  calculated 
in  Section  III  (i.e.,  1.15ao).  It  is  interesting  to  note  that  the  value 
here  obtained  (i.e.,  l.Olao)  is  in  good  agreement  with  Grimm’s 
value  for  the  effective  radius  of  the  sodium  ion  (see  Table  19). 


X.  The  Polarization  Effect  in  Lithium  and  Sodium.  In  the 
discussion  of  the  lithium  atom  (Sjction  II)  reference  was  made  to 
the  importance  attaching  to  a  consideration  of  the  piolarization 
induced  by  the  outermost  electron  on  the  inner  residue  of  the 
atom.  In  obtaining  the  main  results  of  this  research  (Sections  1- 
VIII),  this  effect  was  neglected.  It  is  proposed  in  this  section  to 
consider  it  quantitatively  in  connection  with  the  calculation  of 
the  effective  quanttun  numbers  of  the  2i  and  3i  orbits  in  the  lithium 
and  sodium  atoms  respectively. 

Let  us  first  examine  the  general  question  of  the  polarization  of 
an  inner  charged  shell  by  an  outer  electron,  for  this  provides  the 
simplest  way  of  handling  our  problem.  Thus  we  shall  consider 
that  all  the  inner  electron  groups  of  the  atom  in  question  have 
their  charges,  q  units  in  nvunber,  distributed  uniformly  over  a 
sphere  of  radius  a  about  the  nucleus.  As  the  outer  electron  moves 
in  toward  the  nucleus,  it  polarizes  this  shell,  and  we  must  find 
the  expression  for  the  potential  energy  V  of  the  electron  as  a 
function  of  r,  the  distance  from  the  nucleus.  Using  the  well- 
known  method  of  images**  we  arrive  at  the  following  expression 
for  this  quantity: 


AV 

r  r  r*— a* 


(28) 


for  r>o. 

In  this  expression  N  is  the  number  of  unit  charges  in  the 
nucleus  and  q  the  nvunber  on  the  shell.  The  term  e*a  (r*— a*)  is 
thus  a  kind  of  correction  term  to  the  oidinary  expression  V  used 
in  our  previous  work.  The  procedure  now  is  to  seek  a  value  of 
E  which,  when  substituted  with  V  above  into  the  Equation  (13), 
yields  upon  integration  the  appropriate  integral  value  for  n—k. 
From  this  value  of  E,  n*  may  be  imniediately  calculated  from 
Equation  (7)  (note  that  W’*—E).  In  applying  (28),  one  ques- 

See  Clerk  Maxwell,  Treatise  on  Electricity  and  Magnetism,  Third  Edition, 
Vol.  I,  page  244. 
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“f- 


In  these  equations  c^rja  and  d^rtfa,  while  0  is  an  auxiliary 
variable  (the  angle  at  the  nucleils  between  the  radius  vector  and 
any  radius  of  the  shell),  and 

V6-h(d-H)V  yfr+Cd-Dn  ^ 

d+1  d-1  J 

where 

d 

We  shall  now  apply  the  above  to  the  relatively  simple  case  of 
lithium.  For  this  atom  the  shell  of  thp  ii  orbits  has  a  radius  of 
0.4ao  (see  Section  II).  Hence  in  the  nomenclature  used  immediately 
above,  a  =  0.4ao.  Moreover,  iV  =  3  and  q^2.  Solution  of  Equation 
(29)  under  these  conditions  yields  d  =  2.2S  or  ri  =  0.912ao.  Cal¬ 
culation  of  F  as  indicated  above  then  yields  the  following  table 
(Table  23): 


TABLE  23 


r 

V 

.2 

11  43 

.3 

6.62 

.4 

4.78 

.6 

2.83 

.8 

1  96 

10 

1.48 

1.6 

.86 

2.0 

.61 

3,0 

.38 

4  0 

.28 

5  0 

.22 

Assuming  now  n*  =  1.56,  whereby  E=  — 0.205jVoo.  we  find  that 
(13)  yields  n  —  k=l.  In  other  words,  the  effective  quantum 
number  of  the  2i  orbit  in  lithium  under  the  above  assxunption  is 
1.56,  differing  from  that  obtained  from  the  series  term  (1.59) 
by  less  than  2  per  cent. 

It  will  be  observed  that  we  have  here  neglected  the  small 
screening  effect  of  the  2i  electron  on  the  li  electrons  due  to  its 
penetration.  This  effect  is  negligible,  due  to  the  very  short  time 
that  the  outer  electron  spends  within  the  shell. 

The  treatment  of  the  3i  orbit  in  the  sodium  atom  by  the  method 
above  described  is  more  difficult  because  of  the  prince  of  the 
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2i  orbits.  The  latter  may  be  taken  with  the  2i  orbits  to  form  a 
common  resultant  shell  when  the  3i  electron  is  at  relatively  large 
distances  from  the  nucleus.  When  the  3i  electron  approaches  to 
within  a  distance  Oo  of  the  nucleus,  they  may,  however,  not  be 
taken  as  a  shell.  In  the  present  work  this  difficulty  is  avoided  in 
the  following  manner.  For  r>ri  we  shall  assume  that  the  2i  and 
2i  electrons  are  replaced  by  a  shell  of  radius  0.72ao,  which  is  the 
average  of  the  radius  of  the  2j  shell  (i.e.,  0.59ao)  and  the  time  mean 
radius  of  the  2i  orbit  as  calculated  in  Section  II  {i.e.,  O.Sooo). 
For  r>ri,  then,  the  potential  V  will  be  calculated  by  (2H)  sub¬ 
stituting  N  =  9  (the  li  electrons  are  here  combined  with  the 
nucleus)  and  g  =  8.  The  appropriate  value  of  r\  is  obtained  as  the 
root  of  (29)  and  is  equal  to  1.13ao  (<i=1.57).  For  r»„«<r<ri  w’e 
shall  assume  the  screening  of  the  2\  orbits  to  be  that  obtained  in 
Section  II,  while  the  2i  shell  only  is  polarized  by  the  3i  electron. 
For  this  part  we  use  (28)  substituting  A^  =  9,  but  ^  =  4  and  intro¬ 
duce  as  an  additional  term  the  screening  of  the  2i  orbits,  save  that 
for  1.09ao  we  must  use  the  modified  forms  (30)  and 

(31)  as  explained  above  in  the  case  of  lithium.  Table  24  gives 
the  resulting  values  of  V'  for  the  3|  orbit. 


TABLE  24 


r 

V 

.1 

77.24 

.2 

33  18 

.3 

18.64 

.4 

12.14 

.6 

5.48 

.8 

3.16 

1.0 

2  14 

1.5 

1.08 

2.0 

.71 

3.0 

.42 

4.0 

.30 

5.0 

.23 

If  we  now  assume  h*  =  1.6JJ,  corresponding  to  an  energy  value 
of  E=  —0.189^/00,  we  find  that  evaluation  of  (13)  yields  n—k=^2. 
We  may,  therefore,  state  that  the  effective  quantum  number  for 
the  3i  orbit  in  sodium  under  our  present  assumption  is  1.63,  which 
agrees  exactly  with  the  observed  value  from  the  spectral  series 
term  (see  Section  II).  As  in  the  case  of  lithium  we  may  neglect 
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the  screening  due  to  the  penetration  of  the  3i  electron  within 
the  2*  shell.  A  comparison  between  Table  24  and  Table  4  is  very 
instructive  as  to  the  influence  on  K  of  the  consideration  of  the 
polarization  effect. 

The  results  obtained  in  this  section,  while  not  pointing  to  a 
complete  solution  of  the  question  of  polarization,  indicate  at  any 
rate  what  an  important  part  it  plays  in  the  fixation  of  the  outer 
electron  orbits,  and  how  by  simple  yet  rational  assumptions  we 
can  explain  the  discrepancy  between  the  values  of  n*  tabulated 
in  Section  VII  (Table  19)  and  the  values  observed  from  the 
spectral  terms. 
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ON  DYNAMIC  STRESSES  IN  PSEUDO-CONTINUOUS 
MEDIA* 

By  Paul  Hbymans 

Part  I 
Summary 

After  an  introductory  presentation  of  the  known  theory'  of 
torsional  oscillatory’  stresses  and  strains  in  non-dissip>ative  and 
dissipative  discontinuous  elastic  media,  disturbed  initially,  or 
disturbed  by  a  stationary’  periodic  force,  the  theory  is  extended 
in  this  paper  to  the  case  of  a  constant  cyclical  force  and  a 
periodic  cyclical  force  acting  on  discontinuous  elastic  media  and 
on  so-called  pseudo-continuous  elastic  media. 

In  conclusion,  it  can  in  general  be  seen  by  inspection  of  the 
primitive  Lagrangian  equations  of  motion  (9)  that  in  any  mechani¬ 
cal  system  similar  to  those  considered,  be  they  treated  as  dis¬ 
continuous  or  pseudo-continuous,  when  any  of  the  constituent 
parts  vary  in  potential  or  in  kinetic  energy  in  any  of  their  degrees 
of  freedom,  oscillatory’  displacements  and  dynamic  stresses  are 
set  up. 

If  the  medium  consists  of  a  system  of  independent  mass  parti¬ 
cles  —  or  independent  rigid  bodies  or  systems  —  equations  of  the 
type  (15)  e.xpress  the  kinetic  equations  of  motion  of  the  different 
parts. 

If  the  medium  is  pseudo-continuous,  i.e.,  with  elastic  connec¬ 
tions  between  the  mass*  particles,  equations  (20)  express  the 
states  of  motion  and  the  corresponding  states  of  stress.  The 
frequencies  of  the  free  components,  forming  the  transient  strain 
and  stress  components,  are  then  given  by  the  roots  of  the  determi- 
nantal  equation  (23)  A(p)  =  0.  The  frequencies  of  the  forced  or 
stationary  components  are  equal  to  the  frequencies  of  the  im¬ 
pressed  force  components.  The  amplitudes  of  the  transient  com¬ 
ponents  are  determined,  as  in  the  classical  theory  for  discontinu¬ 
ous  elastic  media,  by  the  connections  of  the  system  and  its  configu- 

1  Part  of  this  article  is  included  in  a  paper  on  the  Mathematical  Theory  of 
Dynamic  Stresses  in  Rotating  Gear  lemons  presented  by  the  author  at  the 
Spring  Meeting,  1924,  of  the  American  Society  of  Mechanical  Engineers. 
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Static  and  dynamic  stresses  in  discontinuous  media  of 
independent  mass-points 

Let  us  consider  an  ideal  disc  (Fig.  1)  rigidly  clamped  at  its 
center  and  assume  the  disc  to  be  formed  by  independent  mass 
particles  obeying  individually  Hooke’s  .law  of  linear  proportion¬ 
ality  between  the  elastic  force  and  the  displacement  from  their 
position  in  the  unstressed  state. 


ration  when  the  distvfrbing  forces  are  applied;  the  amplitudes  of 
the  steady  state  components  depend  upon  the  frequencies  of  the 
imi>ressed  forces  and  the  natural  frequencies  of  oscillation.  It  is 
also  shown  that  the  stress  and  strain  components,  entering  into 
the  determination  of  the  dynamic  state  of  stress  and  the  dynamic 
state  of  strain  throughout  the  medium,  cannot  in  general  be 
arbitrarily  chosen.  The  three  principal  stresses  and  the  three 
principal  dilatations  alone,  when  known  vectorially,  fulfill  the 
double  condition  that  the  stress  or  strain  variables  chosen 
propagate  wdth  the  same  velocity  and  fully  define  the  elastic 
state  at  each  point. 

The  theory'  presented  has  found  its  application  in  furthering 
the  solution  of  the  problem  of  dynamic  stresses  in  revolving 
mechanical  parts  loaded  by  constant  or  periodic  forces*.  For¬ 
mula;  for  the  derivation  of  dy’namic  stresses,  such  as  have  been 
proposed  and  used,  which  omit  to  take  into  account  the  necessary’ 
elastic  constants  of  the  material,  the  internal  friction  and  the 
relation  of  the  frequencies  of  the  free  oscillating  system  and  the 
frequencies  of  the  cyclical  disturbing  forces  —  whether  constant 
or  ixnnodic  —  are,  in  the  light  of  the  present  theory,  at  least 
incomplete  in  their  essentials. 


(1)  Let  a  tangential  force  Fi  be  applied  at  point  (1)  and 
result  in  a  statical  stress  distribution  in  the  disc  in  accordance 
with  the  theory  of  torsion. 

■  If  the  force  Fi  is  removed,  d’Alembert’s  equation  of  dynamical 
equilibrium  between  the  inertia  force  and  the  elastic  force  gives 
as  differential  equation  of  motion  for  any  one  of  the  points  of  the 
disc: 

*  See  Paul  Hcymans,  loc.  cit. 
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^  de  ~  I 


(1) 


where  y  ^  is  the  restoring  couple  called  into  play  by  the  elastic 
forces,  S  being  the  angle  of  displacement.  G  the  modulus  of  torque, 


I  the  longitudinal  dimension  of  the  disc,  and  I  the  moment  of 
inertia  about  the  axis  of  rotation. 

The  general  solution  of  equation  (1)  gives  as  kinetic  equation  of 
motion : 

ff  =  A  cos  sin^^t  (2) 

where  A  and  B  are  two  arbitrary  constants  determined  by  the 
conditions  of  the  motion  at  any  given  time  at  the  point  under 
consideration. 

It  follows  from  equation  (2)  that  the  different  points  will 
perform  torsional  oscillations  around  the  longitudinal  axis  of  the 
disc. 


The  period  of  the  simple  harmonic  motion  is: 

The  oscillation  is  solely  due  to  the  action  of  the  elastic  forces 
once  the  system  has  been  initially  distiffbed.  Such  oscillations 
are  called  ‘‘  free  ”  oscillations. 

It  will  be  noted  that  whenever  oscillatory  deformations  are 
shown  to  exist,  the  existence  of  the  corresponding  stresses, 
resulting  directly  from  the  stress-strain  relations  derived  in  the 
general  theory  of  elasticity,  follows. 


240 


HBYMANS 


(2)  Let  the  tangential  force  Ft  be  replaced  by  a  periodic  dis¬ 
turbing  force  fit)  anplied  at  the  same  point  (1).  Such  a  periodic 
disturbing  force  can  be  expressed,  at  least  during  its  time  of  appli¬ 
cation,  by  an  absolutely  convergent  Fourier’s  series  such  as: 

/(/)-y4o+-<4i  cos cos  prf-H . 

-ffli  sin  pit+Bi  sin  p^+ . 

If  the  series  reduces  to  the  term 

fit)  ^  A  cos  pt 

the  differential  equation  for  this  "  forced  ”  motion  becomes: 

A- A  cos  pt.  (3) 

df  I 

The  general  solution  of  this  equation  is: 

/]  A/I  ^  j  I  ^ _ _  j  I  n  ^  j  /^\ 


po*-F* 


cos  p  t+C  cos  pd-\-D  sin  pd 


where  p„  is  the  circular  frequency 


#of 


the  free  oscillating  system. 


whereas  p  is  the  circular  frequency  of  the  disturbing  force. 

If  the  function  fit),  expressing  the  periodic  disturbing  force, 
resolves  into  m  harmonic  terms,  the  kinetic  equation  of  motion 
for  any  point  becomes: 

1, 2. .  .  _ 

/»  A,/ 1  ^  ^ 

cos  po.'+L>  sin  po  +  2^  “7 — — ,  cos  (5) 

~  Pt  —pp 

where  v— 1,  2,  ....  m. 
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If  dissipative  forces,  piroportional  to  the  velocity,  are  intro¬ 
duced  into  equation  (3),  the  differential  equation  of  motion 
becomes: 

ij  *  .  /fl\ 

I~—-\-kr--\-—u^Aco&pt,  (6) 

'  dt  I 

where  r  is  the  distance  from  the  center  of  rotation  and  the  solu¬ 
tion  of  this  equation  (6)  is: 

cos  pd-¥D  sin  Po<]-f  ^  — —  (7) 

kp 


where  */f  *  tan"*  — - —  and  P  “  \l  iPo' — p*)*+  • 

Po'—f^  ^  P 

The  first  term  of  the  second  member  of  equation  (7)  represents 
the  transient  or  free  components  of  the  oscillation.  These  com¬ 
ponents  decrease  exponentially  with  increasing  time. 

The  second  term  of  the  second  member  of  equation  (7)  repre¬ 
sents  the  oscillations  in  the  steady  state.  These  stationary  oscil¬ 
lations  $u  are 

A  cos  ipt-rft)  (A/D  cos  (pt-\^) 


This  equation  (8)  readily  shows  that  in  the  steady  state  the 
deformations  remain  oscillatory  with  a  circular  frequency  p 
equal  to  the  circular  frequency  of  the  periodic  force,  and  with 
constant  amplitude 


(po‘-p*)*+ 


It  also  results  from  equation  (8)  that,  with  respect  to  the  imdamped 
forced  oscillations,  the  damped  forced  oscillations  have  imdergone 
a  relative  retardation  in  phase  tjt. 
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k 

r 


i,. 

k 

II 


If  m  harmonic  terms  enter  into  the  distitrbing  force  /(O,  equa¬ 
tion  (8)  becomes: 

"  AJI  cos 


o~-t 


(8a) 


)*  + 


(3)  Let  the  tangential  forces  Fi,  Ft,  ...  F,  act  succes¬ 
sively  at  their  respective  points  of  application.  Let  them'  act 
at  regular  intervals  of  time  T,  although  any  periodicity  for  each 
of  them  could  be  readily  considered.  This  may  represent  a  revolv¬ 
ing  disc  with  a  stationary  force,  which  in  turn  may  be  constant 
or  periodic.  If  the  disc  and  force  are  both  rotating  with  different 
angular  velocities,  one  of  them  may  be  treated  as  stationary  by 
considering  the  relative  angular  velocity  of  the  disc  and  the 
force. 

In  the  case  of  actual  rotation  of  the  disc  at  constant  angular 
velocity,  the  stresses  due  to  centrifugal  action  will  be  superposed 
on  the  dynamic  stresses  as  a  static  field  of  force,  i.e.,  independent 
of  the  time,  and  only  result  in  an  additional  permanent  static 
deformation.  In  the  case  of  varying  angular  velocity,  the  centrif¬ 
ugal  forces  themselves  constitute  a  non-static  field.  The  problem 
loses  its  simplicity  and  will  not  be  considered  at  present. 

Each  of  the  F,  forces,  acting  with  a  circular  fi^uency  ,  will 

nT 

set  up  oscillatory  deformations  as  expressed  by  equations  (2), 
(4),  (5),  (7),  (8),  and  (8a). 

By  virtue  of  the  principle  of  superposition,  the  resultant  deforma¬ 
tion  at  any  time  will  be  the  sum  of  the  individual  deformations 
due  to  each  of, the  forces  acting  alone.  If  any  of  the  deformation 
components  becomes  infinite,  the  resultant  deformation  becomes 
infinite. 

The  cyclical  periodic  applications  of  the  n  forces  will  result, 
in  the  steady  state,  in  an  oscillation  of  the  type  embodied  in 
equation  (8a),  except  that  the  summation  will  extend  to  all  the 

forces  Fi,  Fj,  .  .  .  F,  acting  with  a  frequency  — .  It  can  be 

nT 

expressed  as  follows: 


0 


F 
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1, 3.  a  1, 2. ...  M  /  .  ,  _  ,  ,  . 

^  -sp  cos  (p,At-^,A) 

A  few  characteristics  of  these  oscillatory  stresses  and  strains  are: 

1 .  With  no  dissipative  forces,  if  po  *  p,A.  the  amplitude  becomes 
infinite.  This  case  of  resonance  between  the  natural  frequency 
po  of  free  oscillations  of  the  system  and  the  frequency  of  one  of 
the  disturbing  forces,  leads,  in  a  frictionless  system  (also  in  a 
massless  system  where  /*Smr*»0),  to  an  infinite  stress  and 
infinite  strain.  The  diagram  with  stress  and  strain  as  ordinate 
against  time  as  abscissa  at  any  given  point,  excepting  points  on 
the  axis  of  rotation,  is.  therefore  qualitatively  represented  by  Fig.  2. 


2.  With  damping  frictional  forces,  the  amplitude  still  depends 
upon  the  frequencies  po  and  p,x.  However,  if  p,A  is  equal  to  po 
the  amplitude  does  not  become  infinite.  The  maximum  ampli¬ 
tude  will  correspond  to  the  value  of  p,x  for  which 

is  a  minimum. 

This  value  is  readily  obtained  by  equating  to  zero  the  deriva¬ 
tive  oi*p  with  respect  to  p,*: 

^ 


0 
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whence 


Dynamic  Stresses  in  pseudo-,  ontinuous  media. 

A.  Free  undamped  motion  in  pseudo-continuous  media.\We 

have  so  far  assumed  that  each  particle  of  the  system  is  free  to 


Fi(.  S 

vibrate  irrespective  of  the  state  of  motion  of  the  neighboring 
points.  Let  us  now  consider  the  particles  of  the  disc  elastically 
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connected:  we  express  this  property  by  calling  the  medium  a 
pseudo-continuous  medium. 

This  case  can  be  treated  by  the  Lagrangian  equations  of 
motion.  Let  us  consider,  Fig.  3,  any  two  points  mi  and  m*  upon 
which  are  acting  the  usual  elastic  forces  (1)  and  (2)  and  also  the 
mutual  elastic  connection  (12).  Let  their  position  of  equilibrium 
in  the  unstressed  state  be  i/i — 0,  and  Pig.  3  represent  their  positions 
at  a  given  time  t. 

The  partial  potential  energies  of  this  system  are: 

A 

where  and  (t  are  the  lin^  displacements  and  Ei  and  Et 
elastic  constants. 

The  total  potential  energy  of  the  system  is: 

A  « 

The  total  kinetic  energy  T  is  similarly  obtained  by  summation 
of  the  partial  kinetic  energies  and  is  equal  to: 

2\dtf  2  \cu)' 

The  equations  of  motion  in  the  Lagrangian  form  here  being: 


where  T  and  ^  are  the  kinetic  and  potential  energies,  the  v 
independent  coordinates  necessary  to  define  fully  the  position 
of  the  system,  and  Q,  the  corresponding  genetWized  disturbing 
force  components. 
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Making  the  following  substitution  of  variables: 


We  obtain: 


dV»i 

Also: 


2  Vd,  /  2  Vd// 

^'.X,  and  ^b.X, 

(i/  dt 


then: 


and: 


r=™';,'X,’+”*i,’X,’ 
3  2 


^\sxj 


Introducing  these  values  in  Equation  (9),  Q,  being  equal  to  zero, 
we  obtain  the  following  differential  equations  of  motion: 


m  ./i*  + (£,/,*+ £W,»)V».  -  EilMi  =  0 

dP 

w,/,*  + (£,/,*+  £,/,*)»/»,  -  £, /,/,!/»,  =  0 


(10) 


The  solution  of  these  equations  leads  to  the  kinetic  equations 
of  motion  i/»i=/i(/)  and  </»i=/t(/)  of  the  two  particles  nti  and  wj 
allowed  to  vibrate  under  the  sole  action  of  elastic  connections. 

A  solution  of  these  two  linear  differential  equations  of  the 
second  order  is  obtained  by  writing: 

=  I 


(11) 
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where  A\,  At  and  p  are  three  parameters  which  must  be  deter¬ 
mined. 

Differentiating  (11)  twice  with  respect  to  t  and  substituting  in 

(10)  fj/i,  fjtt,  ,  by  the  values  obtained,  equations  (10) 

dP  dP 

become: 

A^[Erli'+Etlx'-mdx*f^]-\-At[-EM^O  | 

Ax[-Exlxlt]  +  AtlExlt*+Edt'-nitltY]  “0  ) 

Neglecting  the  trivial  solution  i4i  =  v4j*0,  these  two  linear 
equations  will  be  generally  satisfied  under  the  condition  that  the 
determinant  formed  with  the  coefficients  of  Ax  and  i4j  be  equal 
to  zero.  Whence : 


(Exlx'+Etlx'-nixlx'f).  -Exlxlt 

-Exlxlt,  (Exlt*+Etlt'-mtlt'i^) 

and 

Ap*-Bp‘+C=-0  (13) 

where 

A 

5-/i*/t*((m,+m,)  (Ex+Et)] 

C=lx'lt'(Et*+2ExEt) 


The  roots  of  equation  (13)  being: 


p,** 


B+^IP-4AC 

2A 

B-Vb*-4AC 

2A 


(14) 


where  px  and  pt  are  the  circular  frequencies  of  mi  and  ntt-  If  the 
symmetric  case,  in  which 


mi  =  mi*m 
/i=  It^l 
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is  considered,  the  frequencies  become: 


and 


m 


ijfi  —  Ai  cos  1 

^  m 

cos  i 

JI,. 

^  m 

(15) 


For  any  positive  value  of  ttti  and  nit,  pi  and  pt  will  not  be 
equal.  It  is  thereby  seen  that  the  different  points  of  the  pseudo- 
continuous  medium  are  not  oscillating  in  synchronism. 


B.  Forced  damped  oscillations  in  pseudo-continuous  media. 

Equations  (15)  are  the  solutions  for  a  free  non-dissipative  system. 
Let  us  now  consider  this  same  system  under  the  influence  of  a 
periodic  force  —  which  may  be  expressed  as  a  harmonic  fxmction 
of  the  time  and  consequently  as  the  real  part  of  an  imaginary 
exp>onential  function  of  the  time  —  and  under  the  influence  of 
elastic  and  dissipative  forces  respectively  f>roportional  to  the 
displacement  and  to  the  velocity. 

The  motion  of  the  system  is  then  given  by  the  two  following 
differential  equations  for  which  the  Heaviside  operational  method* 
offers  a  solution. 

Etli')^i+kA^  -  E,hl4t  -/«) 
dP  dt 

'  (16) 

-0 


+ {Edt'+EdMt+klt^  -  EJMi 
dP  dt 


•O.  Heaviside  —  Elec.  Pap.  Vol.  II,  p.  371. 

An  elementary  presentation  is  given  in  "Notes  on  Heaviside’s  Operational 
Method"  by  M.  S.  Vallarta,  M.  I.  T.,  March,  1923. 
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Operationally,  equations  (16)  may  be  written  in  the  form: 


(ntip*+frnp+Cu)'|>i4-(nifp*4'fruP+Cii)i^»/(l) 
(oiiP*+fr»iP+Cii)'^+ *  0 


where  p"  is  the  operator  —  which,  when  applied  to  an  operand  i/i 


yields  the  n***  derivative  of  i/i  with  respect  to  the  parameter  t, 
n  being  a  real  integer. 

In  general  the  disturbing  force  will  be  expressed  by  an  abso¬ 
lutely  convergent  series  of  harmonic  terms.  If  more  than  one 
harmonic  term  is  considered,  the  solution  of  equations  (17) 
has  to  be  written  for  each  harmonic  force  component  separately 
and  the  resultant  motion  —  by  virtue  of  the  principle  of  super¬ 
position,  or  of  the  principle  of  independent  action  of  forces  —  is 
obtained  as  before  by  the  addition  of  the  individual  displacements 
due  to  each  force  component. 

The  solutions  of  the  primitive  equations  (16)  will  again  con¬ 
sist  of  two  parts,  the  forced  components  of  oscillation  and  the  free 
components.  As  before,  the  forced  components  are  obtained  from 
the  particular  solutions  of  the  equations  and  their  frequency  will 
be  the  frequency  of  the  disturbing  force. 

These  particular  solutions  are  obtained  in  the  familiar  way  by 
solving  the  above  system  of  linear  equations  (17).  Denoting 
them  by  yi  and  y*  we  have: 


0, 

<lnf^-\-b\ip-\-Ci\,  OiiP*+fri*P+Cij 
a*j/)*-i-6fiP+cji,  ant^-¥btip-¥cti 


^n(p) 

MP) 


(18) 


and  likewise 


>1- 


A(/>) 
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where 

an  =  nii/i* 

a**  =  m*/** 

6ii  =  6/i 

Cii  =  £i/i*+£*/i* 

cii  =  £./,*+ E./** 

cii=  —E\l\lt 

c*i  =  —E\l\lt 

0it*6i*  =  0*1  =  6*1  =  0 

The  free  components  zi  and  Zt,  given  by  the  solutions  of  the 
reduced  equations  (17),  are: 

k 

* 

where  p*  is  a  root  of  the  determinantal  equation  A(p)  =  0  and 
the  summation  for  Z\  and  z*  is  extended  over  the  degrees  of  freedom 
of  each  particle 

Thereby  the  complete  solutions  of  equations  (16)  are: 

‘  (20) 

A(/>)  ^ 

Carrying  solutions  (20)  further  for  the  symmetrical  conditions 
where 

Cii’*Cit’^2EP 

cn’^ctx  “=  ~  EP 

^  Oil  =s6ij  =  aji  =  6*1  =  0 

we  obtain: 

^■’W=la 

Au{p)  =  2EP  (22) 

A(p)  =  {mPfP+klp+2EPy-EPl* 

=  mH*p*+2kl*mp*+i4Eml*+fPP)fP+4Ekl*p+3EPl*.  (23) 

Let  tti,  a*  be  the  roots  of  equations  (21),  a,,  a4,  a*,  Ot  the  roots 
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of  equation  (23)  when  equated  to  zero.  Equations  (20)  become; 


(f>-ai)(p-at) 

(/)  -  a,)  (p  -  a4)  (#>  -  a»)  (p  -  a,) 

_ 2£P _ 

(p  -  a,)  (p  -  aO  (p  -  a»)  (p  -  o«) 


Ae'^A-Be'^'‘-\-Be^ 


1 

(24) 


or; 

1^,. _ (p~°’l)(P~°’»)  ^  COSp<-f  BiiCOSttil-l-flij 

(p— ai)(p— 'a4)(p— o»)(p— a«)  cosa4 


_ fri _ /tcospH-BtiCosem-f-BM 

(p-a,)(p-a4)(p-o,)(p-a,)  cos  o*l 


(25) 


where  p  is  the  circular  frequency  of  the  disturbing  force.  The 
first  term  of  the  second  members  represents  the  forced  compo¬ 
nents  of  the  steady  state  and  the  following  terms  represent  the 
transient  components.  Similarly  as  in  equation  (14),  equations 
(25)  show  that  the  transient  oscillations  of  the  different  parts  of 
the  system  have  different  frequencies:  the  resulting  relative  varia¬ 
tion  in  phase  and  amplitude  from  point  to  point  merely  expresses 
the  existence  of  elastic,  waves. 

If  one  of  the  roots  of  the  determinantal  equation  (23)  approaches 
the  circular  frequency  of  the  disturbing  force,  the  amplitude  of  the 
steady  state  oscillations  approaches  infinity. 

For  simplicity  the  argument  has  been  restricted  to  a  system 
having  two  degrees  of  freedom,  but  the  method  can  be  applied  to 
systems  of  this  type  with  a  finite  munber  of  degrees  of  freedom.* 
The  general  solutions  are  still  represented  by  equations  of  the 
form  of  equation  (20),  the  determinantal  equation  A(p)*0 
simply  increasing  in  order. 

It  must  be  noted  that  the  stress  and  strain  components,  enter¬ 
ing  into  the  determination  of  the  dynamic  states  of  stress  and  the 
dynamic  states  of  strain  throughout  the  medium  cannot  in  general 
be  arbitrarily  chosen.  They  must  fully  define  the  elastic  state 
at  each  point  and  be  propagated  with  the  same  velocity.  Among 
the  different  stress  and  strain  components  only  the  pure  shear 
*J.  R.  Carson,  Phys.  Rev.  X,  217,  1917. 
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or  rotational  components  and  the  pure  dilatational  components 
are  known  to  fulfill  the  second  condition.  The  ptire  rotational 
components,  however,  do  not  suffice  to  define  fully  the  elastic 
state  whereas  the  pure  dilatational  components  under  the  form 
of  the  three  principal  stresses  or  the  three  principal  dilatations, 
when  known  in  direction  and  in  magnitude,  completely  determine 
at  each  point  the  state  of  stress  and  the  state  of  strain.  They 
travel  through  a  continuous  isotropic  elastic  medium  and  conse¬ 
quently  also  through  a  pseudo-continuous  isotropic  elastic  medium, 
in  a  direction  normal  to  their  respective  isostatic  surfaces,  with 


a  velocity  equal  to  \l where  p  is  the  density,  X  and  p 

'  P 

Lamp’s  classical  elastic  constants. 

The  above  theory,  neglecting  the  reflection  of  the  elastic  waves, 
tacitly  postulates  an  infinitely  extending  medium.  In  the  majority 
of  physical  cases  the  dissipation  will  be  great  enough  so  that  the 
amplitude  of  the  waves  reflected  at  the  boundaries  of  the  finite 
medium  and  the  interference  effects,  which  would  result,  may 
be  neglected.  This  theory  can  then  without  further  development 
be  applied  to  media  whose  boundaries  lie  at  finite  distances. 
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